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THEOREMS ON SIMPLE GROUPS* 
BY 
H. F, BLICHFELDT 


Introduction and Terminology. 


$1. It is our purpose in this paper to state and prove a somewhat more precise 
theorem on simple groups than that given by FROBENIUS in his article Ueber 
auflosbare Gruppen. V.t' This theorem of FROBENrus we shall state in the 
following form: “ Let /7 be a group whose order is divisible by p*, p being a 
prime. If / is simple, then there is in 7 a substitution Z, whose order is 
prime to p, which is commutative with some subgroup Q of / of order p* and 
not commutative with every subgroup of Q. In the contrary case, ZW has an 
invariant subgroup of index p*, containing all the substitutions of HZ whose 
orders are prime to p.” 

The theorem which we shall here establish (divided for convenience into four 
parts, I, II, III, 1V) defines the group Q more explicitly, and the nature of the 
relation of 7, to Q in the most important case, namely, when Q is a Sylow sub- 
group of HZ. Several applications are added in the form of corollaries. 

The phraseology of ordinary group theory will be employed. The following 
abbreviations are used : 

A = RB means “ the groups (substitutions) A and Bare identical” ; 

A < B means “the group (substitution) A. is contained, in the group B, 

though it is not identical with B.” 

The letters H, P, P, and 7 have the following significance throughout : 

HI represents a group of order p\n, p being a prime number not dividing n ; 

P represents any given subgroup of /7 of order p* ; 

P, represents any given subgroup of P of order p*~'; and 

T is the general symbol for a substitution of /Z whose order is prime to p. 

Though it is contrary to general usage, we shall proceed from right to left in 
a succession of substitutions indicated. A function subjected to a substitution 
or a succession of such shall be written to the right of the substitutions indi- 





* The present paper is an extension of two papers read before the San Francisco section, vizZ., 
A theorem concerning the Sylow subgroups of simple groups, September 29, 1906 ; and A theorem on 
simple groups, September 26, 1908. 
+Sitzungsberichte der Koniglich Preussischen Akademie der Wissen- 
schaften zu Berlin, 1901, p. 1324. 
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cated, enclosed in parentheses. Thus, if A and B represent substitutions, J a 
function, the symbol AB( JZ) represents the function obtained by first subject- 
ing J to the substitution B, and then subjecting the result to the substitution A. 


Theorems and corollaries. 


§2. Theorem I. Among the substitutions contained in P, but not in P,, 
let S be any one of those of lowest order. Then, if His simple, there are in 
Ha group Q (either = P or < P, containing S) and a substitution T, say 
T,, of the following nature : 

1°) Ff Q=P, this substitution T, is commutative with P but not with S > 
more generally, the commutator S117 ST, is not in P,. 

2°) If QO <P, then T, is commutative with Q, but not with every subgroup 
of Y of index p. 

Theorem II. Jf Q < P, there is a group Q, = Q containing S, and there is. 
a certain series of groups 


OQ, QO. Qs ae CC. OS ee 


Qf OTders'p’, pt, pe, ogg, respectively, each a subgroup of the one to the 
right of it, possessing the following property. Let ER, be that group whose 
substitutions are common to all the subgroups of Q, of index p. Then, if 
A, be any substitution of Q, but not of Q,,, i> 1, the substitution 


(SA,rAy, 


though a substitution of Q,_,, does not belong to R,,. 

Corollary 1. very substitution of P commutative with S must belong 
to). More generally, if » > 2, every substitution A of P, such that the sub- 
stitutions A and SAS~1 are commutative, must belong to Q. Hence, if p> 2, 
every abelian subgroup of P which is transformed into itself by S, must 
belong to Q. 

We prove this corollary from Theorem II by making use of the facts that 
fi,_, is invariant in Q,; that every commutator of Q,, belongs to f,_,; that. 
the pth powers of the substitutions of Q,_, belong to R,_,. 

Theorem III. 

a) If Y, <P, then the order p* of P is = p?t', or is =p”, according as 
the order of Q, is =p", or is <p. 

B) If the order of P is <p, then there is in P some subgroup P, and 
substitution S for which the corresponding group Q= P. 

Corollary 2. The group Q is certainly = P in the cases where P 

1°) is abelian (Theorem I1),. 

2°) or contains no substitutions of order p” (Theorem IT), 

3°) or is of order p” at most (Theorem IIT). 
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In any of these cases H will therefore contain a subgroup M which contains 
P invariantively. Any one of the substitutions S of P (defined in Theorem 
I) is non-commutative with some substitution T of M. 

In particular, if P fulfills both 1°) and 2°), then no one of its substitutions 
(except identity) is invariant in JZ. 

Corollary 3. Let p be the lowest prime which divides the order of A, and 
let it be given that the corresponding subgroup P is abelian.* Let a set of 
independent generating substitutions of P be constructed ; then, if one of these 
generators be of order p", there must be at least three generators of order p" if 
p> 2; at least two if p = 2. 

Hence, if p > 2, and if the order of P be =>p*, then P must be of type 
(1, 1,---, 1) in every case, with the exception of the possibility (2, 2, 2). 
Again, if p= 2, and the order of P be =p’, the only permissible types are 
nee el ly wlg etl lle (ls tots ly Liu (li 1S dt) 151), 
Pea. 2, 1, 1), (2,2, 2), (8,3). 

To prove this corollary. let A,, A,,--- be the generators of order p*; B,, 
B,, --- the generators whose orders, p”, p”, --- are > p*. The group A, gen- 
erated by the substitutions Bo. age aot 7 ae ARs ,°°+,18 acharacteristic 
subgroup of P.+ Moreover, the group A’, generated by BY", Be", ... 
(leaving out of K the generators A?*", ---), is a characteristic subgroup of P. 
Let the factor-group A’/.A’’ be denoted by ZL, and its generating substitutions by 
a,, 4,, +++, corresponding to A,, A,-:-. 

In applying Theorem I, 1°), let P, be that group generated by those gener- 
ators of P whose orders are higher or lower than p*, and by A”, A,,---.. Then 
we may put S= A,, and we must have 


eee mee CO, 2+ 1 (mod. p), 


where C’ belongs to P,. 
Accordingly, 
(is NE wh Ast CAR)? Gres 


Since 7’ is commutative with ZL, we have correspondingly 
minh = OUC. 


c belonging to that subgroup of LZ generated by a,,---. Hence, if there were 
only two generators, a,, @,,in L, then the order of 7 would be a factor of 
p?—1. But this number is divisible by no prime > p except when p = 2. 





* The more general case where P is not abelian, if it be only such that, for every P, and S, Q—= P 
(cf. Cor. 2), is embodied in this corollary when B,,---, A,, ---, instead of being the generators 
of P, are the generators of the factor-group P/W, W being the commutator subgroup of P. 

+ Fropentus, Ueber auflésbare Gruppen. II, Sitzungsberichte der Akademie der Wis- 
senschaften zu Berlin (1895), pp. 1028-1029. BURNSIDE, Theory of Groups, pp. 233-235. 
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At the end of his paper on soluble groups, referred to in the introduction,* 
FROBENIUS proves that every group of order p*qr is soluble, if \=4; p,q,7r 
being odd primes. Using his arguments in conjunction with Theorems I-III 
we find the 

Corollary 4. very group of order p*qr is soluble, if X= p> —1; p,q,7 
being different odd primes. 


Theorem IV. Jf the conditions as specified for a simple group HT in 
Theorems {, IL and ILI are not all fulfilled with reference to S and P, then 
FT has an invariant subgroup H, of index p, which does not contain S, but 
contains every substitution T of H. 


Proof of the theorems. 


$38. Let P’ be the largest subgroup of HZ whose substitutions are commuta- 
tive with P, and which, besides, transform S into itself or into Sx (a substi- 
tution of P,). This group P’ is of order p*n’, n’ being a factor of n. We 
shall prove that 

A) The group P’ contains an invariant subgroup P| of order p', to which 
S does not belong ; further, no substitution of P, not belonging to P,, is of 
lower order than S. 

We write P’ as a regular group in pn’ letters 


5 (Migs amge oe 


pn 


The substitutions of P, will transform x, into p*— different letters, say 


CRRA. a STAI ES ig 
e « p 
The functions 


(1) Ramtayt--- tara, SL), SL), SL) 


are all absolute invariants for the group P,. Let @ be a root different from 


1, of the equation 
Ge — 105 


and let us consider the function 
= 1,4 6°8(L) + 0S (L) 4... 4 05 (7), 


It is not identically zero, no two of the functions (1) containing the same 
letter w,. It is an absolute invariant for the group P,, and we have 


S(1,) = eL,. 


We shall introduce the following abbreviations : 
¢ means a power of @; and 





* Loc. cit., p. 1329. 
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¢ means a power of 6, different from 1. 
Then if A is any substitution of P, 


A(h)=th,  8(£)=$h,. 
§ 4. When the group P’ is written symbolically in the form 
P’'=P4+B,P+B,P4+.---4+ B,P, 


the function 


(2) h= f-BA LG) BL) By (4) 
is seen to be a relative invariant for P’. We find that 
S(L,) = 0" L, = $1,. 


It follows that all the substitutions of P’ for which J, is an absolute invariant 
form an invariant subgroup P” of order p*~'n’, not containing S. This sub- 
group has a subgroup P; of order p*', also invariant in P’. The first part of 
(A), § 3, has thus been proved. 

To prove the second part, we remark first that, as P is invariant in P’, all 
the factors of J, are relative invariants for P. Hence, if A be a substitution 
of P and not of P|, the condition 


A(1;) = $1, 


necessitates that, for some factor 5,(J,) of the right-hand member of (2), the 
relation shall subsist : 
| AB,( Z,) = $B,(1,). 
This gives 
BSAB,(I,) = $1, 


It follows that B-'AB,, though a substitution of P, does not belong to P,. 
Hence its order is not lower than that of S (cf. Theorem I). Hence the order 
of A is not lower than that of S. 


$5. We shall now write #7 as a regular group in h = p'n letters, x,, #,, ++, &,- 
The substitutions of P” will transform x, into p~'m’ letters, say @,, @,, +++ @,r—1,,/+ 
Let J= a, +, +-+--+%,,-1,,, and let us consider the function 


J=I+ CSL) me Ges (13) Te peed te Geter SFar( Fy, 


which is not identically zero. 

B) The group P’ contains all the substitutions of H for which J is a rela- 
tive invariant. 

Let W transform x, into x,, both occurring in J. Since the letters involved 
in J form a transitive set for the group P’, we can find a substitution in the 
latter, say V, which also transforms x, into w,. The substitution VW will 
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therefore leave , unchanged. Since #7 is written in regular form, it follows 
that VW is identity. Jf J bea relative invariant for W, and the order of 
W be a power of p, then W belongs to P. 


§6. The substitutions of A will transform / into n/n’ expressions that do 
not differ by constant factors merely. The product 7 of these factors will be 
a relative or absolute invariant for 7. Evidently, A(7) =, A being any 
substitution of ZZ. If 

S(1) = ¢7, 


then #7 contains an invariant subgroup /7/, of index p, consisting of all the sub- 
stitutions C’ for which 


Or) =a 


To this subgroup would belong every substitution 7’ of H. Accordingly, 
unless the group H, of Theorem IV exists, we must have 


(3) S (7) =. 


§ 7. To examine the nature of the factors of 7, let us write H symbolically 
in the form 


(4) A= P' + PV, iP Ve ely 


n—n’ * 


The group P’, operating upon J, will furnish just one of the factors of 7, 
namely J. The p* substitutions represented by the symbol P V, will furnish, 
say, p factors of a, whose product we shall indicate by 7,. Now, for j + 7, 
one of the factors of 7, may be equal, apart from a constant multiplier, to one 
of the factors of 7,. In such a case we find 7, = 77, x (a constant). We shall 
then agree to say that 7, =1,ifj >i. With this understanding we may write 


T = ST Te Te 


fe 
n—n 


Since S(J) = @/, S(7,) = &r,, it follows that, if (8) is to hold, there is at 


least one index p such that 
(5) S(7,) = $7,. 


§ 8. First, let 7, consist of a single factor. Then the alternative case 1°) of 
Theorem I is proved in the following manner. Let V be one of the substitu- 
tions PV, of (4). Then we may suppose that 


7T,=V(Ss). 


The function 7, is here a relative invariant for P. Hence, J is a relative 


invariant for V-'PV. Hence, by (B), § 5, 
Vi FE are 
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Now, since V does not belong to P’, the group generated by V and P’, though 
containing P invariantively, does not fulfill the other conditions imposed upon 
P’ in §3. Case 1°) of Theorem I thus follows. 


§ 9. Next, let 7, consist of more than one factor, 


(6) T= Yi Yn°** Ypw 
C’) Then we shall prove that V, one of the substitutions of the symbol P Ves 
transforms a certain subgroup Y, of P, which contains S, into itself or into 
another subgroup of P. Moreover, V does not transform that subgroup of 
Q, which is also a subgroup of P| into itself or into another subgroup of P,. 
Substituting (6) in (5), it might happen that, for some index j, we have 
S(y,) + Sy,. Then we may suppose that 


S(Y;) = Yj415 S( Yj.) = Yao omar SCY 4) = FY, (e” =1). 
Thus, if y, = W(/), we get 
(7) WS? WS) = Od. 


Hence (§ 5, B) W'S” W < P. 
This substitution, being of lower order than S, must belong to P, (§ 8, A). 
The function J is, however, an absolute invariant for P” and therefore for P’ 


(ef. §§ 4, 5). Accordingly 0’=1. 


§ 10. The p* factors of 7, (6), permuted transitively by P, fall into p sets of 
p*—' factors each, forming imprimitive sets. Let the p products of the factors 
of these sets be indicated by 


G5 Gay 2-5 Ay; a,G,++- a, =T,. 


Substituting in (5), either we have 


(8) S(a,) = ba, (§=1,2,-++,p); 
or we may put 


OC ei es (CB, hg St Od,.. 


The latter relations would, however, lead to an equation like (7), @’ + 1, con- 
trary to what was proved in § 9. Accordingly, (8) is true, and [= ®¢ for 
some index 7, say i= 1: 
(9) S(a,) = $a,. 

That subgroup of P for which a,, a,, ---, a, are relative invariants shall be 
designated by Q,_,, where v= 2A—k. Its order is p*—’. 

The p*—' factors of a, fall into p sets of imprimitivity for the group Q,_,. 


The respective products shall be indicated by 
Oe Aa Pe Me b,6,°-+b,= 4a 


p> 1: 
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We may assume that S(b,)=¢),. The factors 0,, 6,, ---, 6, are relative 
invariants for a group @,_,_, < @,_,,. of order p**. Proceeding thus, we 
finally arrive at groups Q,, Q,, Q,, of orders p’*?, p’*!, p” respectively, having 
sets of relative invariants respectively designated by 


Wy, Way "5 Wy; VUjo Uns ***5 Ups Yis Yor *°°9 Yo 
These invariants satisfy the relations 


= U,V, °° '° Ups Co Yo se nie 


It will be noticed that S belongs to all of these groups, and we have, corre- 
sponding to (9), 
S(w,) = ow, S(v,) = $r,, S(y,) = oy: 


§11. Let y, = V(J), V being one of the p* substitutions PV,[(4), $7]. 
Then J is a relative invariant for the group V~'Q, V, which must therefore be 
a subgroup of P(§5). The first statement in (C’), § 9, is thus true. 

Let A be a substitution of @,, but not of QY,. Then we may suppose that 














Uf A en aay (i=2,---,p); 
and we get 
S(2,) S(y,) S(y,) S.ASA7.A’SA™...«. A?) Se ae 
p= v — * PFC i 
(10) 1 yy, Y2 yy 
_ (SA)? A?) VS ee) 
i yy od 9 ' 


Now (SA)? A~? < Q,, and is also contained in every subgroup of P of order 
p+. It is therefore contained in P|. For this group J is an absolute invari- 
ant. Therefore, if the second part of (C’), §9, were not true, then (10) could 


not be true. 


§12. We shall now prove case 2°) of Theorem I. Let Q be any subgroup 
of P such that YQ = Q,, and let 


(11) Q, Q, Q®,-.-, =P 


be that series of groups in which each member is the largest subgroup of P 
containing the one immediately to the left of it invariantively. If 7 contains a 
substitution Z’ which is commutative with one of these groups, say UY”, m>0, 
without being commutative with Q”—”, then 2°) of Theorem I is true; the group 
@ in the theorem representing a certain group > Q—-” and = Q™. We shall 
therefore assume that every substitution P which is commutative with Q” of 
(11), or of any similar series, is commutative also with Q”"-1, m>0. Under 
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this assumption the following theorem by Frobenius holds: If A’ represents 
the greatest subgroup of 7 in which Q is invariant (n > k= 0), then Q“+? 
is a Sylow subgroup of J. * 

D) By means of this theorem we can prove that, if V be the substitution 
considered in §§ 9, 11, we may write 


V=W.W,W,---W., 


where W,, W,,---, W, are substitutions of H, respectively commutative with 
the following members of a certain series of groups: 


(12) L,=; L,, L,, ed L.=P, 
each a subgroup of those that follow. 


§13. To prove (D), let VPV-'= M. Then M and P have in common 
the group @,, but no greater group. Let Q) be the greatest subgroup of P 
containing Q, invariantively, and @/’ the corresponding subgroup of JZ. The 
groups Q' and Q’’ will generate a group WV in which Q) is a Sylow subgroup 
by Frobenius’s theorem, §12. There is therefore in JV a substitution W, such 
een OW 0 0, > Oe Werhave also W7'Q, W, = Q,- 
Let now (Wy'V)P(W7'V)*=M,. Then P and MM have in common a 
subgroup, say 0,,=@,,, and therefore 2,>Q,. If Z,=/P, then (D) is 


proved, the series (12) consisting of the two terms @,, P; in this case we find 
V=W.W,, 


where W, is a certain substitution of 7 commutative with P. 

If L, <P, let L) be the largest subgroup of P containing JZ, invariantively, 
Ly the corresponding subgroup of J/,. The groups 1; and ZL’ generate a 
group in which ZL is a Sylow subgroup, etc. Proceeding as above, the proof 
of ()) may be completed without difficulty. 


§ 14, To complete the proof of case 2°) of Theorem I, let us consider the sub- 
stitutions W,, W,,---, W,, respectively commutative with the groups of (12). 
If they were at the same time commutative with the corresponding subgroups of 
P*,i.e., if W,, which is commutative with Z,, is also commutative with that 
subgroup (L') of L, which is a subgroup of P|, then (C’), § 9, would not be 
true. For, the group 


VAL = Wf. [We (W LAW) W,]---} W, 





* Paper referred to in §1, p. 1825, LemmalI. The above theorem is apparently more general 
than that given by FROBENIUS, account being taken of the underlying assumptions as stated in 
both places. ‘The method of proof by FROBENIUs is valid for the case considered here. 
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would then be a subgroup of P|. Accordingly, for some subscript 7, there 
is a substitution, W,, commutative with L,, but not with L’. 

Now if G@ be the largest subgroup of 7 in which Z, is invariant, then J‘ is 
a Sylow subgroup of G ($$ 12,18). Evidently, Z° is invariant in Z;. Since 
L is not invariant in G' ( W, belongs to G), it follows that there is a substi- 
tution 7’ in G which is not commutative with LZ’. The group L, takes the 
place of Q in Theorem I, 2°). 


§ 15. To prove Theorem II, let 
Wir Var 01s Qrivs P 


be the series of groups arrived at in §10. Let A,_,,, bea substitution belong- 
ing to P, but not to @,_,. Then we may suppose that 


Gea Ae ae (i=2,3,--+, p). 
We obtain 
S( a iL 
0) = ely = rik [S- A, ie eee SAy at ay? *(a, ) 
p ail 
1 m5 
= in ( A ee ve Aiea 


—_ 


The function a,, being a relative invariant for Q,_,, is plainly an absolute 
invariant for the group &,_,, whose substitutions are common to all the sub- 
groups of @,_, of order p*~*. It follows that (SA,_,,,)?Aj2,,; does not 
belong to /?,_,. 

Starting now with a substitution A,_, belonging to Q,_, but not to Q,,41, 
we may suppose 


Pea ike An. (i=2, 3,---,p). 


Substituting in ¢ = S(a,)/a,, we find that (SA,_,)? Ax”, does not belong to 
Tey ete. 
The group Q, is = Q of Theorem I, 2°), by $$ 12-14. 


$16. We proceed to prove Theorem III. Considering the groups Q,, Q.-++5 2 
of §10, let A designate a substitution belonging to Q,, but not to @,. We 
will assume that A permutes the letters y,, y., ---, y, in the order 


As  (ypgs- Ya; 
and that 


S(y,) = O8(y;,) (i=1, 2, +++) p). 
Then, since S(v,) = ¢v,, 
% +%+---+a,=0 (modp). 
We shall say that the constants 0", 0%, ..., 6% are the multipliers of S. 
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The substitution 


Ss’ aes iS. Aa S2A sAS SA, aan A SAPS 


belonging to @,, will have the multipliers 6, 1, 1, ---, 1, provided the 
congruences | 
OH, + yy +--+ + 4,0, = 1, 


Ay %, + A,% + +--+ 4,0, = 0, 


A,X, + %%, + ---+ a4, 2, = 0 (mod p) 
are satisfied. The necessary condition is that the determinant A of the coeff- 
~ cients does not vanish (mod p). We find 
A=(a, + 0a,+ @a,+---)(a,+ Pa,+ Oa,+---)--- 
= AW=(ar+ah+ah+...)?P=a,+a,+a,+---+=0 (mod p). 
The substitutions S’, A-'S’ A, A~* S’ A’, ---, all belonging to Q,, are read- 


ily seen to generate a group of order p” at least. The group Q, is accordingly 
of order p?*! at least. Theorem III, a), is thus true when Y, = P. 


Sit. Let @.</. The functions v,, v,, ---, 2 
Yrs You +++» We may assume that 


»,(§10) contain p’ factors 


Us = Yo-iyp 41 Yo—-1yps2 °° Yip (i=1, 2, ---, p). 


We shall say that the p factors of v, constitute the set V,. The letter B shall 
designate a substitution belonging to Y, but not to Y,. It permutes the letters 
V,) Vy) +++, V, In some such order as 


B: CHP a EN 


Pp 


Let & represent a substitution of the group Q,. It has v, for a relative in- 
variant. We may assume that it permutes the members of the set V, in the 
order (4141 Y@—1p+2"** Yip)» OY Some power of this order, 


R: (Yo—np+1Ya—np +e ae Vea) oe 


Ifn =p, i. e., if the functions 7,,_,,,,,, --- are relative invariants for 2, we 
shall say that F? is linear in V,. Otherwise we shall say that J? is circular in 


V,. Thus, Sis linear in V,, and A is circular in V,. 


$18. Let us now suppose that / is linear in V, and write 


BY G-1p45) = 9” Yu_np si (J 1, 2,55"; PD) 
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We shall say that 2 is of rank m in V, if 8, + 08, + BR, +---+ 8B, is 
divisible by (1— 0)”, but by no higher power of 1—@; B,, B,, +--+, B, not 
being all equal (mod p). If 8, = 8, =---=P, = 9 (mod p), we shall say 
that R is of rank p—1; if 8, = B, -- = 8, = 0 (mod p), we shall say 
that R is of rank p. 

Let A, be any substitution contained in QY,. Then A,#A;!A-' is linear in 
V,. Itis of rank p if A, is linear in V,; if A, is circular, the commutator in 
question is of rank m + 1 if m <p, and of rank p if m=p. 


§ 19. We can construct by the method of § 16, using S and B, a substi- 
tution S,, < Q,, such that 


REG eane S, (Ue, (t=2, 3,-++, p). 
The following three cases may arise : 


(1) oS pis Iinear insV. Vg, oe 5h an 


(2), Sis circular in 2,513), © emcee 

(3) S, is partly linear and partly circular. 

Consider case (1). The substitution S, is of rank 0 in V, and of rank = 1 in 
Vi, Va.-+*) Vp>- The substitution S,= AS, A-!S71 is of rank 1 m Vand 
of rank =2 in V,, V,,---. The substitution S, = AS,A-!S7' is of rank 2 
in V, and of rank =38 in V,, V,,---. Proceeding thus, we get a series of sub- 
stitutions of which the last, S, = AS,_,A-!S>1,, 1s of rank p — 1 in V, and of 
rank p in? V5, Va, 0-4. 

The substitutions 


S,, BS, B-', BUS, B® ot eee 


will generate a group Q’ of order p” at least. This group does not contain S,_,. 
The substitutions 


} i = 2 —2 ey = 
eae Boe toners See Peering?) ts) See P+1 
and the group @’ will generate a group Q” of order p” at least, ete. Finally, 
we have a group (J, of order =p”, linear in V,, Vo, +++5 Vp, which group 
with A and B generate a group of order = p”*t?. ; 


§ 20. Consider case (2). Constructing the substitutions 
tiv =D Shae PEPE D ae Feed ciget 


we find that /, is linear in V,, V,,---, V,, of rank 1 in V, and V, and of 
rank = 2 in’ V,,°V,,--, V, 


Pp? 
Now, S is linear in V, ($17). It cannot be linear in all the sets 
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V,, V,, +--+, or S, would be linear throughout. Hence there is a substitution, 
W= BSB, which is circular in V, and linear in V,._ Then the substitution 
R,= WR,W FR," is linear in all the sets V,, V,,---. It is of rank 2 in V, 
and of rank =3 in the remaining sets. Proceeding as in § 19, we construct a 
group VY?” of order =p'?-*”, linear throughout, a subgroup in the group 
generated by A, B and #,. This group (Y"-? and the substitutions 2?,, 
BR, B", B’R,B”, --. generate a group Y-) of order = p?’-?-', linear 
throughout. This group and the substitutions S,, BS, B', BS BO, ... 
generate a group = Q,, of order =p”—'. Accordingly, the order of Q, is =p”. 

The same processes, with slight variations, will dispose of case (3). Theorem 
ITI, a), will be found true. 


§ 21. In proving Theorem III, 8), we may assume that QY, = P. 

There is a substitution S’ < Q,, but not < @,, which can take the place of 
S in Theorem I, Q, being substituted for P, in the theorem, and a correspond- 
ing group Y taking the place of Q, in Theorems IJ and III,a). If P=Q, 
Theorem III, 8) is true. If P> Q’, then there exists a set of functions 

Vit Vir Yar 79 Yoo 

corresponding to the set V, defined in $17. These functions are permuted 
transitively by P; otherwise the order of this group would be = p” [Theorem 
III, «)]. We will look upon P as transforming simultaneously the two sets 
V, and V_, making use of the results of § 16. 

We may evidently assume S’ = A of $16. Then A is linear and of rank 
0 in V,, and is circular in V,. 

There must be a substitution A’ which is circular in V;. We can evidently 
find an integer n such that the substitution A’A" is linear in V,. Again, such 
numbers m and & can be found that the substitution 


R — (eA Ae Se 


is linear and of rank 0 in V, and is circular in V,. 


The substitutions A and / will now generate a group of order = p?’—!. To 
prove this, we construct first R, = Af? A-!A#-', which is linear and of rank 1 
in both V, and V;; then the substitutions 


JP ees AMEE CSTE Perey tira AO ga baal Ws ae 


which are all linear, of rank p in V,, and of ranks 2, 3, ---, respectively, in V,; 
finally, we construct the substitutions 


W,=RR,RORS, W,= RW,R7W;, W,= RW,R- Wz, >, 


all linear, of rank p in V,, and of ranks 2, 3, 4, ---, respectively, in V{. 
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The substitutions R,, 2,, R,,---; W,, W,, --- will generate a group of 
order = p”?-%, linear in V, and V;. Again this group together with A and R 
will generate a group of order = p??-!. 

§ 22. Theorem IV is proved as follows. The invariant subgroup Z/, exists 
unless the condition S(7) = 7 is satisfied (cf. §6). But Theorems I, II and 
III were true in consequence of this condition. 


INFINITE DISCONTINUOUS GROUPS OF BIRATIONAL TRANSFOR- 
MATIONS WHICH LEAVE CERTAIN SURFACES INVARIANT* 


BY 


VIRGIL SNYDER 


It was shown by SCHWARZ { that no algebraic curve of genus greater than 
unity can remain invariant under a continuous group of birational transforma- 
tions. Later Hurwitz +t showed that no such curve could belong to any 
birational group of infinite order. 

The corresponding theory for surfaces is by no means complete. While 
those belonging to continuous groups have been determined, only a few isolated 
examples are known of surfaces having an infinite discontinuous group. § 

All the groups which have been discussed are illustrations of two principles, 
the first of which refers to quartic surfaces and will be considered in two parts, 
the latter including the former as a particular case ; the second principle is appli- 
cable to a much wider category. I propose to discuss these principles and apply 
the second to the determination of an extended family of new surfaces having an. 
infinite group. 


* Presented to the Society February 27, 1909. 

t Ueber diejenigen algebraischen Gleichungen zwischen zwei verdnderlichen Grossen, welche eine: 
Schaar rationaler eindeutig umkehrbarer Transformationen in sich zulassen, Crelle’s Journal, 
vol. 87 (1879), pp. 139-146. 

{ Ueber diejenigen algebraischen Gebilde, welche eindeutige Transformationen in sich zulassen, 
Mathematische Annalen, vol. 32 (1888), pp. 290-308, reprinted from the Géttinger 
Nachrichten of February 7, 1887. See also NOETHER, Mathematische Annalen, 
vol. 21 (1883). 

2 HuMBERT: Sur la décomposition des fonctions 4 en facteurs, Comptes Rendus, vol. 126, 
(1898), pp. 394-396 ; Sur les fonctions abéliennes singuliéres, ibid., pp. 508-510, and Liouville’s. 
Journal, ser. 5, vol. 6 (1900), pp. 279-386, see page 372; PAINLEVE: Sur les surfaces qui 
admettent un groupe infini discontinu de transformations birationnelles, Comptes Rendus, vol. 126, 
(1898), pp. 512-514; HurcHINson: The Hessian of the cubic surface IJ, Bulletin of the 
American Mathematical Society, vol. 6 (1900), pp. 328-337, and On some birational’ 
transformations of the Kummer surface into itself, ibid., vol. 7 (1901), pp. 211-217; FANo: Sopra 
alcune superficie del 4° ordine rappresentabili sul piano doppio, Rendiconti del Istituto Lom- 
bardo, vol. 39 (1906), pp. 1071-1086. The first three of these articles are concerned with 
special forms of the Kummer surface ; the treatment is entirely transcendental. The next two 
treat the general Kummer surface and two others into which it can be transformed ; the treat- 
ment is partly transcendental and partly algebraic. The last one gives an outline of the theory 
of those quartic surfaces having a net of hyperelliptic curves ; the treatment is purely geometric.. 
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$1. Quartic surfaces that possess a net of hyperelliptic curves of genus two. 
a. The nodal inversion (lV). 


1. The line joining any point A, on a quartic surface /’, to a conical point 
NV of the surface will meet it again ina point 6,. A (1, 1) correspondence 
exists between A,, B,, defining a non-linear birational transformation of order 
2 which will be indicated by (VV). If /’, has two conical points iV,, JV,, these 
define two such transformations (V,), (V,). Every plane section through 
N,N, will remain invariant under the group generated by (V,), (W,). By 
taking WV,, J, as the vertices (0, 0,0,1),(0, 0,1, 0) of the tetrahedron of 


reference the equation of a plane section may be written in the form 
Weer , ee await Cagenad , tank 2 fae sea taney me 
ae? ( ao + bax, 2+ cx; ) + 0, 0,( u' x} + 6’, 0,400; ) +a, (a a} + 6", 4+ c'x3) = 0. 


The necessary and sufficient condition that the operations (1V,), (JV,) are com- 
mutative is the vanishing of the determinant * 


Kets ee a att 
(a) ld OSE e Sh 


| a’ b” ig)" | 


If now the binodal quartic be transformed into a cubic, the operations (J, ), 
(.V,) become ordinary quadric inversions with regard to the polar conics of two 
ordinary points of the curve. If we still call these points V,, V,, the geometric 
condition that (JV,), (V,) be commutative is that the tangents at /V,, JV, meet 
on the curve, i. e., that V,, iV, be conjugate points. In general, the question 
whether (V,), (V,) define a finite group is thus reduced to STEINER’s celebrated 
‘“‘ Schliessungsproblem.” + 

In general, if (V, V,)* =1, & must satisfy a certain relation which can be 
most easily expressed in terms of elliptic functions. Since any binodal quartic 
or non-singular cubic can be birationally derived from a space quartic curve of 
the first kind c,, the (2, 2) correspondence between the points in which the lines 
through V,, V, meet the curve again can be defined by means of the generators 
of a quadric surface passing through the quartic curve. The quartic curve may 
be defined by the equations 


2, = pe (uw), ot, == Pe (an), %, = pp(u), L, or 


Four points corresponding to the values w,, w,, u,, u, of the parameter w will 
lie in the same plane if, and only if, 


U+u,tu,+u,=9 (mod 2a,, 2o,). 





*STuRM : Die Lehre von den geometrischen Verwandtschaften, vol. 1 (1908), p. 267. 
tJ. STEINER: Geometrische Lehrsitze, Crelle’s Journal, vol. 32 (1845), pp. 182-184. 
If the cycle is closed for one point, it will be for every point. 
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Given any two points wand v onc,. Through the line joining them can be 
passed a quadric surface of the pencil having c, for basis curve. If u+v=c, 
then the parameters of the points on any generator of the second system must 
satisfy the relation uw +v= —c. Starting with the point w, we can obtain » 
by the equation w + v =, then from v we can find w, on the other generator 
by v+u,=—c. Similarly u,+v,=c, v, 4+ u,=—c, etc. If u,= wu, by 
eliminating the intermediate terms we obtain the condition 


Qke = 0. 


For an arbitrary /’, with two or more double points this condition will not be 
satisfied for any finite integer /, hence: 

Quartic surfaces having m(1<m=16) double points exist which are 
invariant under a noncontinuous group of birational transformations of 
infinite order. 

2. This result is interesting in view of KLEtn’s * question regarding opera- 
tions which leave the 16-nodal Kummer surface invariant. By means of properly 
chosen operations of the linear G,,, any (NV,) can be transformed into any other 
(YW ,,). This gives rise to at least thirty-two operations. By duality we have 
at once 32 more. The question is whether the surface is invariant under any 
other than these 64 operations. This question was answered in the affirmative 
by HumpBert+ by means of hyperelliptic theta functions. 

On applying condition (a) to the equation of the surface referred to a Gopel 
tetrad, this question can be answered in the affirmative immediately. Similarly, 
by making use of the invariants whose vanishing expresses that (JV, JV,,) is finite 
it is seen that the surface has an infinite group, as the condition for finiteness 
would impose a relation among the three essential constants of the surface. 
By means of the known G’,, the generators of this group can now be easily 
determined. 

3. Another interesting case is furnished by the Weddle surface, the locus of 
the vertex of a quadric cone through six given points. Since this surface can 
be birationally transformed into the Kummer surface, it must have a G.,,. 
This group was shown by Baker to be defined by the six operations (JV,).+ 


* Ueber Konfigurationen, welche der Kummerschen Fliche zugleich ein- und umgeschrieben sind, 
Mathematische Annalen, vol. ~7 (1885), pp. 106-142. See p. 142. 

t Théorie générale des surfaces hyperelliptiques, Liouville’s Journal, ser. 4, vol. 9 (1893), 
pp. 29-170 and pp. 361-475. See page 466. 

t This same result can be obtained from the parameters belonging to two points collinear with 
Ni as given in HUMBERT’s third paper cited above, p. 470, but this fact is not there mentioned. 
BAKER: Elementary note on the Weddle quartic surface, Proceedings of the London Mathe- 
matical Society, ser. 2, vol. 1 (1903), pp. 247-261, gives an algebraic proof. A much more 
extensive discussion of the transformations of both surfaces is given by BAKER: An introduction 
to the theory of multiply periodic functions (1907) ; see pp. 69-82. 
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By the preceding principles this theorem can be obtained at once as follows. 
The equation of the surface may be written in the form 








a 
— 2, Oe oe 
x 
1 
a, 
=f ge 
Xo 
Li, 
a 
=) ode 
x 
3 
a 
— 5 od ee 
UC, 


the six nodes being at the four vertices of the tetrahedron of reference and the 
two points (1,1, 1,1),(4@,, a,, a, a,). Ina plane containing any pair of 
,» the two points on x, = Oare (0,0, &, &,), [9, &,(a,—a,) 
+k,(a,—a,), k,(a,—a,), k,(a,—a,)]. Similarly the two points on x, = 0 
are (0,0, k,, &,), [k,(a, —a,) + &,(a,—a,), 9, k,(a,—a,), k,(a,—a,)]. 
The necessary and sufficient condition that (JV, ), (V,) be commutative is that 
the point [k,(a, —a,) + k,(a,—a,), k,(a,—a,) + k,(a,—a,), ky(a,— a,), 
k,(a,—a,) | lie on the surface. By direct substitution we find that it does lie 
on the surface; similarly for the other pairs of nodes. 


nodes, as k,w, = kx 


4. Moreover the result can be obtained geometrically. Let c, be the space 
cubic curve passing through the six points V,. It lies on the Weddle surface 
defined by these points. The quadric cone having its vertex at JV, and passing 
through the five other points JV, contains c, and is the tangent cone at the 
conical point .V, of the Weddle surface.* 

Any plane section through JV, J, will contain the line JV, V, and a cubic curve 
passing through V,V,. The tangent to the plane cubic at J, is the generator 
of the tangent cone at JV, lying in the given plane and not passing through J, . 
Similarly for V,. Since these generators meet on c,,it follows that WV,, JV, are 
conjugate points with regard to every plane cubic section passing through them, 
hence (1V,), (1V,,) are commutative. 

It is known that through any given plane quartic curve a Kummer surface 
can be passed, while all the plane sections of a Weddle surface are restricted, 
the relation among the constants being expressed by the equation 


A?4144B=0, 


wherein A is the cubic and B the sextic invariant of a quartic curve.+ 





* HIERHOLZER : Ueber Kegelschnitte im Raume, Mathematische Annalen, vol. 2 (1870), 
pp. 563-586. See page 582. 

}F. Moruey and J. R. CONNER: Plane sections of a Weddle surface, American Journal of 
Mathematics, vol. 31 (1909), pp. £63-270. 
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The preceding results furnish a new geometric interpretation of this important 
theorem for the case in which the plane passes through two conical points of the 
surface. 


$16. The Involutions (1). 


5. A quartic surface 7’, of genus one (p, = p, =p = 1) which contains one 
curve of genus 2 will contain a net of such curves, any two of which will meet 
in two points, forming a rational involution J. (Fano, 1.c.) The curves of 
order 4 are plane sections, and the surface has a double point. These curves 
define the inversions (JV). In case the curves are of order 5 they are cut from 
Ff’, by a net of quadrics, all having for residual the same twisted cubic. 

Given a curve c, of order six and genus 2 on /’,. It is then one of a net o,, 
defining an involution 7,. Each c, of o, will be cut in oo! pairs of points of J,, 
forming the canonical g}. Through each c, pass oo” cubic surfaces /,. The 
residual intersection will be another sextic c’, also of genus 2, and belonging to 
_anet o,, distinct from o, provided no /, of the net can be found which touches 
F’, in every point of c,. The net o, will define an involution J, on F’,. 

The oo' lines determined by the pairs of points in g} on c, define a ruled cubic 
surface /?, whose double directrix is a quadrisecant of c,. The other points of 
intersection of each generator with /’, will belong to the canonical g} on the 
residual c,. The curves c,,¢, have four points of intersection on the double 
directrix. Every line joining a pair of points in J, will also join a pair of 
points in J,. The lines joining any point to its conjugate will therefore define 
a congruence of order 2, one of the lines joining a given point to its conjugate 
in J, and the other joining the same point to its conjugate in J}. Starting with 
any point on the surface we can first find its conjugate in J, by a birational 
transformation of order 2, then the conjugate of the latter as to J,, also a trans- 
formation of order 2. If a line of Z, be given, there are two lines, one through 
each of the points of this line belonging to Z,, which connect it with its conjugate 
in J,. Hence between the lines of /,, J, there is a (2, 2) correspondence, and 
the condition for periodicity is reduced to that of the preceding case.* 

The determination of these hyperelliptic curves by algebraic processes is in 
general a very difficult problem. 


§ 2. Systems of bitangents (7). 


6. Let a = La,x, = 0, b = 0 be the equations of a straight line, the coeffi- 
cients a,, 0, being rational functions of two non-homogeneous parameters «, T. 
If the coordinates of a fixed point y be substituted for «,, the number of roots 
in «, T defines the order of the congruence 7’, that is, the number of lines 





* FANO, 1. c., showed by a different method that the operation (J, J, ) is in general of infinite 
order. 
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belonging to the system which pass through the point. The locus of the point 
y for which two of the lines coincide is the focal surface of the congruence. 
Thus, except for particular cases, the line of a given congruence of any order 
which touches the focal surface /’ at a given point P can be rationally separated 
from the other lines passing through P by the process of partial elimination. 
We shall be concerned only with such congruences as have a single line 
(counted twice) passing through P on F, and lying in its tangent plane. The 
other lines of 7’ passing through P have one point of intersection with 1 at P.* 

Congruences of the first order can have no focal surface; for those of the 
second order there is no residual line, while in the case of cubic congruences 
points on the focal surface are characterized by one double and one single root 
Ink) T 

Every line of 7’ is a bitangent to #’, the points of tangency being P,, P,. 
The operation of interchanging P,, P, is a birational transformation of order 2 
which will be denoted by (Z’). If # is the complete focal surface for more 
than one congruence, we have two or more operations of order 2, and their 
product will be in general of infinite order. The necessary and sufficient con- 
dition that the transformations (7), (Z,) be birational is that the two congru- 
ences 7’, T, be rationally separable. 

7. A number of important surfaces having this property can be obtained as 
the apparent contour of SEGRE’s cubic variety I‘ in four dimensional space S,,t 
quartics by projecting from a point on I’, and sextics by projecting from any 
point in S,. In particular, if I’ contains a plane and can be generated by tri- 
linear systems, the contour will be the focal surface of at least two congruences, 
and the equations of the transformations (7)), (7Z',) can be determined. 


Let 


wv we, 


1 2 


5 


ash 
P= a, 
| 
U 


1 wu 


2 
be the equation of a cubic variety containing the plane x,=0, x, = 0. A 
space «,%,—xk,x, = 0 passing through this plane will cut from I a quadric 
surface, one such quadric passing through any point of I. 

The two systems of generators are rationally separable, being 


U, one U, U k — Woe 


— — == 7, 
, é i 1? 
uk,—u,k,  2,k, —x,k, X. 











* An example of congruences of another kind is furnished by a family of quadrics having one 
variable parameter, when the equations of the two systems of generators cannot be rationally 
separated. 

t Sulle varieta cubiche dello spazio a quattro dimensioni e su certi sistemi di rette e certe superficie 
dello spazio ordinario. Memorie di Torino, ser. 2, vol. 39 (1889), pp. 1-48. 
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the second one being defined by the pencil of spaces passing through the other 
plane u,=0,27,=0onT. 

If now a plane be passed through any line 7, and a fixed point A, the section 
of I’ made by this plane will consist of 7, and a conic cutting 7, in two points 
P’, P”. The locus of the points P,, P, in which the lines AP’, AP” are cut 
by an S, not passing through A’ is the focal surface of the congruence 77, the 
points P,, P, being the points of contact. If k=(c,,c,,---), and S, be de- 
fined by e,~, = 0, the equations take the form 


Lat HOT 71(% h, a u, hk, ) ce ae (@, k, i a, k,) hw, aS h, vs 


wt) — 7, [ u,(¢)&, — u,(c) k, | ig ¢, — 7, (¢, ky — c,h, ) x kc, — ky ¢, 








from which x,, for example, can be eliminated by means of Le,7,=0. If 7, be 
eliminated, a cubic in £,: %, results, whose envelope is the focal surface. 

If then we start with a point (x|, ---, «,) or w on I’, the associated S, and 
the line 7, are known and the points P’ = (2), P” =(«”) are at once defined 
as the roots of a quadratic equation, one of which is known. The other root is 
expressed as a rational function of the given one, and the equations of (7) 
are determined. In the same way we determine (7’,). 

If the system 7Z; belongs to a linear complex, the points P,, P, are poles of 
the tangent planes at P,, P, respectively, so that (7,) may be regarded as the 
product of the two commutative operations, duality as to the surface and duality 
as to the complex. When 7’, 7, both belong to linear complexes, the group 
generated by (7,), (Z,) may be finite. In particular, the necessary and suffi- 
cient condition that (7), (Z,) are commutative is that the complexes to which 
T,, 7, belong are in involution. 

The lines of the congruence 7’ can be arranged on a system of oo quadric 
surfaces, the congruence 7’, being composed of the other system of generators of 
these quadrics. Any line 7 of 7’ will therefore determine two lines m,, m, of 
T,, so that a (2, 2) correspondence exists between 7, m. Thus the locus of 
P,, P, corresponding to the quadric defined by 7, m is a space curve ¢, of 
order 4 of the first kind. By the operations (7’), (7Z),) the curve c, remains 
invariant, so that each quadric of the system goes into itself. The points P,, P, 
define a (2, 2) correspondence upon c¢,, hence the discussion of the periodicity of 
the operation (7) 7,) can be reduced to that of the preceding case.* 

When the focal surface is of order 6 the residual section made by any quadric 
of bitangents is another c, which is also the curve of contact of another quadric. 
If the line P,P, cuts /, in Q,, Q, the operation of interchanging Q,, Q, is 
also birational, since only a single line of each congruence passes through Q, 





* For the literature concerning the (2, 2) correspondence on c,, seeO. STAUDE: Fldchen zweiten 
Grades und ihre Systeme und Durchdringungskurven, Ency klopadie der mathematischen 
Wissenschaften, III C2., no. 123; in particular, footnote 513. 


22 V. SNYDER: BIRATIONAL [January 


apart from the one (counted twice) which touches /’, at Q,. All the theorems 
regarding periodicity can be applied immediately to this case also. 

8. An interesting illustration is furnished by the variety [ having ten nodes. 
The contour from any point on [ is the general Kummer surface. The six 
systems of bitangents belong to six linear complexes mutually in involution, hence 
the operations (7’,) generate the well-known G’,, first found by Klein. * 

The product of any two operations (7), (Z',) is a linear transformation, 
and thus the linear group of order 16 is defined. Many of the properties of the 
Kummer surface and of its systems of bitangents can be deduced readily from 
this starting point. 

9. An illustration of a different kind, wherein the group generated by the 
(7T,)(Z,) is finite, is obtained from the variety 
(1) TD = 20,0, + Av, 2,0, = 0, mae pany ay A+1, 
the center of projection being P=(1,1,1,—1,—1,—1). The details 
of this case will sufficiently illustrate the general procedure. The line of the 
system + I which passes through the point « may be expressed by the equations 





! ’ , , ' , 
9 © Hy — Wy, yy — Wy Dy Dy — MyM, 
( ) a ay 7 / } oa 7 7 ae 
vw +x, v, + we, v, +X, 


Solve these equations for x,, ~,, 2, in terms of 7 and substitute the results 
in (1). The equations of the conic and of the line may be written in the form 


(3) wm, (w, +) wy, + wy, (a, +; ) ar, Wy + 2,0, (m, + wr, arm, = 0, 

(4) what (ai + x,)o, + wah (a, + af)a, + a0, (ah + a)a, = 0. 
If now a be taken on the first polar of I’ as to P, 

(5) H= yy + Wy + Mya, — V(20,%, + 0,00, ) ==005 


it will be one of the points of intersection of the line and the conic. Making 
(3), (4) simultaneous and making use of (2), we obtain the coordinates of x”, the 
second point of intersection. The results are 


1 a 1 1 


Cee ee ie i 
4 


=, 
“6 





* Zur Theorie der Liniencomplexe des ersten und zweiten Grades, Mathematische Annalen, 
vol. 2 (1870), pp. 201-226. 

{ For this notation and the discussion of this variety, see my paper: Surfaces derived from the 
cubic variety having nine double points in four dimensional space, these Transactions, vol. 10 
(1909), pp. 71-78. 
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Let the lines joining «’ to P be cut by the polar S, of P as to I 
(7) © +2, +2, +A(x,+ 4, + 4) = 0. 


To distinguish between points « on I and points on the S, defined by (7), 
coordinates in the latter will be denoted by y,. It is defined by 


(8) WA+%+4¥,=9, YAty+y,=?9. 


From a point x on (a) we obtain the corresponding point in S, by means 
of the equations 


seh ~ hag) 
Y, = 0, + 0, — 22,, Y¥,=%, + & — 2x,, 
hae 9 = E 
(9) Y, = @, + ©, — 2x,, y, = 0, + vw, — 2e,, 


Y,= 2%, +o, — 20,, Y, = ©, + wv, — 2x, 
and the reciprocal relations, giving x when y is known, are 
@ = 2yA(y)—30(y), 2% = 2y,A(y) + 80 (y), 
(10) ®, = 2y,H(y)—30(y), #, = 2y, AM (y) + 80 (y), 
2y,H(y) — 80 (y), w, = 2y,H(y) + 380(y). 


Now by means of equations (6), (9), (10) we can obtain the equations of the 
birational transformation in S,. The results are 


Py, = —A[2A(y)(YYs + YsYo — 2YsY%e) + BV(y) (Ys — 24, — 2y;5) I], 
py, = — [2H (yj) (Y.¥6 + Ys¥s — 2449s) + 80 (y) (¥¢ — 2y, — 2y5)]; 


/ 


(11) PYs = —A[ 2H (y)( YH, + YsYs — 245%) + 80 (y)(y¥, — 2y, — 2y,)], 
py, = 2A) (Yo + Y2Y3 — 2% Y3) — BV (y) (4, — 2%, — 24); 
py; = 2H(y) (Ys + Yo¥s — 2242) — 80 (y) (ys — 29, — 242), 
py, = 2A (y) (M42 + Ys — 2243) — 8P(y)(Y, — 24%, — 2ys), 


the equations of the surface being 
WAt+Y%+Ys=9, Y%tYst+ye=0, 2(1-A)M(y)+4H*(y)=0. 


The transformation defined by (11) is not a Cremona transformation, being 
birational for points of the surface only. 

In the same manner we may obtain the systems (7',), (7,), defined by II, 
III,---. If we use the notation (~,x,x,) to indicate the cyclic substitution 
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x, = pw, ete., the results may be written in the form 


P=, T= TU, T= Tl ley 


1°49 lL 4c549 
wherein 


1, = (1424s) (YsYo4s)3 4 = (Yas) (YoYo) 3 's = (M1 Ya) (Yes): 
Moreover 
Fl,=1,T,, T=.7, Tl,=1,T,, 

from which it follows that 7,,---, 7, generate a group of order 36 which contains 
a linear subgroup of order 18. The surface is also invariant under the odd 
substitutions ¢ = (y,y,) ete., making another linear group of order 18. The 
operations (7) combine with these in the same manner as with the preceding, 
making a total group of order 72. 

10. From any point P, on F, can be drawn just one line of I touching /, at 
P,. Let P, be the second point of contact of this line. Similarly, the line 
P,P, belongs to IV and touches /’, at P, and at P,. The line P, P, belongs 
toI. Since (7, 7,)* = 1 it follows that P,P, belongs to IV and has its points 
of contact at P, and at P,. The vertices P,, P,, P,, P, define a tetrahedron 
inscribed in F’, and the planes P,P, P,, ete. are all tangent planes. The 
transformation (7; 7’) transforms P, into P, and P, into P,; it is the axial 
involution 7,. We have the following theorem: 

There are nine systems of 0? tetrahedra which are inscribed in and circum- 
scribed about F’,. Two opposite edges of the tetrahedra of each system always 
meet two fixed lines. 

11. When the line o touches the residual conic, section of I, P, = P, and 
the corresponding line in S, has four coincident points in common ay Tn 
The locus of the point of contact in I is a curve defined as the intersection af 
I\(«) with (a) and the variety defined by the equation 


[cst at , ta! , eta) 








UU, Vy 0,0. 0 





De pad teed eat} ae ce 3 5 
oh v0. Ue 
—2 (a, +004)? (,-+20, )? (y+ 25 )” Fe +) * (@,+2,)* (+a, ay” 


By means of equations (6), (9), (10) the equations of the curve in S, can be 
obtained. Let C, denote the curve at the points of which the lines of I have 
four point contact. From any point P, of this curve draw the line of IV. 
From the preceding theorem the second point of contact must also lie on C). 
The ruled surfaces belonging to ITV, V, VI which have C, for directrix curve 
are such that every generator of each is a bisecant of the curve. If the line of 
II touching /’, at P, also touches it at P’, and the line P’ P” belongs to I, then 
P" is a point of C,. The six curves C, are birationally equivalent. 


‘CORNELL UNIVERSITY, 
February, 1909. 


PROPER MULTIPLE INTEGRALS OVER ITERABLE FIELDS 


BY 
ERNEST B. LYTLE* 


Introduction. 


The theory of multiple integrals has generally been confined to functions 
having metric (defined later in § 1) domains of definition. In his book + and in 
an article on Improper Multiple Integralst Prerpont has given a definition 
of integrals applicable to non-metric domains. 

Using this PrerronT definition of an integral I have found a new class of 
fields for which the fundamental relation 


fraf [ref [refs 


holds. This general class of fields, which I have called iterable, includes all 
metric fields and a large class of non-metric fields. 

For simplicity the results are stated throughout the paper for functions of 
two independent variables; but the method of treatment is general and the 
extension to the case of any number of independent variables is thought to be 
obvious. The notation used by Prerront has been followed, and the reader is 
referred for further explanation to his Lectures. 


§1. Preliminary definitions. 
Let 9 = {x, y} be a two-dimensional point aggregate lying within a square. 
Effect a rectangular division of the plane of norm 6. Let 


Be 8) 5! 


a coca 
be those rectangles containing at least one point of 9{. Let 
og Tap, oMeR IDO 
denote those rectangles all of whose points belong to 9. Then 
lim 28, = 9 
; 5=0 
* Presented to the Society (New York), April 25, 1908. 
t Lectures on the Theory of Functions of Real Variables, vol. 1 (1905). Ishall refer to this as 


Lectures. 
t These Transactions, vol. 7 (1906). Referred to later under the title Improper Integrals. 
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is defined to be the outer (upper) content of Y, and 
lim 26, = of 


5=0 
is the inner (lower) content of 9. It has been shown (Lectures, p. 513) that 
these limits always exist and are finite. When 
x = 
their common value is called the content of 9, and Y is said to be a metric 
aggregate. 

Let 2 = {x, y} be a limited point aggregate. Let f(x, y) be a limited 
single-valued function defined over 9{. Effect a rectangular division D of the 
plane of norm 6. Let 

One on On, ae? 
be those rectangles of J which contain points of 9. Let MW,, m, be the 
maximum and minimum respectively of f(x, y) in the rectangle 6,. Put 
(1) Sp = =M8., Sp = 211.0,. 
Then 


(2) lin Sp = [ ts 
‘ 6=0 J Xf 
is defined to be the outer upper integral of f(a, y) over the field 2, and 


(3) lim Sp = [f 
6=0 ex 


is the outer lower integral of f(x, y) over X. These limits always exist and 
are finite. (See Lectures, p. 510.) 
When the integrals (2) and (8) are equal we denote their common value by 


(4) [r 


and say that f is integrable over I. 
It is important to note that the relations 


(5) [fe min Sp, [r= max Sp 
x J x 


which hold for Riemann integrals are not always true for outer integrals. 
(See Lectures, p. 508.) 

Let 4 be a limited plane point set. Let © be the points of { lying on a 
line parallel to the y-axis. Let % be the projection of 9{ on the a-axis. Then 
when 


(6) [s=% 


we define 2 to be iterable relatively to x. 


1910] INTEGRALS OVER ITERABLE FIELDS OT 


If C is a linear section of % parallel to the w-axis and B is the projection 
of 9 on the y-axis, then when 


(7) fo=a 


Y is iterable relatively to y. 


The following examples show that both iterable and non-iterable aggregates 
exist. 

Example 1. Let 9 = {x,y} where «x takes the rational values in a unit 
interval and y takes all real values in a unit interval. Then 2 is non-metric, for 


H4=0, W=1. 
But 9 is iterable relative to both « and y, for 


[e= [0-1-4 
e/ B B 


Example 2. Let 9 = {x, ¥} be the points of a unit square, specified for 
rational x by 0 =y=4, and for irrational x by =y=1. Here Y is non-metric, 
for 


i esaty, —) SRSA 


Also 9{ is iterable relatively to 7, for 


{ @=1=4, 
B 


but not iterable relatively to x, for 


[6=34. 
Pe 


By similar methods fields may readily be constructed which are iterable neither 
relatively to « nor relatively to y. 
' Let 
Y= W, + W,, 
and for each « let 


ety Se 


Then we say that 2, and 9, are thoroughly mixed partials of Qf. 
The notation 2 = B-€ is used to specify that B is the projection of 2 on the 
w-axis and © is a linear section of 9 parallel to the y-axis. 


§ 2. Properties of iterable fields. 


THeorEM 1. Every metric aggregate is iterable relatively to both x and y. 
It has been shown (see Lectures, p. 538) that, for a function /(«, y) limited 
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in the metric field 9, 


[r [a free fae fry fr 
[rs far fires fay {mes fr 


In these relations put f(«, y) = 1 and they become 


Gs [os [oas, x= [ =f 
JB B Js B 
C= [ O=4%, 

B 


that is, { is iterable relatively to x and relatively to y. 
Lemma. Let YU be iterable relatively tox. Thenif =a: is a cell of 
any rectangular division D, we have 


lim 3 (a28) = lim E(alim 38). 
3=0 a=0 B=0 


IIA 


2. 


5 


Ql 
ey 
II 


Hence 


For each a the inequality 
lim 28 = 27 


B=0 


will hold. Hence 
z(alim 2B) = z(atB) SO. 
B=0 


But 
lim = («lim 28) = lim 2 (alim 28) = {6 
6=0 B=0 a=0 B=0 Dal 


5=0 
Since 9 is iterable relatively to « 


[ &=4, 
B 


This lemma enables us to evaluate an iterated limit by a simpler single limit. 
A similar lemma is true for a field iterable relatively to y. 

THEOREM 2. very partial unmixed aggregate of an iterable aggregate is 
iterable. 


Let 


and our theorem follows. 


Y=, + W,, 
where Y{ is iterable and Y{, and YY, are unmixed.* 


* See Lectures, 3711, p. 519. 
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Then for each x 
Ga 0.6 
and for every «-interval 
min © = min C, + max G,. 


= fects 


~ Hence by integration over %, 


Ql 


But 


fe 


@l 
om 
—, 
tg 
IIA 


Hence 


(1) fi 


Since 9{ is iterable by hypothesis 


Ql 
IIA 
Goon 
el 
was 
Al 
IIA 
a 
3! 


and since o, and Y, are unmixed 


Therefore by (1) 


or - 
(%,-f)+(%-f6,)=0 
But A : 
%-fb=0, %,-/%=0, 
hence c 


(2) 7a i, 


Similarly 


(3) J G 


from which follows 


4) i, = _ é,, 


By (2) and (4), 2, and {, are each iterable. 


IIA 
7a 
ae 

i 

— IIA 
$! Ss! 

I + 
AG <2 

I 
I 
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Corotuary. Jf a discrete aggregate be subtracted from an iterable aggre- 
gate, then the remaining aggregate is iterable. 


Let 
Y= A+ A,, 


where 9 is iterable and 9, is discrete. Since Qf, is discrete 9, and Y, are 
unmixed. Therefore 2, is iterable by the preceding theorem. 
§ 3. Proper Integrals. 


A proper integral is one in which both the function and its field of integra- 
tion are limited. 


THEOREM 38.* Let f(x, y) = 0 be limited over the limited field XU. Then 


sees: 


If the sign of f is changed, the theorem is converted into the following: 
THEOREM 4. Let f(x, y) = 0 be limited over the limited field U. Then 


ae 


Turorem 5. Let f(a, y) and g(x, y) each be limited over the limited — 
field U. Let them be equal except at a discrete set of points. Then 


( [r=fo 
® Llenf Ls 


Let = %, + %,, where 9, is discrete. Let f=g over M,. Let D bea 


rectangular division of the plane of norm 6=a-8. Let 


Ons Sia 8139 oa 3 
be those rectangles which contain no points of 9,. Let 
So 5 Say 8x35 mG 


contain points of Y,. Then 


=M,6,==M,,5,,+ =M,,8 


21 2? 
=N; 6, - =, ,9,; an =N,; 8555 


* Restated for later use. For proof see RICHARDSON, these Transactions, vol. 9 (1908), 
p. 347. 
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where MW, and J, are the maxima of f and g respectively in 6,. Subtracting 


we get 
=M, 6, is zN, 6; a =M,, 8, me =NV,, 8555 


since IZ,= NV,,. On passing to the limit as 6 + 0, this becomes 


fr-f[a-0 


for each limit in the second member is zero because 9, is discrete and both / 
and g are limited. This gives our relation (qa). 
From (a) and theorem 10 below it follows that 


fo-[s 
(G C 


at all points of 3 except a discrete set. Relation (>) then follows by applica- 
tion of relation (a) to the set B. 

THeoreM 6. Let f(x, 7) be limited over a limited field X and negative 
only at a discrete set of points A. Then 


{vale 


Let g(x, y) = f(a, y) at all points of 2 except at A whereg=0. Then 
g = 9, and by theorem 3 
ifesf 
But by the preceding theorem : j 


fe-fr Lte-L Se 


and substituting these in the above relation we have our theorem. 
THEOREM 7. Let f(x,y) be limited over a limited field UX and positive 
only at a discrete set of points. Then 


J fod Es 


THeorEM 8. Let f(x,y) be limited over the limited field X=, + A,. 
For each x let C=6,=6,. Let f=0 over X, and f =0 over X,. Then 


a fraf fraffrefe 


This inequality will appear frequently in the succeeding pages and we shall 
refer to it'as relation (A). 
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Since € = ©, = G,, the positive and negative values of the function are each 
everywhere dense in 2{. Hence every rectangle containing a point of 2 also 
contains a point of Y{,, and 


f fii >, M8, =lim 3, M8, -ff. 
w My 


fe-z 


But the projections of 9{ and 2, on the x-axis are equal, hence 


Sfs-L he 


Since f= 0 over 2,, we have by theorem 38, 


a 


and the equals of both members give 


(1) (tales 


In the same way, using theorem 4 and 2,, we get 


@ eee 


But we always have 


8) [firs [fr 


Combining (1), (2) and (8) we get relation (A), which was to be proved. 
Examples of thoroughly mixed sets {, and 2, are well known; for example, 
in 9, let x be real and y be rational, and in YQ, let « be real and y be irrational. 
THEOREM 9. Let f(x, y) be limited over the limited iterable field Y. 
Then the existence of the multiple integral i _S and the iterated integral ib iE ap 
is sufficient for their equality. 
Let |f| =f. Then f+ #'=0, and by theorem 3 


[furs r=fir+ F). 


Similarly for each x we have 
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But 


[frre fe-f forme forms f[o+ F) 


= {f+ Pim [s+ Pu. 


Hence 


(1) [ [rs [r+ F(i- [@). 


Since f— #’'= 0, we get in a similar way by theorem 4, 


[r-Pi-fo-ms[fo-m-ffs-r fs. 


and therefore 


(2) -F(a- fe)+frsf fr. 


But since YI is iterable 


and this with (1) and (2) gives ‘ 


Viste 


We observe in this connection that the mere existence of the multiple and the 
iterated integrals is not sufficient in general for their equality.* The theorem 
just cited may not be true when the field is not iterable and the function limited, 
as is shown by the following example. 

EXAMPLE 3. Let f(x, y) =1 over the field 9{ = {x, y} where for rational 
x, 0 =y = and for irrationalx, }=y=1. Then 


igo ol) |e 


That is, both integrals exist but are unequal. 
THeorEeM 10. Let U=%B-C be discrete. Then the points 8, at which 
© =c, where o denotes an arbitrary small positive number, form a discrete set.+ 
THeorEM 11. Let f(x, y)=0 be limited over the limited field I. 


*Bulletin of the American Mathematical Society, November, 1906, p. 61. 
+ Cf. ScHONFLIES: Die Entwickelung der Lehre von den Punktmannigfaltigkeiten, Jahres- 
bericht der deutschen Mathematiker-Vereinigung, vol. 8 (1900), p. 96. 
Trans. Am. Math. Soc. 3 
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Let fo=X. Then 


(4) frsffreLlralz 
By theorem 38 we have ue " 
(1) es 


But f — /=0, hence by theorem 4 and Lectures, p. 535, we have 


fr-Fisfo-msffu-ms ls-P fs. 


And since by hypothesis 2( = th ©, this gives 


(2) [rapper 


Relation (A) then follows from (1) and (2). 
TurorEeM 12. Let f(x, y)=0 be limited over the limited field N. Let 
J. =H. Then 


fra[fraffrsfe 


THEOREM 18. Let f/~, y) be limited over the limited field X. Let © be 
an integrable functicn of « and let C be any constant. Then 


(e) fos airs Om. 


(f) [foro-f frrefe. 


Relation (e) follows as an application of a corollary of RicHarpson’s.* 
By an application of relation (e) we get relation (/), thus 


f fo+ro=f] frees] we 
-[freofe 


by hypothesis and Richardson’s corollary. 





* These Transactions, vol. 9 (1908), p. 350. 
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We may obtain similar relations for lower integrals. 


THeorEM 14. Let f(x,y) be limited over the limited field X which is 
iterable relatively tox. Then 


(A) fref [ref [ref 


Since f+ /’= 0, by theorem 3 


[fermsform. 


By theorem 13 we have 


| eae aralllba Al 


[ur+m=fr+ Fu 


Therefore 


@ f fre [r+(5-[8). 


Again, since f— = 0, by theorem 4 


fu-nmaf [o-P). 


But by relations for lower integrals similar to those of theorem 13 


[u-F)=[s- Fi, [fo-m=f f[r-rfs. 


Therefore 


® =A CeO ABA Ib 
But % being iterable, we have 
(3) STi ii €=0. 


Therefore relation (A) follows at once from (1), (2) and (8). 
Relation (A) may be written 


(7) [7a = [de f say = fae { sy = { sx. 
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If the field 9 is iterable relatively to y, we obtain in a similar way 


(h) frm =f dy | fae = fay { site = [ yaw. 


Corouuary 1. Let f(x, y) be integrable over any limited field which is 
iterable relatively to both x and y. Let f also be integrable over any section 
of X parallel to either awis. Then 


f pax ={ def fay = [ dy | fae. 


This follows at once by putting 


if fat = il fay = f. oe 


in relations (7) and (h) above. It gives a very general condition for inversion 
in iterated integrals. 
In conclusion, it may be shown that the equality 


Lfe-L I 


is not sufficient for the existence of 


Jy 


For consider the following example. Let Y={x,y}, where 0 =a” = p/q=1; 
0=y=1/q. For rational y let f(x, y)=+1 and for irrational y let 
S(#,y)=—1. Then Y is discrete and / is limited, hence 


Pai 


1 f al 
=|——— r I 
ihe q Pais | 


f 


does not exist at any point in B and 


J? 


by theorem 14. But 


cannot then exist. 
THE UNIVERSITY OF ILLINOIS. 


ON A CLASS OF HYPERFUCHSIAN FUNCTIONS“ 


BY 
CLYDE FIRMAN CRAIG 


Introduction. 


As a generalization of the fuchsian functions, PICARD introduced the hyper- 
fuchsian. These he defined} as uniform functions of two independent complex 
variables which are absolutely invariant for an infinite discontinuous group of 
linear fractional transformations on the variables. Moreover the group, when 
expressed in its homogeneous form, is such as to leave an indefinite Hermitian 
form invariant. 

In a series of memoirs{ PicarD has established the existence and general 
theory of such functions. Ina particular example he uses as variables the ratios 
of the values of the integral 


Sfle@-1)(2-2)(2-y)]JAd 


taken along three independent contours in the associated Riemann surface, and 
generates the group by the motions of the two branch-points x and y. Follow- 
ing and extending PIcARb’s study of this particular group, ALEZAIS§ has con- 
sidered the Riemann surface 


w= (z2—a)(z2z—P)(z—y)(z—8) 


and the values of the moduli of periodicity of a set of associated linearly inde- 
pendent integrals of the first kind along a properly chosen system of cross-cuts 
on the surface. The group is generated by the monodromy of the four branch- 
points a2, 8,7, 6, and contains PicaRD’s group as a subgroup. Considering 
the PicaRrD group to be of special interest, ALEZAIS studies it in some detail and 





* Presented to the Society, December 31, 1908. 

tActa Mathematica, vol. 5 (1885), p. 121. See also R. ALEZAIS, Sur une classe de fonc- 
tions hyperfuchsiennes, etc., Paris (1901), p.1. This thesis contains (p. 3) a complete bibliography 
of Picard’s papers on the problem. An abridgment of the thesis under the same title is in 
the Annales de 1’Ecole Normale Supérieure, (3) vol. 19 (1902), p. 261. 

tActa Mathematica, vol. 2 (1882), p. 1, and vol. 5 (1885), p. 21; also several notes 
in Comptes Rendus, 1882-1885. 

§ Loc. cit. 
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constructs quotients of the products of theta-functions of half-integer character- 
istics and zero arguments as hyperfuchsian functions belonging to the group. 

The only other binomial Riemann surface of genus 3 having five branch-points 
may be written 


w'=(z—a)(z—b)(z—c)(2z—d)(z—e)’. 


The present paper determines the monodromy group of this surface and a set of 
hyperfuchsian functions belonging to its group. The fourth section contains an 
extension of a known result on the number of linearly independent moduli of 
an abelian integral of the first kind connected with a binomial Riemann surface. 
In the final section an upper limit is fixed for the number of generators of 
monodromy groups connected with binomial Riemann surfaces, and a method is 
given for picking out a set of transformations from which the generators may be 
determined. 
$1. TLhe monodromy group. 


Consider the Riemann surface of genus 8, 
(1) wi =(z—a)(2—b)(2—c)*(z —d)(z—e), 


where a, 6, c, d, e may be assumed finite. We will denote the different values 
of w corresponding to the same value of z by w,, w,, w,, w,, and will assign 
the branch w,, to sheet m of the surface. The several values of w will be con- 


nected by the relation w,, = i”~'w,. 


A set of linearly independent integrals of the first kind is selected as follows: 


dz 


ies wate w= [ (2 —0)(2— d)(2— 6) 
(2) i 
Us = [2(2—0)(2—a)(2—0) 


The branch-lines and cross-cuts for the surface are chosen as indicated in Fig. 1. 


Sheet 1 








Fic. 1. 
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Denoting the results of integrating wu, along the paths a,, b, by A\), BY” 
respectively, the table of moduli of periodicity of the integrals (2) is 














ay Ay Ag db, by bs 
, A (1) teat (1) , BO) (1) (1) Seer Ch) 
Uy iA BS iBS As As wAs 
(3) vw.) -—i1AY —Be —iB | AM A® 1A) 
2 1 2 2 
u,| —iA® —B®e —iB® + A® A) iA®) 


subject to the conditions 
iA) AP — AD BY + AD BP = 0, 
1A) A®) — A® BO 4+ AD BS = 0. 
The normal table of moduli assumes the form 


am a, a3 by by bs 


ia 0 mi( i) mi(— w) Ti( — iw) 
— iv? 2 
(3’) V, 0 mi 0 mi(—w) ni( = "—») ni( 5) 


2 ope 
Vz 0 O m wi (— iw) ni( 5) ri(—») 


Aw AW 
‘vpsaan ae eae 
a? 1)? re Lig 
Bo BY 


2 














Denote by a; the real part of the element of this table which represents the 
modulus of periodicity of the integral v, at the cut b,. If r,, 7, are integers, 
then * >°,, a,,7,7,, must be negative ; this condition will be satisfied if + 


(4) wu —i(v—v)<9, 


wherein %, v, are the conjugates of w, v. 

We now define the group G which we desire to investigate as the totality of 
linear fractional transformations on the variables w,v due to the monodromy 
of the branch-points of the given surface (1). The branch-points are supposed 
to move continuously over the plane in such a way that at the end of the move- 
ment they occupy as a whole their original positions and the Riemann surface 
has returned to its original form. Since u = A(?/ BY, v = AD/ BY, and 
A™, AY, BY are the values of the integral wu, along the paths a,, a,, 6, respec- 
tively, in determining the transformation on wu, v due to any movement of the 


* STAHL, Abelsche Funktionen, p. 122 (XV). 
{ KRAZER, Thetafunktionen, p. 17 (XVII). 
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branch-points, it will be necessary merely to investigate the value of wu, along 
the paths a;, a, 6}, which will denote the paths into which a,, a,, 6, have 
been changed. For brevity write 


(5) (mee ACs ana @ ase buay 


The values of w, along the new paths will be denoted by a’, 7’, 2’ respectively, 
and the variables w, v will have been transformed into the variables wu’, v’, where 


By a positive interchange of two branch-points we shall mean that the posi- 
tions are interchanged in such a manner that the line joining the two shall have 
been rotated counter-clockwise about its middle point. When necessary the 
actual paths of the points interchanged are supposed to vary from the circle 
described by the end points of the joining line sufficiently to prevent any third 
point being enclosed in the completed path of the two points. A point will be 
said to move around another point positively when the enclosed area is to the 
left of the moving point ; this area will be assumed to enclose but a single branch- 
point unless the contrary is stated. Denote by («)) the transformation on the 
variables arising from a positive interchange of the two points « and». This 
same notation will be used to denote the motion of « positively around A if « 
and 2X cannot be interchanged under the above restrictions on the movement 
of the branch-points. 

By interchanging the branch-points a and 6 positively, it is readily found that 
x,y, 2 undergo the transformation 


Pee ioe y=. aoe 
whence 


(ab) U=—-, v=, 


the coefficients being so written that their determinant is unity. Similarly we 
obtain 


(cd) u=U, v=v-—l, 
, Uu / v 
(de) Uu “Teese Vv ray 


(ae) es om immer Aves orl sase) komma 
a 5) aS ; ; 





Every other monodromy of the branch-points which leaves the surface unal- 
tered may be considered as a combination of the above four taken in proper 


1910] OF HYPERFUCHSIAN FUNCTIONS 4] 


order, and consequently the transformation arising from such a monodromy 
may be expressed in terms of the above four. To show this we may proceed as 
follows, distinguishing two cases, namely, when a single pair of branch-points is 
moved, and when more than two are moved. 

Under the first case we have operations such as interchanging c and e, or 
moving 6 around d. To produce the motion of } around d, for instance, we 
may perform in succession (ab)~', (de), (ae), (de)', (ab); or (de), (ab), 
(ae), (ab), (de)-'. Thus for our transformation on the variables we have 


(bd ) = (ab) (de)(ae)(de)-' (ab) = (de)(ab)(ae)(ab)(de), 


where the transformations on the variables are applied from right to left as 
written. The last written equality may be easily verified; for (ab) and (de) 
are commutative, as are their powers, since the corresponding motions on the 
surface may be performed simultaneously without interference. Suppose now 
that one of the branch-points, say a, performs any circuit whatsoever and either 
returns to its original position or makes the possible interchange with the 
branch-point 6. We may resolve its path (by proper deformation) into a series 
of circuits around the remaining branch-points singly, together with the possible 
interchange at the end. Since each of these circuits about the single branch- 
points and the interchange are severally expressible in terms of the four funda- 
mental motions, it follows that the transformation due to the motion of a is 
expressible in terms of the four fundamental transformations. So with each of 
the other points 6, c, d, e. 

In case two or more branch-points move at the same time, no difficulty will 
arise if the paths do not intersect. For the paths are traversed independently 
and the movement giving rise to one path may be considered as having been 
completed before any other branch-point begins to move. The above argument 
shows that the transformation arising from these several motions can be expressed 
in terms of the four fundamental ones. If the paths of the moving points do 
intersect, we must specify the order in which two or more branch-points pass 
through a given point of intersection. For two branch-points must not coincide, 
and moreover the order specified must be compatible with the geometric possi- 
bilities of the surface. When this order is established the portions of the paths 
between the points of intersection may be considered as new paths of the form 
treated above. At the points of intersection we have simply an interchange of 
two points or one point moving around another. Since any such motion can 
now be resolved into the four fundamental ones, each taken the proper number 
of times and in the proper order, it follows that the transformation arising from 
any monodromy of the branch-points can be expressed in terms of (ab), (cd), 


(de), (ae). 
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These four fundamental transformations are expressible in terms of the two, 


val ee 0 | > 6 0 
| | 
(6) A=j1—i —1-i —1|, TAY Seah 
| 0 1 0 ih te a 


the determinant of the coefficients only being written. The expressions are 
(ab) = BA? ByAeB Ap 
(Cd \ieot Bae 
(de)}i=s ASB AS 
( dé!) = AR se ae 
Moreover A is a transformation of the given group, since 
A = (ae)(ced)(de)(ab)* (cd). 


Since B is non-periodic, the theorem follows : 

The monodromy group G connected with the Riemann surface (1) is of infi- 
nite order and is generated by the two operators, A and B, defined by (6). 
The quadratic form ui —i(v —®) is a relative invariant for the group G. 


§2. The arithmetic form of the group. 


Since the coefficients of the generating transformations of G are complex 
integers, that is, are of the form m + ni, where m and n are integers, it follows 
that every transformation of G has complex integers for coefficients. We wish 
to characterize further these coefficients. 

For this purpose write the general transformation of G in the form 


(or , { b ) , g b, 
Opes eae ey, i= Bee, A= au} tae 








where the coefficients are complex integers with detefminant unity. Since the 
monodromy group leaves 6=i(v—®)— wi relatively invariant, the trans- 
formed form ¢’ will be connected with the original by the relation 


$ 


Pa ee 


where A is the conjugate of A. In order that this relation may subsist the 
coefficients in (7) must satisfy the conditions 


a,d,—i(a,a,—G,a,)=1,  a,6,—i(a,b,—a,6,)=9, 
(8) b, b, o; i( 6,6, aa b,d,) cal 0, ae, ae i( 4,6, cael a,€,) = 0, 
c, 6, — 1(¢,¢, — €,¢,) = 9, Di Cit (Da Cra Co) tere 
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Using the relations (8) to solve (7), we obtain 
U et eee 
x = 4,U — 14,v + 14, , 


UV 
(7’) Am w+ ¢,v'—¢,, 


il as = = 
A= 7 ibw—bu+tb,=4, 


which give the inverse of transformation (7). On account of the relative in- 
variance of ¢’, the coefficients of (7’) must satisfy the relations 


a,4, + 4(6,¢é,—b,c,)=1, a, 4, + 1(b,¢,—b,c,) =0, 
(8’) a,d, + i(b,6,— b,c,) = 9, a, a, + i(b,¢, — b,¢,) = 0, 
G,&,-+%4(5,0,—6,¢,)=0, 4,4, +4(b,¢,—4,c,) =. 


Denote by A,, --- the minors of a,, --- in the determinant of (7); solve (7) 
for uw/A, v/A, 1/A, and we obtain 


U 


=A,u+A,v+A4,, 


A 

Uv t , 

A= Bu + Biv + B,, 
1 

mae + Cv + C,. 


Comparing this form of the inverse transformation with (7’), we obtain the 
relations 


a = 6,¢c,— b,c, = A,, b, = i(a,b, —a,b,) =iC,, 
a, = —i(b,c,— b,¢,) = —7iA,, 6, = a,b, — a,b, =C,, 
ad, = — i(b,o, — 6,c,) = iA,, 6, = a,b, — a,b, = —C,, 
C, = t(a,c, — a,c,) = —iB,, 
(9) C= 0, — 0,0 == — De, 


¢, = 2,C,— @,¢, = Dee 


These relations may be solved for a,, a,, @, (or @,, 6,, ¢,) in terms of the other 
elements, which will be connected by three bilinear relations taken from (8’) 


[or (8)]. 


44 C. F. CRAIG: ON A CLASS [January 


Since (a,@, — @,a,) and similar expressions are divisible by 2, from (8) and 


(8’) it follows that 
a,d,=1, a,ad,=9%, a 


a1,=0, 6.6, = 0, c,¢, =0 (mod 2), 
from which 
a, = 2m +1 + 2ni or 2m+(2n+1)i, 
a,=0, i =\07 b,=0, c,=0 [mod(1 +7)]. 


From the relation b, = a,b, — a,b, it follows that 


b,—a,b,=90 (mod 2). 
If a,=2m+1+42ni, this congruence gives 6,—6,=0 (mod 2). If 
a, = 2m + (2n + 1)i, the above congruence becomes 
6,—ib,=0 (mod 2). 
If we write b, = b; + ib{’, this congruence becomes 
(1—7)(6,4+ 67)=0 (mod2), 
whence 0) and 6,’ are of the same parity, and therefore b, = 0 [mod (1 +7) ]. 
A similar argument applied to the other relations (9) yields the conditions 
6,=0, c, =0, c, = 0) (mod (1-24) ): 
Consequently b,c, —. b,c, = 0 (mod 2). But a, = b,c, — b,c, = 0 (mod 2), 
which violates the assumption 
a,=2m+(2n+1)i, 
and hence this value of a, is impossible. We accordingly have 
a,=1 (mod 2). 
Therefore a, = 1 + 2m + 2ni, and by (8) and (9), 
b,c, — b,c, =1, b,c, — b,c, =1 (mod 2). 
The residues of complex integers (mod 2) are 0,1,7,1-+%. The two above 


congruences reduce the possible combinations of residues of 6,, 6,, ¢,, ¢, to 48. 


Using these 48 possible residues in connection with the equations (9), we are 
led to 192 transformations which are incongruent modulo 2. 

By using the relations (9) the periods of the transformations of G may be 
readily determined. The characteristic equation for the general transformation 
of the group is 

a, — p b ety 


Bee: b, —p ai) eel 


1910] OF HYPERFUCHSIAN FUNCTIONS 45 


or, by (9), 

p—dp’?+dp—1=0, d=a,+b,+¢,=a+ bi, 
a and b being integers. If the transformation is periodic, all the roots of the 
characteristic equation must be roots of unity, and conversely. Hence |d|=3. 
Let p =(1 + i¢)/(1 — it), and the characteristic equation becomes 


(l+a)@+b°?+(a—38)t+b=0. 


If the roots of this equation are real, those of the characteristic equation are 
roots of unity, and conversely. The roots of this equation will be real if 
GAH = 0° 
where 
G = 3, (9a°b + 86ab + 276 + 0°), 
38(a+1)(a—38)—0 
oe : 





H= 


The possible values of d for which this equation is satisfied are —1,0, 1, 
—1+2i,2, +i, —1+i,38. Construct the corresponding equation in p and 
factor ; the periods follow immediately. With the notation 




















ees ray eee 
the tabulated results are : 
d =F 0 Vl tas Se. de +i ee taet | 3 
p 1, —1, —1 | 1, —e, «?| 1, 7, —7 a ens Le 2? nee eee jis 1,1 
Period 2, 00 & ca NN Br a lee 8 12/444), 26 
For d = —1, — 1+ 2: all second order minors of the determinant of the char- 


acteristic equation must vanish for the double root if the period is finite. For 
all values of d other than the above the substitution is non-periodic.* 


* The group G, considered as abstract, is apparently characterized by only the conditions of 
this section. The problem arises: Is G the maximum group which satisfies these conditions ? 
The question is as yet unanswered ; but there is good reason to believe that G is the maximum 
group. If we transform G into a group G’ by means of 


Tew 
Set) On ets 
GF 1 4 


then the coefficients of each linear transformation in G’ will be complex integers with determi- 
nant 1. Moreover the invariant locus for the new group is the hypersphere ui + vv 1. The 
group G@’ is apparently the maximum group of substitutions having these restrictions, and would 
accordingly be the simplest analogue, in the case of two variables, to the modular group of linear 
transformations on a single complex variable. 
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§3. The hyperfuchsian functions. 


Using the general transformation of the group G in its homogeneous form 
oe =ae+by+¢2, 
ayy “=a,0+ boy + e2, 
2’ = 4,0 + b,y + C2, 


we see that corresponding to this linear transformation on the variables, the 
elements of the table of moduli (8) undergo a linear transformation. The cor- 
responding transformation on the allied theta series requires the determination 
of a set of integral coefficients a,,, 8.5 Y,5 5,, Which satisfy the identities 


Bo= =D (-4, BO Bp, AM), 


= 


A, = (= tg BP + 8, AP), 


wherein A ®, ete., have the meanings assigned in § 1, and A“” is the value of 
A after transformation. Replacing A®, A”, ete., in the above identities by 


their values given by (5) and (7”), the theta transformation is given by 
vant A» %|By Be Bs 





Ay Ao Oe Be Bes Pes 
air lee og Ao Fy ists By» 
—f, — As ignite Cy Bis st 


Yu (Yo (aye Caen onemne 
far oe — Yos Vora) si aha O,5 of 





wherein the coefficients are subject to certain well-known bilinear relations, and 
are connected with the coefficients of (7”) by means of the relations 


a, = 4, — Bi, b, ie Bi, a er Cy = 3 + Uy, 
(10) a= OF + UY a5 b, = re = 185, Co = — Yon + YY 039 
a,= — Bf, — ia, 6, = — By — 1B bt Varma ign eo 


The bilinear relations mentioned above, when taken by columns, reduce to the 
following : 


a 1a 2a,,6 ate Bi 4 = Ra =1, 
=— tha Org + %s [ere + Bp 8. + 3 Oo — 2 Yo2 — ise. 13" 1, 


1910] OF HYPERFUCHSIAN FUNCTIONS 4T 


Ci Og — Ag yy — Oa Vag + Ma Ve t Fog On, — Bai Voy = 9 
Oy Me + M33 + M1 Vos + 29 Op — M5 %r1 — Bor Yon = 95 
011 B13 — %, S22 — By, Big — Bo x3 + Boe'Ynr + B35 = 95 
ay + a, 8,, + Bi, Bis — Boy 22 + Boz 5m, — Bos Yor = 9 
Oy Big + % 3 yg + Mp9 50g — M3 O99 + Boe 23 — Bos Vor = 9; 
At + at, + 20.55% 3 — 2053 %o. = 9, 

12 ae Bi 3 28,,6 ae 28,,6 pL orem 


Rewrite the first, ninth, and eighth of these equations as indicated below. 
Multiply the sixth equation by i, and subtract the fifth from the result. Mul- 
tiply the fourth by — 7, and add the third to the result. From the second mul- 
tiplied by —i subtract the seventh. The results of these ye ees in the 
order indicated are 


(%,—78,,)(%, + 78,,) — (8, + i¥,)(— By, + 1%) + U(8,, — '%y,)(— By — 1) = 4, 
(—B,,—78,,)(—B,,+78,,)—16,,—16,3)(—B,.—78,,) + 4(8,.+76,5)(—B.+i8,,) = 9, 
(a,5 + 40,5)(% 13 — 1,9) — U— Yong + UY y5)(%yq + 4% 3) + U— Voy — UY 93)(Gy9 — 4A) = O 
a,,—18,,)(— B,,+ i8,,)—i(6,, + i7,)(— B,,— 78,3) + i(— B,,—ta.,)(5,,+76,,) = 0 
(4,, — 48,,)(O,3 — 12,5) — 0(8,, + IY91) (Gq + 13) + i — By — 144,)(— Yoo — 103) = 0 
(—B 3-78 14)(%3— 44,9) —4(8,.— 28,5) ( Gay + 4293) + U(— By + 1B 53)(— Yoo 1 Yo3) = — 


In these equations substitute the values of a,, 6,, c, from (10), and we obtain 
the fundamental equations of condition (8). In like manner the bilinear rela- 
tions obtained by taking the elements of the theta-transformation by rows may 
be combined to produce a set of equations similar to the above, out of which the 
conditions of (8’) can be formed. 

Since the equations (9) are consequences of the conditions (8) and (8’), we 
may substitute in (9) the values of a,, 6,, c, given by (10). Separating the real 
and imaginary parts of the resulting equations, we obtain a solution of the 
bilinear relations connecting the coefficients of the theta transformation. This 
solution gives six coefficients explicitly in terms of the remaining twelve, which 
are connected by four bilinear relations. 

Because of the particular moduli of the problem at hand certain linear rela- 
tions exist among the theta functions. To determine what these are we follow 
the values of any theta function under the transformation which corresponds to 
MentevonenG. Hor this latter a == b= ¢., d,=—= a, — 5b, = 6.=—c¢, —c¢,— 0. 
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Using (10), we find the theta transformation to be 
mm A 00> 720% nee Oe 

0-3 om ni 0e Ome 

0.0 ere 0 

=n. 0.) S04 OMe 

0 0° = 0s) OF re ae 

0 0+ 10°) OF axe ar 








with m? + n? = 1, and m,n integers. This transformation yields four cases, 
viz: m=1,n=0; m=—1n=0; m=0, n=4+1; m=), n=—1. 
The corresponding relations between the theta functions with zero arguments are * 


fF] con =| 4 co», 
|< | (0)) =| 7 F |((0)), 
ff ]on=emma[ Oh BIR], 


g migyhy h iy g 7 
| $-| ((0)) = eteaie |  ce 
By using the relations (10) the theta-transformations corresponding to the 
generators of G' are determined to be 


1 0 0 0 1 —1 


(11) 














eeu 
O°) 300) # One (pel 0 
0) 40°" 0) 0 Omen 001 

A: | 5 Be ? 
O10." (04, Sete 0 0 1. OMG 
1) 1 "00 ieee 0 nn 0-1) 0 ia 
00. 81 een ee 0 0 n\ 00mm 


and the corresponding transformations on the theta-functions with zero argu- 
ments are 7: 


A:¢ [ avehy URES bo n ar ayes wan (( 0 Ds 
e 2) = 1VE~27 Hah2—91+-92)+ ha(91—9)] oF [%] (( 0 yee 
B" : y [if Jn—iaa the tne (( 0 No = ennildatd—I—95] y, L al ((0 Wa ; 


* KRAZER u. PRYM, Neue Grundlagen einer Theorie der allgemeinen Thetafunktionen, etc., p. 121. 
T Loe. cit. 
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We now wish to determine the simplest possible products of theta functions 
with zero arguments which are relatively invariant under the group G. If a 
product of two functions ?, and ”, is relatively invariant, then it follows that /, 
is a relative invariant under A” and BL’. For this to be true, the transformed 
characteristic must be reducible to one of the four given in (11). In addition 
to this, the characteristic of 3, must be transformed into that of J, by A or B. 
This requires further conditions similar to the above. The characteristic of /, 
will then be the simultaneous solution of these sets of conditions, if such a solu- 
tion exists. A similar procedure may be used to determine whether the product 
of several theta-functions can be relatively invariant under G or not. The follow- 
ing products are believed to be the simplest : 


_ [9000 ]7 0007]f 011 
ae hal 011 aa 

000 ]f{ 000] 7 011] 7 011 

io TS TG ERODES WR be 

000 ]{ 000 ]f 001 ][ 001 17 010] 010 - 
bral bod ‘tte ELIGIBELOOSUIELO LE |? 

000 1/010 ]/ 010 ]f/ 101 ]/ 101 ] 7111 
a wud COIS LOL epi e ek O Le 7 
in which for the sake of brevity we write 


peel 


(A, # integers). The function ¢ = [ ji; ] is also relatively invariant, but from 
(11) we find that ¢ = — ¢, and hence that ¢=0. Denote by ¢, the trans- 
formed form of ¢,. By using (11) and (12) the following table is deduced for 
the generating transformations: 


(13) 


I 


?, 
$s 
$, 


ll 


* {(), 


bole bole 











Sees | ine 
A —vd, | —v'¢, | v dy | vo >, 











None of the functions ¢, vanish identically. To show this it will be sufficient to 
find values of w, v for which some one theta function of each ¢, is different from 
zero, since the factors of each product are permuted by the transformations of 


the group. Take the particular values « = 0, v = — 7, which satisfy the con- 
dition (4), and substitute in the functions [ $3} ], [130 ]=Loeo1> Lioo]=Looo 1: 


Trans. Am. Math. Soc. 4 
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and [}j,]- This gives 


000 
[00 = Sei inte, 
| ooo |— ple erm +4)8-4In3 48) 
oa ~ ee e—* Lm +4)2-+m3+(me+4)2] 
hele ke a e—tlmi+(ms+4)2+ms] 


which evidently do not vanish. 
None of the functions ¢,, ¢,, @, vanishes identically, and the functions — 


(15) Foe, es 

1 $ 
are absolutely invariant under the group G‘’. ‘These functions are believed to 
be as simple as any of the kind under discussion and belonging to the 
group.* 


$4. Linear independence of the moduli. 


It will be observed that in Table (8) the six moduli of a given integral w, are 
expressed linearly in terms of three such. This is a particular case of a general 
theorem which we proceed to deduce. 


w= [HOS (=e 


wri 


Denote by 


where /,(z) is a rational integral function of z, and 7, is an integer, a system 
of p linearly independent integrals of the first kind connected with the Riemann 
surface 


w’ = (2—a)*(2—b)8 ..-(2—n) 
having » branch-points which may be assumed finite, and with 
O<cacv,0<aPc»,---, 0GAGy, a+ 8+---+r’=0 [ano 


Denote the different values of w corresponding to the same value of z by 
W,, Wy, +++, W,, and assign the branch w,, to the mth sheet of the surface. 





* PICARD has shown (Acta Mathematica, vol. 5 (1884), p. 175) that we can choose two 
hyperfuchsian functions, relative to a group G, such that every other function belonging to the 
same group is an algebraic function of the two chosen. Whether or not the two functions (15) 
are suitable for that purpose cannot be determined without a knowledge of the fundamental 
region for G. 
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The several values of w will be connected by the relation 

Wi Le aad. 5 O=e”. 
Denote by wu any integral of the first kind, and by w the value of w taken over 
any path starting from a point in sheet m. Then 


(17) wi) a= f SONG fi(z)dz _ o,, » [EE — rn, 


wn Aom—In ayn 


m 


where (m— 1) +p 
By a simple cireuit about a branch-point is meant a loop which starts and 


1 ==\0' (mod_y), with 0'= pl = py. 
ends at z, in two different sheets which are successive in the order of the wind- 
ing of the sheets for that branch-point. Denote by a”, 8”, ---, the values of 
u” along simple circuits about the branch-points a, b, ---, respectively. The 
values of &”, 8, ---, for the different values of m are connected by the rela- 
Bree c)eas follows: a” = O7=c), 0% — Oem BO, ..., where oc ,o., ete., are 
defined similarly to p,,. Since any closed path on the surface can be resolved 
by continuous deformation into a set of simple circuits about the branch-points, 
it follows that the value of w’” along any closed path may be expressed in the 
form 

Gao GU ae eee Ns 
where c’ is a sum of roots of unity. For the integrals along the several simple 
circuits about a may each be expressed in the form + @°™a'"), depending on the 
direction in which the integral is taken; consequently the portion of the value 
of uw” due to paths around a is of the form c; a” where c; is a sum of roots of 
unity. Similarly for the other branch-points. In particular, take w positively 
over a path around all the branch-points, and we obtain a relation of the form 


(18) ¢,@) +. ¢, BO 4... +e, rAD = 0, 


since the given path may be deformed into a point path. 

Assume an appropriate set of branch-lines and cross-cuts, and define 4,, B., 
asin $1. Since the moduli of periodicity of w are the results of integrating w 
along these cross-cuts of the surface, we have as the values of Hales B, 


On PCa UE anes AD), 
(19) (1) Day 1 Pea AG ees, P); 
B, d,,a Meet C2 a + -+ dr, 
where ¢,,, d,, are constants. Substitute the value of X” from (18) in the equa- 
tions (19) scl we have 27 equations expressing the moduli of tea ey ep 
in terms of » — 1 quantities a, B®,.... Not more than pu — 2 of the Qn 
moduli 4,, B,(j7 =1, 2, ---p) are linearly independent. To prove this, assume 
that « —1 of them are independent. Solve these ~ — 1 linearly independent 
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equations for each of the ~—1 quantities «), 8, ---. Thus we find that 
each of the quantities a, 8”, .-. is expressed as a linear function of »—1 
constants A,, B.. In particular, then, 


a — eonst. 


But since a” is the value of w‘” along an open path on the Riemann surface, it 
is a function of the end points and is not constant. Consequently the assump- 
tion made is false, and we have the theorem: ot more than  —2 of the 
moduli of periodicity of an abelian integral of the first kind associated with 
a binomial Riemann surface having » branch-points are linearly independent. * 


$5. The fundamental transformations for the group of the general binomial 
surface. 


In §1 certain fundamental transformations arising from the monodromy of 
the branch-points of a Riemann surface were determined, and from them the 
generating tranformations of the group were found. The method employed 
there will be generalized in the present section; by analyzing separate cases 
we are finally led to the general theorem. We assume the conventions and 
definitions of § 1. 

Consider the binomial Riemann surface 


w’ = (2—a,)*(2—a,)*-+--(2— a, )*, 


m 


where ma = 0 (mod v), 0 <a<», a and » integers and relative primes. Let 
z, be any arbitrarily chosen point of the surface, and with it as center swing a 
radius vector counter-clockwise ; let the branch-points be numbered 1, 2,---,m, 
in the order in which the radius vector meets them. Denote by (X/) = (dk) the 
transformation produced on any set of variables, functionally connected with the 
branch points a,, a, of the surface, due to the interchange of these branch- 
points. In the following discussion the symbol stands for the interchange itself. 
The interchange of the points is to be made in the manner indicated on pp. 40, 41. 

If a,, a,, a, are three branch-points such that 1 << <7, then (i) is equiva- 
lent to either ¢, = (ik)-'(Al)(ik) or t,=(kl)(tk)(kl)-*. For in ¢,, (tk) 
means the interchange of a, and a, clockwise, then (4/) the interchange of 
a, and a, (= a,) counter-clockwise, thus putting a; in the place of a, then (2k) 
the interchange of a, (= a,) and a, (=a,) putting a, in place of a, and the 
path of a, may be deformed into a point path without passing over a branch- 
point: the paths of a, and a, are between z, and a,. A similar analysis verifies 
t,. An analogous procedure applies if four or more branch-points are permuted 
to obtain an interchange. In particular, if 4 </, we may express (4/) in terms 





* See FRICKE-KLEIN, Automorphe Functionen, II, p. 135, where the essential statement of this 
theorem for u — 4 is credited to J. WELLSTEIN. 
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of successive interchanges of branch-points, and obtain 


(kl) =(k,k+1)(k+1,442) 
Pee eine let 2): (4 1, bY. 


It follows that the transformations due to every simple interchange can be 
expressed in terms of m — 1 transformations (7,7+1),i=1,2,---,m—1. 

We will next discuss all other admissible types of motions of the branch- 
points and the corresponding transformations of the variables. Let a, perform 
a complete loop about a,; the resultant transformation is (4/)’, for the com- 
plete loop is the succession of two interchanges of the points a, and a,. In 
such a case the path of neither point can be deformed to a point-path. Next 
assume that a, and a,(k/</) are interchanged so that a branch-point a, is 
enclosed in the total path of the other points. The resultant transformation is 


(ki) (al) (ki) = (i1)( ki) (i), 
for in either case the path of a, is a point-path, that of a, is between z, and a, 


while a, is between z, and that of a,. If a, is situated similarly to a, then the 
resulting transformation is 


(At) (9) (FE) (GY) CE) = (G) Gt) (HYG) (GE) 


In case a, lies between z, and the paths of a,, a,, the corresponding transforma- 


tion is 
(hi) (il)\(1h)—* = (i2)-1 (ik) (10), 


and similarly for more points situated like a,. 

By an argument similar to that on p. 41 we may resolve any motion of any 
number of branch-points into a sequence of motions of the types discussed 
above, and may consequently express the resultant transformations in terms of 
m — 1 successive interchanges designated above. 

Next consider the binomial Riemann surface 


a (2 — a,)* er (2—a, )*(2— b, )P sare (2— bP, 


where 0< a+ 8 <v,ma+nB8 =90 (mod v), a, 8, and pv are integers, and 
either a or # is relatively prime to v. Ina manner similar to that above we may 
select two sets of m—1, n—1 transformations in terms of which all the trans- 
formations due to all motions of the points @ among themselves, and to the 
points 6 among themselves may be expressed. Denote by 7,, the transforma- 
tion arising from the motion of some point wu around some point 6 once. Evi- 
dently the points can be so chosen that the last point of the set @ moves around 
the first point of the set 6. Then every transformation arising from proper 
motions of the points a, b can be expressed in terms of the m + n — IL indicated 
transformations. To prove this it will evidently be sufficient to express the 
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transformation arising from the motion of an arbitrary point a around an arbi- 
trary point 6. Let a, and b, be the points. Interchange a. and a, b. and 6, ; 
i Jj J m Jj 1 
then use 7',, 
care being taken as to the direction of interchange. This completes the motions, 


which puts a around 6,; then interchange a, and a,, 5. and b,, 
m ] 5 i m j 1 


and all paths except those of ,, 6, are point-paths, thus furnishing the required 
representation of the transformation. In general the number m+ n—1 of 
fundamental transformations cannot be reduced. If, however, n =1, then 
T,,=(m,m—1)'.--(12)°.--(m, m—1)', and the number of funda- 
mental transformations is not greater than m—1. 

In the case of several sets of branch-points m,, m,, ---, m, in number, which 
cannot be interchanged, a fundamental transformation will be required corre- 
sponding to the motion of some point of a set around a point of every other set. 
The corresponding transformations will be designated by 7,,, where & and / are 
different and refer to the above n sets of branch-points. The number of these 
will be $n(m— 1), and this number will diminish by unity if some m, is unity. 
The number of transformations of each set is known from the above discussion 
to be m,—1. To sum up, we have the following theorem : 

The number of generators of the group arising from all possible motions 
of the branch-points of the binomial Riemann surface 


w = (e— a)" — 5)" eh), 


my me Mn 


where 
n 
Or Oe a <i, > m,4, = 0 (mod rv), 
t=1 
a, and v are integers, and some a, is relatively prime to v, does not exceed 


Yim, —n + eo = Nile Ab 


2m,+ as F 
If a detailed knowledge of an individual case is available, this number may be 


reduced. The group of § 1 is an instance in point. 
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PERIODIC ORBITS ABOUT AN OBLATE SPHEROID 
BY 
WILLIAM DUNCAN MACMILLAN 


$1. Introduction. 


The orbit of a particle about an oblate spheroid is not in general closed 
geometrically. The motion of the particle is not, therefore, in general, periodic 
from a geometric point of view. But if we consider the orbits as described by 
the particle in a revolving meridian plane which passes constantly through the 
particle several classes of closed orbits can be found in which the motion is 
periodic. The failure of these orbits to close in space arises from the incom- 
mensurability of the period of rotation of the line of nodes with the period of 
motion in the revolving plane. When these periods happen to be commensur- 
able the orbits are closed in space and the motion is therefore periodic, though 
the period may be very great. Indeed, it seems that most of the difficulty in 
giving mathematical expressions for the orbits about an oblate spheroid rests 
upon the question of incommensurability of periods. The difficulty arising from 
the motion of the node can be overcome by the use of the revolving plane, but 
other incommensurabilities, such as that introduced by the eccentricity, can not 
be eliminated in this manner. 

Orbits closed in the revolving plane are considered most conveniently in two 
general classes: (1) Those which reénter after one revolution, (2) those which 
reénter after many revolutions. The existence of both classes is established in 
this paper and convenient methods for constructing the solutions are given. 
Orbits which reénter after the first revolution are naturally the simpler and will 
be considered in the first part of the paper. Those lying in the equatorial 
plane of the spheroid become straight lines in the revolving plane, and it is 
shown that within the realm of convergence of the series employed all orbits in 
the equatorial plane are periodic. When the orbits do not lie in the equatorial 
plane there exists one, and only one, orbit for any arbitrarily assigned values of 
the inclination and the mean distance. These orbits reduce to circles with the 
vanishing of the oblateness of the spheroid. 

In considering orbits which reénter only after many revolutions the differ- 
ential equations are found to be very complex, and one would despair of proving 
the existence of these orbits by the ordinary direct computation of the necessary 
coefficients. However, a proof of their existence and a method for the construc- 
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tion of the solutions are given by the aid of certain theorems, which are here 
established, on the character of the solutions of non-homogeneous linear differ- 
ential equations with periodic coefficients. 

These periodic orbits of many revolutions involve five constants, four of which 
are entirely arbitrary, and the fifth subject only to the limitation that it shall 
satisfy certain commensurability conditions. One constant, only, is missing for a 
complete integration of the differential equations. These orbits are all symmetric 
with respect to the equatorial plane. 


§2. The differential equations. 
The differential equations of motion of a particle about an oblate spheroid are * 


ae be? Mav oa 7 — 42? O 
dee bd [1+ cp) a eee wee | Le 





dpa mae re 10 R' ~ On” 
d*y k? My ean 2 TY —4e | OV 
(1) ie oe Re [1+ ¥2 PR! ie to fas 
d*z kh? Mz , o(a + x’) — 22? OV 
sions Ae Rete ig pple Ye 
Cla etic E Bae is aa | Oz ° 


The symbols employed are defined as follows: x, y, z are rectangular coordi- 
nates, the origin being at the center of the spheroid and the xy-plane the plane 
of the equator, / is the Gaussian constant, JZ is the mass of the spheroid, 6 is 
the polar radius of the spheroid, » is the eccentricity of the spheroid, 





es kh? M b? a? + y? — 22? 
hee SO kph ane adres ; Nas 2 te 
R=ve+yt+?, as 1 +79 R pr + i 
Since 

LGV yea 
xg On y Oy ‘ 

we obtain one integral of areas, namely, 
dy dx 

2 ea —Yy==C. 

i) Yt ea aateaee 


That is, the projection of the area described by the radius vector upon the equa- 
torial plane is proportional to the time. We have also the vis viva integral 


dx \? dy \° dz\? 
(8) (x) + (ae) +(q) 20 +e 


For further integration we are compelled to resort to series. Poincaré has 
shown in his Les méthodes nouvelles de la mécanique céleste that if certain 





* MOULTON, Celestial Mechanics, p. 113. 
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conditions are fulfilled it is possible to obtain periodic orbits represented by 
power series in a parameter when periodic orbits are known for zero values of 
this parameter. These conditions are at least partially fulfilled in the present 
problem, for the right members of the differential equations are analytic in 
x,y,z and the parameter ». Furthermore, for » = 0, the equations reduce 
to the ordinary two-body problem for which periodic solutions are known. It 
is our purpose to show that the remaining necessary conditions also are fulfilled 
and that periodic solutions persist for values of « + 0. These periodic series 
are very satisfactory, for the general character of the orbits represented by them 
is easily obtained. The solutions thus found are rigorous, but they are not 
general, their existence depending upon special initial conditions. 

It will be advantageous to transform the differential equations to cylindrical 
coordinates by the substitutions 


Y= ar cos v, VM =n'a’, 
y = arsin v, c,=ckV Ma, 
(4) 
2= aq, ut = T, 
ae 3 OF 
R=avri¢ ~~ — = §?, 
ie 10 @ : 


After these substitutions equations (1) become 


pe ees athe 
(a) ANS eee we -epallte mihi +], 
(5) (ameter se 2r tee 0 5 


any | Br? — 29° 5 2 sid 
c iho O° w he 
2 Cee! tg 
the accents denoting the derivatives with respect to 7. 


The integral of (d) is r?v’ =c, by means of which v can be eliminated from 
the first of these equations. After the elimination the equations take the form 





c ? ele 
i Oy +..., 
OQ = +e) a 
. q ee ha 
6 b a pee 3G: ee 
BPOY: 
(c) v St 


The first two of these equations are independent of the third so that r and q¢ 
may be considered as rectangular coordinates in a revolving plane which passes 
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always through the z-axis and through the particle itself. The problem is thus 
reduced to the consideration of the motion in this plane, for, when 7 is known, 
v is obtained by a simple quadrature from (6c). 


$3. Surfaces of zero velocity. 
The velocity integral in the revolving plane is 


2 2 7° —2e" | C 
r Pace aa a ae q Oot et eral 


If we put the velocity equal to zero the resulting equation represents a two- 
parameter family of curves. For assigned values of the parameters c and e, 
there is defined a certain curve in the revolving plane. On one side of this 
curve the motion is real while on the other side it is imaginary. For values of 
c, <9 this curve is closed, and the motion is real on the inside. As the plane 
revolves this curve generates a surface of the general form of an anchor ring. 
For vw’ = 0 this curve belongs to the ordinary two-body problem, and its equa- 
tion is 

2 a 
(P+ QP + ¢,= 90. 
The motion is elliptic, parabolic, or hyperbolic according as c, is negative, zero, 
or positive. Putting 
Yr = p Cos ®, g=psin®d, 


we find, on solving for p, 
1 are 


For negative values of c, this equation represents two closed ovals which do not 
enclose the origin. If ¢,c? = — 1 the ovals shrink upon the points p = — 1/c,, 
g¢=0and7. The corresponding orbit is therefore a circle in the equatorial 
plane. As c, approaches zero the ovals open out rapidly and approach the 
limiting curves 


2 


P= 2 cos? h 
For values of c, > 0 there is but one positive value for p, which is 


Cate 


_ eee 27) 


If c’ + 0 none of these curves crosses the axis 6 = 90°. But if c = 0 we have 
the circle p = — 2/c, inside of which the motion is real when c, is negative. 
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For values of uw’? + 0, but sufficiently small, we can put 


r=(p+P)cos¢, q=(p+p)sn ¢, 
and solve for p as a power series in vw”. We find 


1 2—3 cos’ ¢ 
(ip OO AE aOOCE Eh em 
OS Syrah cers man 
which is the correction to be applied to the corresponding curves in the two- 


body problem. 


Part I. 


ORBITS WHICH REENTER AFTER ONE REVOLUTION. 


$4. Symmetry. 


Returning to the differential equations (6a) and (65) we observe that if we 
change 
r into +7, q into — q, TAintd.— 7, 


the differential equations remain unchanged. Hence, if at some epoch, t = 7,, 
r=, r =0, 
/ 
qY = 0 5 qd a Be 


that is, if at the epoch 7 = 7,, the particle crosses the r-axis perpendicularly, it 
follows from the form of the differential equations that the orbit is symmetrical 
with respect to the 7-axis and with respect to the epoch t=7,. In other words 
rv will be an even series in (7 — 7,) and q will be an odd series in (t—7,). If 
now at some other epoch, 7=7, + 7’, the particle again crosses the 7-axis per- 
pendicularly the orbit will be symmetrical with respect to this epoch also. It is 
clear therefore that the orbit is a closed one, and that the motion in it is peri- 
odic, for, by hypothesis, at 7 = 7, — 7 it must have been at the same point and 
moving with the same velocity in the same direction. The motion is therefore 
periodic with the period 27’. Hence with these initial values sufficient condi- 
tions for periodicity are that at T= 7, + 7 


Pisa 7 =), 
From the integral of area, v'= ¢/7’, it follows that if r is periodic v will have the 


form 
v = constant x 7 + periodic terms. 
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§ 5. Heistence of periodic orbits in the equatorial plane. 


If ¢ = 0 equations (6) reduce to 


v ORG Lea Cars 
(a) r= ya Too Ta) Ree ie ee 
(8) 
¥ 
(0) on =>: 


The first of these equations is independent of the second and ean be inte- 
grated separately. It represents motion in a straight line in tlie revolving 
plane. It admits the constant solution 


r= 1, | heel fOr Oe 

which represents a point in the revolving plane, or a circle in the equatorial 

plane. In order to investigate the oscillations about this point let us put 
r=1+ep, C=C + ee, 


where p is a variable whose initial value is arbitrarily assigned, e is an arbitrary 
parameter corresponding to the eccentricity in the two-body problem, and «¢ is a 
parameter to be determined so that p shall be periodic. 

On substituting these values (8a) and expanding as power series in e, the 
terms independent of e cancel out and it is possible to divide through by e. 
The equation then becomes 


p+[1—@ Ww — 86) ut4+ .--] p=e[1— dpe 6p’? — 10p’e’ + --- | 
+ pre[3 — 40% py? — 1563 n* + ---] 
(9) + pe?[ — 6 + 100? u? + 460? wi +---] 


+ pie? [ 10 — 2007 vw? — 11103 ut +.-- | 


We can simplify this equation somewhat by dividing through by the coefficient 
of p in the left member and then substituting 


€ 


10) — 802 te 





Tet Vl 0)? — 80) ee oO = 
The equation then becomes 


aks 
(10) aq tp =8 [1 — 8pe + 6p*e? — 10pie? + ---] + [8 +a4,] pre 


+[—6+a,]p’e’+ [104 a,]p*e+---> 
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where 
a, = — 80%? — (1 + 602) uh + --, 
a, = + 40% p? + (46 + 2807) wi+.---, 
a, = — 1007 w? — (100! + 8103) wt +.---. 
Equation (10) can be integrated for p as a power series in 6 and e. Let us 


take the initial values 
| ORS ae 1 ’ p ==, 


By Poincaré’s extension of Cauchy’s theorem we know that the solution of equa- 
tion (10) having the prescribed initial values exists and converges provided 6 
and e are sufficiently small, for all values of T in the interval 0 =T= 7’, where 
T is finite, but otherwise arbitrary. The condition for periodicity is simply 


(11) p'=0 at T= T. 


If we choose Z7’=7 an inspection of equation (10) shows that for e=0 the 
solution for p is periodic with the period 27 whatever may be the value of 5, so 
that equation (11) must carry e asa factor. After integrating equation (10) 
we find that the condition (11) is 


(12) 0=—[3+4a, |wée—[ 3+ $a, + $, a) + 3a, |e’ + higher degree terms. 


Aside from the factor e there remains an equation in which the linear terms in 
e and 6 are present, and which may be solved. We find 


If this value of 6 be substituted in equation (10) it will then admit periodic 
solutions for p as power series in e having the period 27 for all values of e suf- 
ficiently small. Furthermore the solution as a power series in e with the pre- 
seribed initial conditions is unique. 


$6. Hzxistence of periodic orbits not lying in the equatorial plane. 


For »” = 0 the differential equations (6) admit the circular solution 
pal, aN = TF, 
(14) Gal 
ry =O, q=0, v=1, 


In order to investigate the existence of orbits not lying in the equatorial plane 
but having the period 27 for pw? + 0, let us put 


(15) r=l14+p, qgq=%0+4+0, Po=fte, 


and take the initial conditions 
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The conditions for periodicity ($4) are then 
pH=c=0 at T=. 


We have three arbitrary constants at our disposal, a, 8, and e, and two condi- 
tions to be satisfied. Hence one constant remains undetermined. We will 
therefore let 8 remain arbitrary and determine a and e so as to satisfy the 
two conditions. After making the substitutions (15) and expanding, equations 


(6) become 
p +p=e— dspe + 8p’ + fo”? — Op’ + bp’ e — 6p*® — 6po? 
(16) + 4p0* uw? + higher degree terms, 
a + ¢ = 3pa — 6p’o + 3p? — of pw’ + higher degree terms. 
In order to integrate these equations let us put 
i 7 i x ) Pisn é a! Ke, 
4,9, k= 
(17) : (i+j+k>0), 
c= > Tye OF flere 


i,j, k=1 


, ean be found by successive integrations, the constants of 


integration being determined so as to satisfy the initial conditions. In the series 


The p,,, and o;,, 
thus obtained take t=7. The two conditions for periodicity give us the two 
equations : 

(18) (2) Prop =O SAE + A€A+ EOF AEA+ ACH + O° + Cie b' + Aeaf + Ap + +++, 
(b) o,_, =0= Bu[be +b, + db, + ber + bu? +--+], 


where the a, and 6, are constants which have been found from the actual 
integrations to be distinct from zero. Equation (18a) involves only the even 
powers of » while (184) involves only the odd powers. After dividing (18d) 
by Su we can solve it for € as a power series in a and uw” of the form 


(19) e=C 0 +e0,w+c,0 + c,au +c pi+.---. 
On substituting (19) in (18a) we obtain a series of the form 
(20) (a) O=d ow +d,e+d,pt+d,apw+dati+.--. 
If in this equation we make the substitution 


d ‘ 
(2) a= (y—7 De 


we obtain 


(c) OS ET Via ide Th tial 
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which can be solved uniquely for y as a power series in w”?. This solution sub- 
stituted in (206) gives a as a power series in wv”, and this value of ~ substituted 
in (19) gives € as a power series in w”. We thus have a solution 


Com tph re. (aes Vi, EA rd aed UT 8 arbitrary. 


Newton’s parallelogram shows that equation (20a) has two additional solutions, 
but as they are imaginary we do not stop to develop them. 


§7. Huistence of periodic orbits in a meridian plane. 


If in equations (6) we take the area constant c? = 0 the motion of the particle 
is in a meridian plane; that is, the revolving plane has ceased to revolve and the 
orbit in this plane is the true orbit. After changing to polar coordinates by 
the substitution 

r= pcos $, q=psn ¢, c= 0 


) 


the differential equations become 








7 2 1 —%+43cos2h6+1cos4¢,, , 
(i ee ee Ree oe 
He p 
aa i sin 2 I sin 4 
” rye g Sim org ol D ; 
pe’ + 2p'p = —* cae Pout pene, 


p 
For »? = 0 we have the periodic solution 
jr dbs p= 7, 
that is, a circle. For uw”? + 0 let us introduce p and o by 
p=l+p, b=T+¢9, 
with the initial values 
pes p = 9, a=, o=f8, 


where « and £ are two new arbitraries. By Poincaré’s theorem p, p’, o and 
o are expansible as power series in a, 8 and yu’ with 7 entering the coefficients. 
The conditions for periodicity are that at tT = 7 


p=a— 0. 


If we perform the integration and then set 7 = 77, we obtain the two following 
conditional equations: 


= (a) o_, =O=aa+a,8+4,07+a,08 +4,8?+ a,’ +---, 
6) Pian == ba? + b,a8 +6,8°+0-p?+ bo wi+---, 
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where the a, and }, are constants which have been found from the actual inte- 
grations to be distinct from zero. 

The first of these two equations can be solved for a as a power series in 8 and 
pw’. This expression for a substituted in (0) gives rise to an equation of the 
form 


(c) 0=c hwteP+teoPwW+tepmi+---. 


This equation has the same form as (20a) and can be solved in the same way, 
giving a unique real value for 8 as a power series in p” vanishing with p’. 
This expression for 8 substituted in the equation for a gives « as a power series 
in yw’, vanishing with mw’. Therefore real periodic orbits exist for p* + 0 
which are analytic continuations of circular orbits for uw? = 0. 

We have thus proved the existence of the three following classes of periodic 
orbits which have the period 277, the generating orbits being circles : 

I. Orbits lying in the equatorial plane ; 
Il. Orbits not lying in the equatorial plane; 
III. Orbits in a meridian plane. 


§ 8. Construction of periodic solutions in the equatorial plane. 


Let us first consider orbits in the equatorial plane. We retake the differ- 
ential equations (8) and by means of the transformations there given we pass at 
once to equation (10), which is explicitly 

d? ‘ 
1 +p=6[1—8pe+ 6p’ e?+.--]4+[8—30) w—( 01460 )ui+---]pre 


(23) + [—6 + 408 a8 (407 2802) nt ee 
+ {10 —106? n? (106! 4810?) 4 +. pe 


It was shown in equation (13) that 5 can be expanded uniquely as a power 
series in e in such a manner that the solution for p as a power series in e will be 
periodic with the period 27. Since the series is periodic with the same period 
for all values of e sufficiently small, it follows that the coefficient of each power 
of e is itself periodic. Since the solution exists and is unique, it must be pos- 
sible to determine the 6 uniquely by the condition that the solution is periodic. 
In the existence proof it was shown that 6 vanishes with e. Therefore p and 6 
have the form 


(24) p=ptpetpetpet--, S=8e45,64+5,e4.-.. 


The p, are to be determined by the integration of equation (23) and by the 
initial values 

dp 

p= =e eer 


The 6, are to be determined in such a manner that the p, shall be periodic. 


=— (0 at T—0. 
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Substituting (24) in (23) and equating the coefficients, we find : 


2 


d*p 
(a) qm + Po= 9 

d’ p, ae . ; : 
(0) dT? +p, =8,+ [8 — 80m — (61 + 665) ut + ---]p?, 


d*p “ar 5 
(c) aT + Pp, = 8, — 3p, 5, + [3 — 807 w? — (Ot a 602) wi + : -+ ]2p,p, 


(25 
is +[—6 +408 u? + (46! + 2862) ui + ---]ps, 


ad? ‘ 
(7) ar + p, = &,—8p,8,_,+ [8 — 30; w’— (0; + 682) wi + ---]2p,p 


n—1 


+ f,(Po> ra: Pr—2)s 


These equations can be integrated in succession. The solution of (a) which 
satisfies the initial conditions is 


(26) Py) = — cosT. 


Since the initial conditions are independent of e, every p, except p, must vanish 
at T=0. Substituting (26) in (25d) and integrating, we have 


(27) p,=8,(1—cos T) + [3—36?u?— (04+ 662)ut+.--] [4 cos T—1 cos QT]. 


a 
0 


The constants of integration in equation (27) have been determined so as to 
satisfy the initial conditions, but the constant 6, is as yet undetermined. 
Substituting these values of p, and p, in (25c), we find 


ad? p, ~ a | \ PAY 
oe + = le +33 -8 pho ee) iS oO GT ah | 


+[8,(—8 + 6Otut + (26 + 1262} pt +.) 

(28) pratamae LAU; hie de 80, | AP | 08 T 
+[6,(38 — 867? + .---) + 38 — 1867p’ + ---] cos 2T 
+ [3 — 407 uw? + .--] cos 8T. 


In order that the solution of this equation may be periodic the coefficient of 
cosT must be zero. This is the condition which determines 8, and consequently 


Saree ee (gd U2 yates 
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With this value of 6, equation (28) becomes 


ihe 5 9 9 2 2 
ope + Po= [8+ 30%ue+---] + [— 90}n?-+---] cos 21+ [3—40}n?+.--] cos BT. 


The solution of this equation which satisfies the initial conditions is 


p, = 6,(1 — cosT) + [807 n> + ---] 4+ [3 — 120i Ww? + ---] cosT 


29 
cu) + [80iv? + ---] cos 2T + [— 3+ 30, w? + ---] cos 8T. 


The constant 6, is as yet undetermined. It is determined by the periodicity 
condition for p, in the same manner that 6, was determined by the periodicity 
condition of p,. Without giving the details of the computation its value is 
found to be 

6,=— 60, wW+.--. 


This method of integration can be carried as far as may be desired. In 
orderto show this let us suppose that p,,---, p,_, have been computed and all 


the constants determined with the exception of 6,_,. From (25d) we have 


d° Pr 2 ye z 
ee dT? ay P;, ay 6, — 3p, 9,4 i [3 i 36; pe ae 1 ‘| 20 Pn Hie rae? Peake 
Here f(p). -+*s P,-2) 18 a polynomial in the p, and contains only known terms. 
p,_, depends upon 6 _, in the following way : 
p,_, = 6,_,(1 — cosT) + known terms. 
Equation (80) can therefore be written 


d’ 


gat + Pa 8, + 18 — 80 ot oe Ore i ee eee 
+ [38 — 86}p’ + ---] cos 2T + known terms. 


In order that the solution of this equation shall be periodic the coefficient of 
cos T must be zero. This condition determines 6 ,. The equation can then 


be integrated and the constants of integration will be determined by the condi- 
tions that 


dp, 
Seay = at T=(0. 


Everything is then determined with the exception of 6, and we have then 
p, =(1—cosT)6 + known terms. 


Substituting the values of 6, and 6, in the solution as far as it has been com- 
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puted, we find 
Pp) = — cosT, 
= [P+ 430i ut + (8 — 402) oi] + [Oru + (— JO! + 882) mi + ---J cos T 
+[—4+ 35H + (44 + O;)m'--- ] cos 27, 


pp = [— 80 wr +---]+ [8 — $05 uw? +---J]oosT + [380i uw? + --- ] eos 2T 
+ [fh + 402ut+ ---Jeos 87, 
SMe 20, w+ (0, — Oe +. -, 


2 
From these expressions we have the following series for 7 = 1 + ep: 
(a) r=1—ecosT + {[$+ 30m? + (0-402) wi +++] 
+L — Ow + (— $F; + 36; ) wi + --- Joos T 
(31) +[—4$+ 430i + (40t + 63) wt + ---] cos 2T } e? 
+ {L808 +] 4 [8-36 a + Jo08 7 
+ [380i pw? +--+. ]eos2T +[—3 +4 307 yw? +.--- ]oos8T}e+.... 


Substituting this value of 7 in the equation (80) 





, dW be eh-Liee! ie 
[ate Ni — 62 — 86iut.° 





and integrating, we find 
)) w—ny—{[1 4 Ora + (46! + 262) uh +] 
+ (OM + (— $0 FING) pe Pp | 
(31) + {[2+ 20 u + (04 + 2) ut + ---Jsin T} e 
+ {[26;u? + (404 — 66) wt + ---]sin T 
+ [$+ 20, ou? + (— gig + 30; ) wi + ---] sin 2T} ce? + ---. 


Equations (31a) and (310) are the periodic solutions sought. If we return to 
the symbols defined in the original differential equations by means of equations 
(4), with the additional notation 





nV 1 — Oy? — 86? pt +... =v, 
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we have the following expressions for the polar coordinates at any time ¢: 


R=a{1—ecos vt +[4—} cos 2vt | e+ [ 2 cos vt — 3 cos 8rt] e® + --- 


b? 
(32) + aH’ (a's — rip 008 10 + 9% C08 2ut )e’+ (— 5 — gy 008 ut 


4 


b 
+ +9, cos 2vt + 5%, cos 8rt)e? + --- | here Ls) hone 


2 


a 


' b 
aes vt + 2 sin vt-e + § sin Qvt-e? +--+ a wl ( 335 + Pye +--+) ut 
(33) b! 
+ (sin vt)e?+(2 sin vt + 7 sin 2vt)e?+ ---] + zi BT. J+: 


These equations contain four arbitrary constants, a, e, v, and t,. Since the 
differential equations of motion in the equatorial plane were of the fourth order 
these series, within the realm of their convergence, represent the general solu- 
tion. The expression for the radius vector, /?, is always periodic with the period 
2a/v. At the expiration of this period v has increased by the quantity 


4 


2 | Myo Pee ot |= 20 
in excess of 27; that is, the line of apsides has rotated forwarded by this 
amount. If © is commensurable with unity the orbit is eventually closed geo- 
metrically. If @—=J//, where J and J are integers relatively prime, then, at 
t= 2Jr/v,v=2(f+ J), and the particle is at its initial position with its 
initial components of velocity. The particle has completed J + J revolutions 
and the line of apsides has completed J revolutions. The mean sidereal period is 


Qar 


ST @y 


This formula for the rotation of the line of apsides has an interesting appli- 
cation in the case of Jupiter’s fifth satellite. On the hypothesis that Jupiter is 
homogeneous and taking its equatorial diameter as 90,190 miles and its polar 
diameter as 84,570 miles, the mean distance of the satellite as 1123500 miles, 
the eccentricity of its orbit as .006 and its mean sidereal period as 11°0™23*, 
the above formula gives for the rotation of the line of apsides 1440° per year. 
The values derived from observations are somewhat discordant but are in the 
neighborhood of 880° per year. If we still keep the hypothesis that Jupiter 
is homogeneous in density and of the same oblateness as before, we are com- 
pelled, in order to relieve the discrepancy between theary and observation, to 
suppose that the value adopted for its polar radius was about 9,000 miles too 
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great. From the large reduction required it is clear that the hypothesis of 
homogeneity is very much in error. 


$9. Construction of periodic solutions not lying in the equatorial plane. 


By means of the area integral the problem has been reduced to the two 


equations 
o , r—4rg , 
f~ =< Pr z (°° we gq): = ( = Py OF we + .--, 
(85) As a 
q = 2 neh Te ae 


CET) MCE oa 


After the solution of these equations has been obtained the third codrdinate is 
found from the equation 


/ 


c 
ee 


To 
We have already proved [equations (14) to (20)] the existence of periodic solu- 
tions of these equations of the following type: 
rl + phi + pw os, 
(36) P= Oh + Gal + gabe oss, 
C=l+eomw+tept---, 
with the initial conditions 
r(0)=q(0)=0, 40) = Bu, 


B being arbitrary. We can therefore integrate equations (80) so as to satisfy 
these initial conditions and determine the c, in such a manner as to render the 
solution periodic. 

Substituting (86) in (85) gives the equations 


O0=[p,+p,— 39, —c+ 9] + [ey + ep, — 8p; — 89,9, + 6,97 


2 


(37) : 
i Pa at (8¢, a 40°) p, ha POT Oi a o, | m anes 


0=[¢/+¢,]¢ + [¢3 +9;—3p.9,— $91 +381¢,]4°+ Lo; +9,—37293— $9195 


(38) 9 9 9 2 5 
+ 6 p39, — 80491 +79 Padi + 79-91 +30 ;9,— 1591 p.9,— AP Fig | HP 


Equation (37) contains only even powers of « while equation (38) contains only 
odd powers. For the integration we have: 

Coefficient of bm. 
(39) Paine 
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The solution of this equation satisfying the initial conditions is 


qd, =p sina. 
Coefficient of pu. 
(40) ald he! fel Ci 
=($8?+c,— 07) — #8’ cos 27. 


The solution of this equation which satisfies the assigned initial conditions is 
p, = (8? + c, — 01) + a, cos 7 + 4? cos 27. | 
The constant c, will be determined by the periodicity condition on q, to be 
c, = 20 — B’, 
and a, will be determined by the periodicity condition on p, to be 
Qe Ne 
If we anticipate these determinations we have 
p. = (07 — 48”) + 48" cos 27. 
Coefficient of wu’. 

(41) 1; + % = 1 (8p, + $91 — 397), 

= (380? + 8c, — 667) sin 7 + 2,8 sin 27. 


In order that the solution shall be periodic it is necessary that the coefficient of 
sin tT shall be zero. Therefore 


C, = 20% = ise 
Substituting this value and integrating, we find 
qd; = PB, sin tT — $a,8 sin 27. 
From the initial conditions we must have g,(0) = 0 and therefore 
ie = 32,8 . 


But it will be shown in the next step that a, = 0, and consequently 


ee . q,= 9. 
Coefficient of mu. 


(42) ps + P= 8p; + 39,95 — 6P,g; Ste a + (40; — 8c,) pS Yi ee 

Before expanding the right member of this equation we will avoid useless labor 
by first examining the coefficient of cos tT which we know must be zero from the 
periodicity condition. We notice first that terms in the coefficient of cos 7 can 
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arise only through terms involving p, and q,, and second that all such terms 
carry a, as a factor. Since no other arbitrary enters the coefficient, we must 
take 2, = 0. It can be shown by induction that the constant of integration a,, 
(the coefficient of cos 7) which arises in the integration of p,, is determined by 
the periodicity condition on p,,,,,,, and further that its value is always zero. 
The proof is omitted for the sake of brevity. 

Substituting the value a,= 0 in p, and q, and expanding the right member 


of (42), we find 
Pi + Pp, =[¢, + OF 4+ 107’ — 38*] + [407 & — 3,R*] cos 27 + 348% cos 47. 


The solution of this equation satisfying the initial conditions and the properties 
just mentioned is 


P,=[¢e,+ 4+ 4267 — V4 - bP + *| cos 27 — ,1,8* cos 47. 
Anticipating the value of c, found below, we have 

=[— 30'— 1108? — 8,84] + [— qo’ + aA" ] cos 27 — A B* cos 47. 

Coefficient of w. 

Gs + 9s = ©0295 + 3919s — 802% + 8PG — TPT — Fe 
(43) — 89795 + 158' p,q, + POT 
=[3c, + 120 + 11678’ |f sin rt — 67 B’ sin 87. 
From the periodicity condition we have 
c, = — 404 — 1167 2’. 
Integrating and imposing the initial conditions, we find 
q, = — 20; A’ sin 7 + 407 6 sin 87. 


This is sufficient to make evident the general character of the series. The r- 
equation contains only even multiples of 7, and the g-equation contains only odd 
multiples. The r-equation contains only even powers of w and of +. The q- 
equation is odd in both these respects. The series are therefore triply even and 
odd. 


Collecting the various coefficients we have the following series : 


() raTH LEAP) on Deis BHA) 
+(— 74078’ + 31,6*) cos 27 — 1, 8% cos 47] u* + - 
(0) q=[Asin tT] H+ [0] w+ oe 6° sin 7+ 46? 6 sin 87] p+ ---, 


44) | 
(c) v—v,=[1—O8w— ($014 2628) wht] [36 sin 2] 


+ [(1301 &? — $8") sin 27 + 44, A’ sin 47] p*+---, 
(d) C=14[20—-B]w+[—40t—1167 P| ui+ -- 
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This solution contains four arbitrary constants, a, 8,v,and7,. As is shown by 
equation (44c) the nodes regress, the rate of regression being 


(Ora? + ($0) + OB) wh]. 


The generating orbit of these solutions is a circle in the equatorial plane. A 
circle having any assigned inclination might have been used, e. g., 


(45) r= V1 —s'sin’7, 8 Sila y = tan [V1 — stan], 


where s is the sine of the inclination. The solution thus obtained would have 
been identical with (44). If we expand (45) as power series in s and then put 
s = By, it will be found that the terms thus obtained are identical with the terms 
independent of @* in the solution which has been worked out. It might there- 
fore be of assistance in the physical interpretation of the constants to put Bu=s 
in the series (44). 


$10. Construction of periodic solutions in a meridian plane. 


When the constant ¢ is zero the motion is in a meridian plane. The equa- 
tions of motion are (21) 


es Pe kl —3+3cos2¢6+ }ceos4¢ , , 
pe = — ee 
46) p p 
Pa eal isin2¢p—isindd, , 
pe’ + 2p'¢ = — ’ Oi He Hitgee 





p 
We have already shown the existence of periodic solutions of these equations as 


power series in u”, which for « = 0 reduce to the circle p=1,$=7. Let us 
put then 


PH=1l+ pet pete, P=T+O M+ GM ++ 


Substituting these expressions in (46), expanding and collecting the coefficients 
of the various powers of », we find: 


0=[ p;—3p,—2$)— 307+ 30) cos 27+ 167 cos47]y?+[ p/—8p,—26,—2p,9, 

(ar) —$)+3p2+(3—6 cos 27—cos 47) 6? p, 4-(—8 sin 27—sin4d7) 67, ]ut+---, 
O=[$,+2p, +30; sin 27—]O; sin 47] w+ [b+ 2p, +, P+ 2p, 

+ (—2 sin 27 + sin 47)6? p, + (cos 27 — cos 47) 07h, ] i+: >. 


The initial conditions are 


p(9)=9$(0) =9. 
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Proceeding to the integration we have: 
Coefficient of p’. 


(a) py — 8p, — 26, = 307 — 30) cos 27 — 16? cos 47, 


(48) 7A | 
(0) d, + 2p, = — 30? sin 27 + 167 sin 47. 


By integrating () once we have 
(c) fp, = — 2p, + 40; cos 27 — 54,07 cos 47 + ¢,. 
Substituting this value of $/ in (a), we find 

36 


cos 47. 


(d) py +p, = (2c, + 207) — 6? cos 27 — 


— bo 


ooles 


The integration of this equation gives 
(e) Py = (2c, + 307) + c, sin Tt + ©, cos tT + $67 cos 27 + Zo 9 cos 47. 


Since p, = 0 at r= 0 we must take c, = 0. Then substituting this value of p, 


in (c) and integrating, we get 


Gg d, = (— 3c, —307)7 — 2c, sin tT — 3,67 sin 27 — 5$,0% sin 47 +4 «,. 


From the initial conditions ¢, must be zero when t= 0. Therefore c, = 0. 
Since it must also be periodic, c, = —}07. All of the constants of inte- 
gration are now determined except c, which will be determined by the perio- 
dicity condition on p,. 

The differential equations for p, and ¢, are the same as for p, and ¢, except 
in the right members. The process of integration is therefore the same. In 
the right members only even multiples of 7 occur except terms carrying the 
undetermined c, as a factor. In the equation corresponding to (48d) there will 
be a term in cos 7 carrying c, as a factor. But the integration of this term will 
be non-periodic unless c,=0. Put then c,=0; the integration proceeds 
just as before and the constants are determined in the same manner. This 
argument will be repeated in the coefficients of u® and so on for all higher 
powers:* Therefore no odd multiples of + can occur in the solution. We have, 
therefore, 

p=14[- 4 cos 27 + 4 cos 47] Om? + -- 
(49) 
q=T+([- a sin 27 — 53, sin 47 |O7 pw? + - 


* The differential equations arising at the successive steps are of the same type as the first 
two equations of (32), p. 555, in Professor Moulton’s paper on periodic solutions of the problem 
of three bodies, these Transactions, vol. 7 (1906). Consequently his general formulas for 
the coefficients of the solutions, equations (42), loc. cit., apply here. 
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Since the series involve only even multiples of 7 the orbits are symmetrical 
with respect to both the r-axis and the g-axis. 

This completes the formal construction of the solutions of which the existence 
was proved in §§ 5, 6 and 7. 


Parr Il. 


ORBITS REENTRANT ONLY AFTER MANY REVOLUTIONS. 
S11. The differential equations. 


The orbits which we have previously considered have had the common prop- 
erty of involving only the period 277. Since this period is independent of the 
oblateness of the spheroid the derivation of these orbits has been relatively 
simple. We shall proceed now to investigate a class of orbits which involves 
beside the period 27 another period 27/2, where 2 7s a function of the oblate- 
ness of the spheroid, the inclination of the orbit and the mean distance of the 
particle. We shall start from the solution which involves an arbitrary incli- 
nation. Into this solution four arbitrary constants were introduced, viz., incli- 
nation, mean distance, longitude of node and the epoch. Two more arbitraries 
are necessary for a complete solution, viz., constants corresponding to the eccen- 
tricity and to the longitude of perihelion from the node. In what follows we 
shall introduce the constant corresponding to the eccentricity, but we shall still 
project the particle from an apse at the node. 

We have found for the differential equations a certain solution (44) which we 
may write 


Te Oi 0 eral q=¥(B8, 45 7T), rN 


which is symmetric with respect to the equatorial plane. That is to say, at 7 = 0 
the particle is in the equatorial plane and its motion is perpendicular to the 
radius vector. Its initial distance is ¢(0). Suppose now we change the initial 
distance slightly and also the initial velocity so that at 7 = 0 


r(0) =o. Oj ee a, q( 0) =0; 
((0)=0, (0) = 40) 4% 


and give an increment to the constant of areas so that c?=c*+e. Can we 
determine these three constants, «, y and e, in such a manner that the series for 
y and q shall be periodic? ‘These series can be expressed by 


r=$(8,4;7T)+ .~, P= Ar (9. fs T) Ao, c? = ¢. -ies 


If now we substitute these expressions in the differential equations (6) all the 
terms independent of p, o and e will drop out, and there will remain the fol- 
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lowing differential equations for p and o: 
(a) p" + {1 +[(— 40% + $8") — $6" cos 27] ut + [ (200! + 602 8° + 38°) 
+ (67 8’ — 3 B*) cos 27 + 2 Bt cos 47] ui +---}p+ {—sfysint 
Bef eon 
+e{{1+ [(—36; + $8?)— 3? cos 27] w+ [ (150'— 407 B+ 436%) 
+ (42-07 6 — 48 ae +..-} 
+ {—3+ [(120; — 88°) + 386’ cos 27] pw? +---}p+---} 
= {8+[(—160/+ 66")— 12? cos 27 ]u? + [ ( 900} + 5267 B+ $28") 

(50) + (467 B’— $2 B*) cos 27 + 1836 cos 47 | ut +---} p?+{—128psin t 
+ [(— 90628 + 426°) sin — 158% sin 87] w* + ---} po 
7 SIGHS Ice Tata nntia ag 


(b) o eer 4 3e? se a ae —46? 8? 4.70? 6 Seis ee 
+ {—8ysin7 + [(— 3078 + 26°) sin r— $6’ sin 87] 3 + ---} p 


= { —6fusin7+[(— 21676 + 238°) sin r — 216° sin 87 ] w?+---} p” 
+ {84 [(80)— 3387)+ 238° cos 27] w’+---}po+ {$Pusint+---}o7+ 


In the first of these equations the coefficients of all terms containing odd 
powers of o involve only odd powers of yw and sines of odd multiples of tr. All 
other coefficients involve only even powers of mw and cosines of even multiples 
of +. In the second equation the coefficient of every odd power of o involves 
only even powers of yw and cosines of even multiples of 7. All other coefficients 
involve only odd powers of u and sines of odd multiples of r. These properties 
play an important role throughout the entire discussion. 


$12. The equations of variation. 


Considering merely the linear terms of the differential equations (50) for p 
and o we have the equations of variation : 


(a) p’ + {1+ [(— 46% + $6) — $8 008 27] 1? 
+ [(200! 4 60'6°+ 38") + (@76°—38") cos 27+ 38' cos 47] ui+---}p 
(51) + {—8p sin 7 + [(—3078 + 38°) sin 7— 3A’ sin 87] y?+ .--}o= 0, 
(b) o” + {1+ [— $A + $6 cos 2r]u? + ---}o | 
+ {—38y sin r + [(— 8678 + 3A?) sin t — 86° sin 87] p> 4+ ---}p= 0. 
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These equations admit a solution of the form * 
ey 
p, = A,e"6(T), 
a, = A,ev (7) (71 ae 


where , is a root of the fundamental equation and where $,(7) and w,(7) 
are periodic functions of 7 with the period 27. The four values of the A, (real 
or imaginary) are associated in pairs, equal in value but of opposite sign.t From 
the fact that 7 does not occur explicitly in the original equations (1) it is known 
a priori that one pair of the A, has the value 0, and consequently, if we choose 


the notation so that >, =r, = 0, the two corresponding solutions will have the 
forms 


p; = A;$,(T), P, = A,L$,(7) + 7H,(7)], 
o,= A,¥,(T), o,= A,[w,(7) + TY,(7)]. 


We shall consider first the two solutions in which the A, are not zero. Let 
us first substitute in (51) the forms 


p =e" d(T) (i=V=1), 
o = eM (T). 
After dividing out the exponential there remains 
P+ 296 + [L—-V+aw taut -.]otl[aut aut ---]~=O, 
We + 2 + [1 —- V+ 6, 4+ beh +-.-Jwt+laet aut ---Jo=9, 


where 


(52 


a, = — 38sinT, 
a, = (— 80) 8 + 26°) sin rt — 38* sin 87, 
a, = (— 46) + 36°) — 


a, = (200) + 6076? + 3B') + (0) 8’ — 38') cos 27 + 3A' cos 47, 


8? cos 27, 


bolo 


2 3 Q2 
b, = — 30’ + 38" cos 27, 
b, = a sum of cosines of even multiples of 7. 


With respect to equations (52) it is known that ¢ and y are periodic with the 
* Floquet, Annales Scientifiques de l’Ecole Normale Supérieure, 2d series, vol. 12 
(1883), p. 47. 


_ tSee Les Méthodes Nouvelles de la Mécanique Céleste, Vol. 1, p. 193. 
P1bid.. Db. 187. 
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period 27, and that » vanishes with pw since the problem then reduces to the 
two-body problem in which the characteristic exponents are all zero. It can be 
shown that ¢, y and X are expansible as power series in w of the form 


NDA ie y= Dov, hi, A= DAM. 
j= j=0 j= 


Substituting these expressions in (52) we find : 
Coefficient of m’. 


= + d, = 0 ’ 
vy oi VW = 0. 
Therefore 
d, = & cost + a?) sin 7, 
(58) 


Wy = y cos 7 + y) sin 7. 
Coefficient of mw. 
p, Ty p, ae Ee ir, , a aWys 


Wy 7 Vy, ae 21d, Wy an a, dy: 


Since the periodicity conditions demand that the coefficients of cos 7 and sin 7 
in the right members be zero, we must take 4, = 0. We get then 


(54) 


(55) dh, + $, = 3By — 3By) cos 27 + BBy\” sin 27, 
We +h, = 3 Ra! — 38a) cos 27 + 3 Ral” sin 27. 


Integrating we have 


fp, = a! cos T + af? sin tT + 3Ry!? + By!’ cos 27 — $y)” sin 27, 
(56) 
(1) 


Ca iehae 
Coefficient of pw’. 

$, + $, = — 2ir,$) — hy — GM» 

Wot = — 20.4) — bv, — 4,9,3 


cos T + yf) sin t + 3Bal? + 38a! cos 27 — 38a!) sin 27. 


(61) 
or, expanded, 
b, + $, = 3B? — 8 By? cos 27 + Bo) sin 27 4+ (405 a) + 2ir, a’) sin 7 
(58) + (467 o — 2ir, a) cost + 88? a) sin 37 + 30? a” cos 37, 
, +h, = 38a) + (LER? + 2tr, y(”) sin T + 21d, yy cos T 


+ 3Ba\ sin 27 — 38a") cos 27. 
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In order to satisfy the periodicity condition we must have 
(59) 20d, a) + 40, a = 0, 210)” +72 B' oy? = 9, 
| 40? of) — 21, a = 0, + 2ir, Y= 0. 


The equations of the second column are satisfied by taking 


yo = yD = (f). 


Solving the other two we find 
3 ee ON — 1a =) 
Equations (59) can also be satisfied by taking 
Ney a ee ene yi” = arbitrary, 


but this would lead to the development of the solutions in which the characteris- 
tic exponent is zero, and these solutions will be discussed later. 

It was known at the outset that there were two values of ) equal numerically 
but of opposite sign. We will choose the one with the positive sign. The solu- 


tion for the negative \ can be derived from the solution for the positive X. The 


(0) 


condition a” — ia? = 0 still leaves us with an arbitrary constant. Since the 


equations are linear this constant will enter the solution linearly and may there- 
fore be taken equal to unity. The arbitrary constant is restored in (79) after 
the solutions are completely developed. We will take then a = 1 which makes 
a) = —7%. Consequently 


(60) go, = cost —78iNT, Alte) 
Integrating (58) with these values, we get 
fh, = 3ByP + a? cos 7 + a sins + $Ay)P cos 27 — By” sin 27 
(61) + 3° cos 87 — 387i sin 37, 
Wr, = 3BaY + y¥? cos 7 + y¥? sin tT + 8a) cos 27 — 3 Ba") sin 27. 
Coefficient of wu. 
$1 +,= 4B? + [— 2A, + 40%(af? — iat?)] cos 7 
+ [ 2ir,4+467 (af) +ial?) ] sin 7+ 3 By? sin 27—3 By? cos 27, 
(62) Wy +hs= [$a B— 318, B—4 518 | + [—200, 9,2 +289? | cos 7 
+ [ 20, Y(0+ ZO? y? ] sin 7+ [—$ oP B +4110) B+ 2218? | cos 2r 
+ [3a B+1) 01 8—.9. B*|sin 27— 3B?” cos 87—3 6? y” sin 37. 


1910] ABOUT AN OBLATE SPHEROID 79 


From the periodicity conditions we must have 
— 2d, + 407 (af? — ia) = 0, RPP) — 2dr, YP? = 
2ir, + 40) (ial? + a?) = 0, 20, + 2B? = 0. 

The last two equations can be satisfied only if y{? = y¥ =0. The first two can 
be satisfied only if A, = (a? — ia?) =0. The condition (a? — ia?) = 0 again 
gives us an arbitrary constant. Then by (56) ¢, =c(cos7 — isin 7), but this 
is the same as ¢, multiplied by cu. That is, the solution is repeating itself one 
degree higher in yu and this, of course, should be expected since the equations 
are linear, so that any solution multiplied by any power of » must satisfy them. 


We are at liberty then to choose the arbitrary c= 0, which is the same as 
choosing a = a) = 0. Integrating (62) with these values, we find 


, = gByP + a cos 7 + a sin tT + $B) cos 27 — By® sin 27, 
(63) Ww, =[gaP 8 — $107 B — 248°] 4 ¥? cos 7 + oy sin + 
+ [saPB—1110° 8 — {518 ] cos 27+ [—a? 811078 + 3. 8"] sin 27. 


It can be shown by induction at this point that ¢ and 2 involve only even 
powers of uw, and that y is an odd series in w. Furthermore ¢ contains only 
odd multiples of 7, and yy only even multiples. Consequently 


(2) ee GN 3 es (8). eB eee 
WHI = oP =a = YP = Y= 0, 


and all 


Pai ci Py, = 0. 
Coefficient of w'. 


4-6, —=[—20, +48? (aia) —166'— 10628" ] cos r+ [ 2A, 
(64) +46) (ia? + a? ) +1670} | sin 7+ [ 607 6°43? a +.8, 8] cos 37 
+ [—610) 6°43? oP—4576*) sin 87— 242 cos 57 +2276) sin 57. 
Therefore, from the periodicity condition, we must have 
— 20, + 407 (a — ia?) — 160} — 100)? = 0, 
2ir, + 407 (ta + a) + 1620! = (); 
Solving these equations, we find 
d, = — 86} — 367 f’, a? — ja® — $6? . 


In this last equation we can choose a? = 36” and a?’ = 0. This choice of 
a) and o will make the coefficient of sin 7 in ¢, equal to zero, and since the same 
thing occurs for each ¢, it is evident that this method of choosing will simplify 
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the solution by making the coefficient of sin 7 equal to zero for all powers of pw. 
We have then on integrating 


fp, = 4, cos t+ [— F076 — 58,3, B*] cos 87 + i[ ZAR’ + 545.8") sin 387 


128 
(65) 


+ 75,8' cos 57 — = 2,if' sin 57, 
y= i[ 368-31 8"] +i[ 1) 68 — 1,6] e058 27+ [—1) 78115] sin 2, 
, = 38’ cos tT — 38" cos 387 + Bi’ sin 37, 
Ww, = — 318 — LiB cos 27 — 3B sin 27, 


“a 


pd, = cos T—isinT, 
Ax 267? + (— 861 — $676?) pt 4... 


The coefficient a, of cost in ¢, is determined by the periodicity condition 
on $,. That the process of determining the values of the A, and the constants of 
integration arising at each step is general may be shown as follows. Let us 
suppose that we have computed everything up to and including ¢, with the 
exception of the constants of integration in ¢,. We have then 


d, = a cos tT + a? sin 7 + known terms. 
1e ao and a” enter y,,, as follows: 
The oi” and of” enter y,,, as foll 
Wii + v,,, = 38 sin 7-¢, + known terms, 
= 3Bof? — 3RaY cos 27 + 3ai? sin 27 + known terms. 
Consequently in so far as it involves of” and af” 
Wii, = 3Ray + Z8ax cos 27 — fal? sin 27. 
Similarly, in so far as d,,, depends upon constants as yet undetermined 
u" ay , . , ‘ 2 ‘ 2 eee ee . 
Pipa t Pi, 9= —2iA,h;,— 2dr,» + [(40'—3 8’) + $8" cos 27] $,+38 sin ry, , 
i =[— 2A,,. + 46 ( ai” — ia) + A,,.] cos 7 
(66) 
+ [22r,.. + 405 (ial? + a?) + B,,,] sin 7 


+ 38’ a cos 37 + 36’ af sin 37, 


where A, 42 and vey ,» are the known terms in the coefficients of cos tT and sin T 
respectively. From the periodicity condition we must have 


— 2,15 Fete eee tag) eA 
(67) | | 
. + 2irj 4. + 467 (ial? + ol?) + Bio = 0. 
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The solution of these equations is 


Ni. = 4(4,,; a iB.) 


J 


68 : 
( ) (1) ° 5 Ags "ey L Be 
Oy ae tay Sg, Ee bane 


86; 

As has already been pointed out we can choose a‘) = 0 and we have then 

(69) A a ee 

In order to show that 2,,, and aj? are real it will be sufficient to show that 


A,,, is real and B,,, is a pure imaginary. This is readily shown by induction, 
for up to 7 = 4 inclusive we have 


d; = >) mM, Cos KT + 1 Din, SIN KT, 
K K 


i 


Ww, =i >of. Cos eT + D0 g, sin «7, 
where m,, ,, f, and g, are all real. From the form of the differential equa- 
tions it follows at once that the same forms hold for 7 = 5, then j= 6, and so 
on. That is A,,, is real while B,,, is a pure imaginary. 

It is further to be noticed that A,,, and B,,, do not contain any terms in 8 
independent of 67, and consequently the @? which appears in the denominator 
of a) will divide out. This is proved as follows. IZf @7 be put equal to zero in 
the differential equations then equations (52) become the equations of variation 
of a circular orbit in the ordinary two-body problem, the plane of the circle 
being inclined to the plane of reference by an angle whose sine is Bu = s. 
The original differential equations (6) can then be written 


u (1 — s*)(1 —e’) ae ” gq 
70 RS a a —_o9\3 —— fs 5 = Swe o\3—— 5 
ee" ° (P+ @) SS atta aie 


where the constant c’ is given the form (1 — s’)(1—e?). For these equations 
we have the solution 





(1—e?)V1—s’sin’?(@—Q) 
~ 1+ ecos (0 — 4,) 
weet Ll e*) e sin (0 — 0) 
en ave Gos. 0 — 6) )e 2 





r= a 


(71) 





where 
(@—@)) = (7—7,) + 2e sin (tT — T)) + BAe 


Trans. Am. Math. Soc. 6 
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Let us now form the equations of variation by putting 

r=, +P; q=% 1 ¢; C= 0, Res 
where 7,, q, and e, are the values in (71). We find 


OR OR OR 
= pt oi. 


or 


” 
€, 


og 0e 


OQ mnOoue eg 
7 Gndialacy catamaran 


(72) 


Three solutions of these equations are given by * 


Or, Cig Or. 
P60. 8 TE ates een eer 

0 0 

| CY, oq O74, 
no 7930) 9 EG cere 

06, de, Oe, 

e=C ; e=C, =, e=C 
ee) y On. 3 e, 


If e, + 0 these three solutions are distinct, but the case in which we are interested 
is when e, = 9. In this case it is not difficult to see that the first two solutions 
coincide. Since the equations are linear, the system 


Gg Ear. 
P= 41 50 — ae, | 


Og og 
(74) C= Cy Ea ae 5 | r) 


0 


Of. wie. 


0 


is also a solution, but as it vanishes for e, = 0 it carries e, asa factor. We 
can divide out this factor and absorb it into the arbitrary c,. For e, = 0 this 
solution does not now vanish, and it is moreover distinct from the first solution. 
Thus we have three distinct solutions even when e, = 0, but since 0Q/0e, = 0, 
and 0 /0e, carries e, as a factor, equations (72) pass over to the equations of 
variation of a circle when e, = 0. For these equations we have three solutions 
which are periodic with the period 277. The fourth solution is not periodic but 
involves a term of the form 7 times a periodic function. 

Let us return now to the solution which we have developed, (65), and consider 
only the terms which belong to the two-body problem, viz., the terms which are 





*See Les Méthodes Nouvelles de la Mécanique Céleste, vol. I, p. 163. 
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independent of @7. This solution may be separated into two solutions, one of 
which is real, the other a pure imaginary. The real solution is the third solu- 
tion of (78), and the purely imaginary is the second solution. Since both of 
these solutions are certainly periodic with the period 27, it follows that no term 
in 8 alone can occur in the A,,, and B,,, of (66) for the presence of such 
terms would give rise to non-periodic terms in the two-body problem. Hence 
A,,,and B,,, carry 9; as a factor which may be divided out in equation (69). 
Further Nyaa (68), carries 07 as a factor and therefore X vanishes with the 
oblateness of the spheroid. 


The solution (65) may now be written 


p” ee eit [ po = id | i 


(75) 
o) = et [ po =f wp | : 
where 
gp” = cost + [ 3A’ cos t — 38" cos 87 | Ww 
+ [a,cos tT + (— 3078’ — 389.8") cos 87 + 75,8! cos St] ut + ---, 
fp? = — sint + [ 3P’ sin 37 | pw’ 
(76) + [( 467 8’ + 34°.8") sin 87 — 55, A' sin d7] ui +---, 


VW = [— 48 sin 27] w + [(— 41078 — 558") sin 27] w+ ---, 
Vv = [— 3B — 3B cos 27] u 


+ [(— $618 — B48") + (— YB — fy) con Or] + - 
By putting 
e*7 — cosAT + isin AT 
we can write 


p? = [ d cos Ar — d” sin At | + i [ d” cos At + GH" sin Az ], 
eh 
ne oY) = [v cos At — W sin AT] + 7 [ cos AT + W sin Ar |. 


We have thus one solution of the differential equations. A second solution 
can be derived from it by merely changing the sign of it. Thus 


p” = [ $™ cos Ar — $® sin AT] — i [ d” cos Ar + GH” sin AT], 
oS) o® = [bcos At — py” sin AT] — 7 [ Wy cos At + YW sin Az J. 
By adding and subtracting these two solutions we have finally 
p= Ale” +p? ]+ Ble” —p*], 


(79) | 
o¢=Alo?+o%]+ Blo — oo], 
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A and B being two arbitrary constants. As above developed there is a certain 
arbitrariness in these solutions owing to the manner in which the constants of 
integration were determined. They may be reduced to a normal form by multi- 
plying each solution by the proper power series in p” with constant coefficients. 
By this process we can make for 7 = 0, 


po? (0) 4p (0 \ ae (0) —o(0) = By. 


Since [ p — p™] and [o + o] are sine series they vanish for 7 = 0. 
The third and fourth solutions of the equations of variation, (51), are given by * 


or, ,O(ar,) 
Pa Oe ere 

‘80 
as er leon 
3s og es0: Caen 


In forming the partial derivatives with respect to a in the fourth solution it 
should be remembered that @{ is an explicit function of a, by equations (4), 
and that 7 is also a function of a implicitly through m. The third solution also 
ean be normalized by giving the arbitrary constant such a form that at tT = 0 


pp a0s ope Of 9 5 
The fourth solution is non-periodic and has the form 


Ap 
C ir 
ee 


oq 
(61) p= Dr +g, o=D[ hs yl, 


where ¢, and w, are periodic functions of 7 with the period 277. As in the 
previous solutions this may be normalized so that at 7 = 0 


Pr= Bas ease Ue 


It is also easy to find ¢, and y, by substituting (81) in the equations of varia- 
tion and solving for these variables, which must be periodic. 
Carrying out the above operations we find the following general solutions 


p=A {cos (1—A)7+ [—4/’ cos (1—A)7+ 3h’ cos (1+) 7T— 3 P’ cos (8—X)T | p? 
+[(— $a, + 2078" + 248") cos(1 —r)7 + (Fa, —388')cos(1+A)7 
+ (— 26? 6? — .8,8*) cos (3 — 0) 7 — -8,,8* cos (8 + A) 


+ 75<R' cos(5 —r)T]pi+.---} 
* See Les Méthodes Nouvelles de la Mécanique Céleste, vol. 1, p. 163. 
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+ B{}sin (1—2A)7+4+ [(—$ 8-8 @) sin (1—A)7 — 5, B’ sin(1 +2)r 
ae 7; 8° sin(3 —2r)T]p’---} 
+ C{[—4h’sin 27]? + [ (4,078? — $8*)sin 27 + {1 A*sindr]pt+---} 
+ D| {£86 + 26 cos 2r Ju? + (B08 — 8") 
+ (— $6; 8’ + 48") cos 27—51,8' cos 47] ut---} +7{[ 3A' sin 27] p+ 


(82) 


+ [(4R616' + AEA) sin Br — 9 sin dr] ul 4-5 J, 
o=A{[ Asin Ar — $f sin(2 —A)r]u+[ 3H 8 sin Ar 

— 428 B sin (2—2)r] e+ -—} 

+ B{[ #8 cosAr + 4h cos (2—A)7T] H+[— $68 cos Ar 

(83) — +30 Beos(2—A)t] w+ ---} 

+ C{[Beost]u+ [0] n> +--+} 

+ Dj {[48 sin 7] 4+ [(— FOB + 36°) sint] e+ ---} 
+ 7{[— $6 cos 7] ui + [(— $268 + 348°) cos 7] ut + ---} 


§ 138. Non-homogeneous linear differential equations with periodic coefficients. 


If we have a set of homogeneous linear differential equations 


dx. n 
(84) de = 8s)» (5=1, +59), 


where the @,, are periodic functions of ¢ with the period 27, we know from the 
writings of Floquet * that, if the roots of the fundamental equation are all dis- 
tinct, the solution has the form 


(85) v= » Ae b(t), 
.— 


where the A, are arbitrary constants, the «, are constants known as the charac- 
teristic exponents, and the ¢,, are periodic functions of ¢ with the period 27. 
Such equations arise in dynamics whenever we study small variations from a 
known periodic solution. If we confine our attention entirely to the first powers 
of the variations the equations are linear and homogeneous, and are known as the 
“equations of variation.” They have been studied extensively by Poincaré in 
Les Méthodes Nouvelles de la Mécanique Céleste. If the second and higher 


* Annales Scientifiquesdel’kcole Normale Supérieure, 2d series, vol. 12 (1883), 


~ 


The Ge 
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powers of the variation are considered equations of the same type arise but they 
are no longer homogeneous. It is necessary for our purpose to derive the 
character of the solutions of such equations when the non-homogeneous terms 
are periodic, even though the period be different from 277. We will suppose 
that the equations are the same as (84) with the addition of periodic terms. 


Case I. 


We will assume first that the period of the non-homogenous terms is 277. 
The equations are then 


Ix. ib 
ee) = Oye, + 9: (t) (i=1, ++, 0), 
j=l 


d 


where @,.(¢) and g,(¢) are periodic with the period 27. The solutions of (86) 
may be written 


(87) w, = D) A,ev'h,(t) + ,(t) (i=), Se 
j=l 


If in the differential equations we change ¢ into ¢ + 27 the equations remain 
unchanged, but the solutions become 


(88) w, =D A,eoMG. (t + Bor) + H,(t + Br). 
j=1 
Therefcre equations (88) are also solutions of (86), and consequently 


d n 
a alt + 2) se eG a ga 


also 
1 n 
a vi(t) = 2, Oy; (2) a g(t). 


Forming the difference of these equations we find 


d 

(89) dt [y(t 7 27 ) ~~ w(t) | a 2 [¥,(t + 27) —= Vel 2) (i=1,---,n). 
I= 

These equations are the same as (84) and their solutions have the same form as 


(85), that is 
(90) W(t + 2m) — W(t) = De Bev" by(t). 


The constants 6, in this case are not arbitrary but depend upon the differential 
equations. They may or may not be zero. Equations (90) may be interpreted 
as showing that w,(¢) is composed of two parts, a periodic part and a non- 
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periodic part. We may express it therefore in the form 


(91) ,(t) = 0,(t) + D Bete (OL,(0) 


where @,(¢) are periodic with the period 27, and the /,,(¢) are functions which 
must be determined. Changing ¢ into ¢ + 27 in equations (91) and forming 


the difference y,(¢ + 27) — W,(t), we find 
2) H(t 2n) —H (=D Bets, (Leo, (t + 2) —F,(6)], 


= 2 Be%'b,,(t) from equations (90). 
Comparing the coefficients in these equalities we see that 
(93) em" f(t +21) —f,(t) =1, 


from which we can determine the character of the functions oat) : 
For this purpose let us define a new function A,,(¢) such that 


(94) hy(t) = ef, (t) + ae 


Then by virtue of the relations (98) the ,,(¢) are periodic with the period 27, 
for we have 


“ere™ 
= ACD eet dle — oe 
ext 
= ee J, (t) + ees — gaye? 
=A,(¢). 
On solving (94) we find 
(95) ab) — 60 8he (1) aia 


where the ,, are periodic with the period 277. This expression for the f,(¢) 
substituted in (91) gives 


n n Fie 
(96) Wi ( t) al o,(t) a » Bib hy ai a e24i7 nk ew! $,(t) : 
— as 


The terms included under the last summation sign are merely terms of the com- 
plementary function. All the other terms are periodic with the period 27. 
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This form for the w,(¢) fails however if for any 7 


e2ajt — =], 
that is, if 
a, ss 0 mod /—1. 


In this event equations (93) for such values of j become 
(97) Jy(t + 27) —f,(t) = 1. 


We will define the corresponding value of 2,, by the relation 


(98) ry (t) = Fy) — ge 
By virtue of (97) A,, is periodic with the period 277, for 
A Oe 
A(t + 27) =Sy(t + 21) ec 
t 
= f(t) enone 
= A, ( t) : 
Solving (98) for f,,(¢), we obtain 
404 t 
Substituting this expression in (91), we find 
, t 
P00 ae w(t) = periodic terms + On Dseae eh, (t), 
ey 


the summation in the last term to be extended over all 7 such that a, = 0 
mod /—1. 
We have then the general expression for the solution 


nn 


(101) co ye A ,e% 6, (¢) + periodic terms + 2 Be >, (t), 
sal 


where the summation in the last term is to be extended over all j such that 
= 0 mod /—1. 

This result may be stated thus: 

THeoreM I. Jf the 0,,(t) and g,(t) are periodic with the period 2m and 
if the characteristic exponents a, are distinct and none of them congruent to 
zero mod V —1, then the particular solution is periodic with the period 2rr. 
Tf the a, are ete but some of them congruent to zero mod =, ily. then the 
par ticular solution may involve terms of the form t times the correxpan ta 


complementary function. 
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Case IT. 


We will suppose that the g,(t) are periodic and that the period is different 
from 277. We will suppose further that g,(¢) are expressible in the form 


(102) g{t)= >> [a,, cos (7+8)é+0,, sin (7+ 8)t] = Creer) aa Pero Ey, 
j 
where f“)(¢) and f(t) are periodic with the period 27 and 8 is any real 
number not an integer. The differential equations may then be written 
dx, 


(103) dt = Sa 0,0, + eva ne (b) aie bees t). 


j=l 





Since the equations are linear we can consider the particular solutions depend- 
ing upon e—!4! and e~~—1®! separately. The complete solution will be the sum 
of the two. Let us consider first 


v J 


(104) t= Ow, + eee (4), 


If we make the substitution 
ag eG - age 


equations (104) become after dividing out the exponential 


dy. —-3 - 
(105) ytV—ly,= 2859, +F(E): 
“ 


Since 0,, and /\) are periodic with the period 27 the discussion of the character 
of the y, reduces to Case I. The characteristic exponents of equations (105) 
are (a, — V —18), where the a, are the characteristic exponents for the homo- 
geneous equations (84). Applying Theorem I we conclude that the y, are peri- 
odie with the period 27 provided 


a,+V —1f8 mod Y —1 (j=1,+-+, 0). 


If, however, for any value of 7 


a = i — 18: "mod est 


then, in general, non-periodic terms will arise just as in Case I. 
The discussion for the second part of the differential equations 


Ix. ue ; eee 
(106) FET 8s FO FO) 
I= 


shows similarly that the particular integral is periodic if 


Oe cag (omen We) jae then ny 
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In equations arising in dynamics the characteristic exponents a, enter in pairs, 
equal but of opposite sign. Consequently for such equations this last condition 


a,+ —VY—18 mod Y —1 (j=1 eae 
does not differ from 


a+V—18 moody —1 (j=1,-+4 2). 


We have then the following 
TueorEeM Il. Jf the @,, are periodic with the period 27, and if the g,(t) 


have the form 


g(t) = D7 [a;, co8 (k + B)é + 6, sin (k + B)t], 


and if the characteristic exponents a, are distinct and none of them congruent to 
+ Y —18 mod Y —1, then the particular solution has the form 


w= >> [¢,,, C08 (m+ B)t+d,, sin(m + P)t}. 
If any of the , are congruent to = V — 18 mod Y —1, then the particular 
solution will, in general, contain, in addition to periodic terms, terms of the 
form t times the corresponding complementary function. 

Let us suppose that one of the a, is congruent to V — 18 med =e 
Then, in general, the solution will contain non-periodic terms. If now the g,(t) 
contain also terms of the form {2 (p + q8)t, where p and q are integers, these 
terms will not, in general, give rise to non-periodic terms in the solution, for the 
a, will not, in general, be congruent to Ws gB - Indeed, if £ is not rational, 
for no integral value of g except unity will Y—1g8=o,. But if 8 (and 
therefore a, also) is rational, then certain values of g do exist for which 


1p Af 
= lr Pay 


where 7 and j are integers relatively prime, and similarly for J and J. By 


hypothesis 
vf 
7. aa mod 1; 
then 
7 ff 
Fee 0 modl 


unless ¢ = 1+ // (7 an integer). In this event a term of the form 
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Sn (p + GA)t can also be written $° (7 + 8 )t (7 an integer) which involves only 
the first multiple of 8, and the solution in general involves non-periodic terms. 


Case ITT. 


When two of the characteristic exponents of the homogeneous set are equal 
the preceding arguments are not applicable. Let us suppose that the homo- 
geneous equations are 


dz. n 


(107) i=) 0,0 (f= 1,+--,n), 


a 
jak 


but that «4, ,=a,. The solution then has in general the form 


u; ae dX C, en ?;; ( ¢) i [ A ie Bt ] ee Pin (t) Ap Be Pin—1) ( ¢ ) > 
j= 


Suppose now the given equations are 


dx. _ 
or. = CAE. + g,(¢), 


where the 0,, are the same as in (107) and the g, are periodic functions of ¢ 
with the period 277. Let the particular solutions which depend on the g,(¢) be 


Just as in Case I we find 


(108) [We + 2m) — HC = 8, [4 (64 2) — ¥, (09). 


and consequently 


n—2 


(109) (t+ 277) — v= DD Cye'h;, (+ [A+ Bilem'$,,(t) + Bem $b, y(0)- 


The terms included under the summation sign are obviously the same as those 
treated in Case I. Neglecting these we may write 


(il 0) Wy; ( t) = er", (aa (t) +e - by,,3)( b) Ten ( t) + periodic terms, 


where f, (¢) and f(t) are functions whose forms are to be determined. 
Let us form the difference w,(¢ + 27) — W,(¢) by means of (110) and compare 
the result with (109). From (110) we get 


W(t + Qa) — W,(t) = [enn f(t + 2) —f,,(t)] em $,, (€) 
ap eee Xn—1) ( t) = hae t)] ee Pin (t) : 


(111) 
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Comparing this with (109) we see that we must have 
Cart oT 2-7 ) — f(t) == “ab ts Bt, 
Hered mn a5 27) —Sin—y(t) re B 


Let us now define two new functions 


(112) 





A’ Sra By eta Biter 
Nin (t) = emf, (0) + Fe eur tT e2%n = | ‘alle 1 — e2ant? 


Brew 
Nin p(t) = Tieep se) 4 ghee e2an™ : 


(118) 


By virtue of the relations (112), d,, (¢) and A,,_,(€) are periodic with the period 
2a, and consequently 





A’ 2a B’ eran Bt 
Fi,(t) = =e“ ox »(t) BE E an Aes i Sa (ea ez 7 | + e2an™ Pus: ‘lee 
(114) 


Fin ( t) ac eh r—D xr erant __ ’ 


where A, (¢) and A,,_,)(¢) are periodic with the period 27. Substituting these 
expressions in (110), we find 


A’ Qe Bean" Bt F 
v(t) = | 4 )~ (em 1) a (eu" — 4 7 eh, (t) 
(115) ) 
ok ——z em hb. _.)(¢) + periodic terms. 


(er = 1) 


Comparing these terms with (109) we see that they are merely terms of the 
complementary function and that therefore 


x, = complementary function + periodic terms. 


These results hold provided a, = 0 mod V—1. In the event a =0 mod Y fang) 
equations (112) become 


(116) Fi. (¢ an 2 ) = ie} =A ae Bt, J n—y(t at 27) —Sight) =L 
It is necessary to give new definitions to the X functions. We will let 


i Bee, B 
(117) NAb) =| 0) — See He, iin— p(t) = oT gas y(t) — 5-8 ’ 
which give 

} Wes A’ — Br B 
(118) Tight Deg i) 7a > Dar t, Fin (t) = uy (4) + get 
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It is readily verified that A,,(¢) and d,,,_,(#) are periodic by virtue of (116). 
Substituting these expressions in (110), we find 


B Wag ie 
(119) ¥(2)=e" | FE oe aie oh = Ee ’ p,,(t) + oe th,,,1)(t)¢ + periodic terms. 
If we let 
A’ — Bor ; dee 
oO) ae 
we get 


W(t) = em { [Ct + DP] ,,(t) + Dtdy,_(t)} + periodic terms. 


This expression is not quite the same as ¢ times the corresponding complementary 
function for in one term we have the coefficient }D instead of D. The theorem 
for this case then is 

THeoreM III. J/0,, and g;(t) are periodic with the period 27, and if two 
of the a, are equal but not congruent to zero mod VY — 1, then the particular 
solution consists of terms periodic with the period 27 plus a constant times 
the corresponding complementary function. But if two of the a, are equal and 
congruent to zero so that the corresponding part of the complementary function 
has the form 


(A + Bt) b(t) + Bboy (C)} 


then the particular solution consists of a periodic function plus a term of the 
form 


en (Ct rr 2Dt’) ¢$,,(t) a Dt$ (4) }- 


$14. Special theorems for the equations of variation. 


The foregoing theorems presuppose merely the conditions that the coefficients 
are periodic with the period 277. Further facts with regard to the solutions may 
be established when further facts are specified with regard to the coefficients of 
the differential equations. Our equations of variation (61) may be written 


d dp, = 
(120) ate ei a i 8, p, a O,0,, 


dt 29 dt 


d. o, 


dt 


do, 


2° dt 


a 8p, 4 0,0, ’ 


where the notation with respect to the @’s has the following significance: even 
subscripts denote functions even in 7, and odd subscripts denote functions odd 
in 7; one dash indicates that only odd multiples of 7 are involved, and two 
dashes indicate that only even multiples of 7 are involved. The solutions, 


- equations (82) and (83), may be characterized in the same manner, and are 


94 W. D. MACMILLAN: PERIODIC ORBITS [January 


then 
p, = Aa,(7) + Bar) +Ca,(7) + D[Z,(7) + 7a,(7)], 
anny. Chr ABO BBG CE Oe ar 
o,= Ay,(7) + By,(7) + Cy,(7) + DL 73(7) + TY,(7) J. 
o,== 45,(r) + BB (7) +08,(r) + D[B(7) + 78,(7)], 


where the notation is the same as for the @’s with the exception that in the 
first two solutions every integral multiple of 7 is increased by + Az, e. g., 
cos(3 +2)7. On these terms the dashes refer only to the integral part of the 
coefficients of 7. 

Suppose now we have the following non-homogeneous equations : 


dp dp, = 7) 

= Sas dr. O,p, + 8,0, + 9(T)> 
(122) ] 44 

do cS ay 

in Fos Bier 0. p, =r 6,0, reaches 


where g(t) and f(7) are periodic with the period 27. Since the characteristic 
exponents are VY — 1X, — VY — 1X, 0, 0, by Theorem III the solution has the 
form 


Pi = (P,) + & =(P,) + O,(7) + ara, + b[ 37° a, + 7%, ], 
p> =(P,) + &,=(p,) + @,(7) + a7B, + b[47°B, + 7B, ], 
o,=(0,)+ 7 = (9%) + (7) + ary, + bl 37°97, + THs], 
o,=(0,)+ 7, =(¢,) + @,(7) + a7d, + b[ $778, + 76,], 


(123) 


where (p,), (a, ) indicate the complementary function and &, and , are the par- 
ticular integrals, of which the , are the periodic parts. The a and 6 are con- 
stants which depend upon the differential equations. Since the & and », satisfy 
the differential equations we have 


d d : 


dt E(t) = & (7), E,(7) = 9,87) + 9,0,(7) +. 9(7); 


dt 


(124) fi 
dp (7) = (7), dq 247) ry eT) a 8,n,(7) a ACr)- 


Changing 7 into — 7 in these equations, we get 

d d a i 

dt §,(—7)=—é,(—7), dt &(—1)=—0,6(—7)+4,7,(—7)—9(—7)s 
(125) F 

a =e 

Ni (ae noth (ale a, nl —7)= +8, 6,(—7)— 8,0 —1) =F eae 
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If now we make the additional hypothesis that g(7) is an even function of 7 
and f(7) is an odd function, equations (124) and (125) may be combined into 
the following set 


Pa e+) |=) 4 B= 7)1> 


© CEalt) + Eo —7)] BL E(7) — B+ Lm (7) + n(—7)]. 
(126) 
| Pai A= 6) J =(0(7)—7,(—7)]; 


d . = 
Atte — 1a T= 9, iC) —6,(—7) eat )+ 1 (—7)I- 
These equations are the same as (120). Therefore 
&(7)—§(—7) = 44,(7)+ Ba, (7) + Ca,(r) + D[a,(7) +74, (7) J, 
a2 E,(7) + &(—1)= AB,(7)+ BB, (7) + CB,(7) + D[B,(7)+ 78,(7)], 
m(7)+7(—7)=A7,(7)+ By, (7) + CX(7) + DL 9(7) + 7H(7) J; 
m,(T) —,(— 7) = A8,(7) + B8,(7) + C8,(7) + DLS,(7) + 78,(7)]- 
Putting t = 0 in these equations we get from the first and the fourth 
(128) 0 = Aa,(0) + Da,(0), 0 = Ad,(0) + Dé,(0). 


Either A = D= 0, or the determinant a,(0)6,(0) — 6,(0)a,(0) = 0. But 
it is readily verified that the determinant is not zero. Therefore A = D=0. 
If we suppose that & (0) = ,(0) = 0 (we shall be interested only in such 
eases), it follows from the second and third equations of (127) that 


0 = BB,(0)+CB,(0), = By,(0)+C7,(0), 


and hence B=C=0. Consequently 


FS eae oe uo eae E(7)+%(—7)=9, 
m(T)+(—7T)=9, 1,(7) — 7,(—T)= 9. 

We have then 

THEOREM IV. Jf q(7) is an even function of t and f(T) is an odd func- 


tion of t, and if &,(0)=7,(0) = 0, then E,(7) and n,(7) are even functions 
of t, and &,(7) and ,(7) are odd functions of T. 


(129) 
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In the same way it can be shown that if g(7) is odd and /(7) is even, and if 
E,(0) = ,(0) = 0, then & and », are odd and &, and 7, are even. 

Let us suppose now that g(7) is periodic and contains only even multiples of 
z, and that (7) is periodic and contains only odd multiples of 7. The general 
form of the solution will be the same as (128). €&, &, ,, and », satisfy the 
differential equations 


d d = > Sa 
Ae bik™) = S2(7)5 de e267) = 926:(7) + 93m (7) + 9(7)s 
130 
(180) F ; | : F 
det) = 1(7)s dq 7) = 938,(7) + am (7) +/(7)- 


Let us denote &.(7 + 7) by &(7) and ,(7 -+ 7) by n,(7). Then by chang- 


ing 7 into tT + 7 in (130) we have 
ne Lie ae ; 2 

d7 E(t) = & (7), qq e247) = 0,6,(7) — 47, Mahar g(7)s 

(181) 


d P ; d , , 7A % egal 70 
ee (7) ae 7(T), da M7) air O,6,(7) Ts O.n, (7) = J (ee 
From (180) and (131) it follows that 


i , d 
dt [f ar 1] ‘P LE, we &], 
(132) 


; d ; : a, } 
aint nl=[m+ mJ], go lm +m) = [8 — &] + &ln + m1- 


[& -— &,] a 0, [, a co + 0, Ly, 4F ”, | ’ 


dr 


The solutions of these equations, which have the form of (1 20), are 

& — & = Aa,(r)+ Ba,(r) + Ca,(7) + D[a,(r) + 72,(7) |, 
é,— &) = AB,(7) + BB,(7) + CB,(r) + D[B,(7) + 78,(7)], 
m+ 9, = Ay, (7) + Batt) + Cy, (7) + D147, (7) + ee 
ny + 7, = Ab,(r) + BB, (7) + Cb,(7) + D[8,(7) + 78,(7)]. 


(133) 


Forming these expressions directly from (123), we get 

E, — € =o (7) — o (7 + 7) — [am + fbn’) a,(7) — br [7a,(7) + a(7)], 
£, — & = ,(t) — o,(7 + 7) — [am + db7°]8(7) — br [78(7) + B,(7)], 
m +m = ot) + w,(7 + 3) — [am + hbm*]y,(7) — ba[ry,(7) + 7,(7)], 
MN. + 9, = (7) + (7 + 3) — [am + fbr] 8,(7) — br [76,(7) + 6,(7)]. 


(134) 
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Comparing (133) and (134) we see that 
Ate Lise 0; C= — [am + fbr’), D = — br, 
a(T)-—o(7+7)=0, (7) +o,(7 +7) =0, 
o(t)—0,(r+7)=0, (7) +o,(7+7)=0. 


Therefore ,(7) and ,(7) contain only even multiples of 7 while »,(7) and 
w,(7) contain only odd multiples, and by carrying this result into (123) we find 


&, = 0,(7) + ara,(r) + b[}7°a,(7) + ra,(7)], 
E, = @,(7) + atB,(7) +b [37°B,(7) + 78, (7)], 
m = @,(7) + ary,(7) + 6 [37°7,(7) + 7, (7)], 
n, = ©,(7) + a76,(7) + b[47°6, (7) + 75,(7)], 
and hence we have 

THeoreM V. Jf q(7) contains only even multiples of t and f(7) contains 
only odd multiples, then E, and &, contain only even multiples of t and n, and 
n, contain only odd multiples. 

If in addition to the above hypotheses we suppose that g(7) is an even func- 
tion of 7 and /(7) is an odd function, then & and , are even functions of 7 
and &, and 7, are odd functions. Thereforeb=0. But if gy(7) is an odd func- 


tion and f(7) is an even function, then &, and 7, are odd functions and &, and 
n, are even functions, so that in this event a = 0. 


(135) 


In the same manner as above we prove 

TueorEM VI. Jf g(7) contains only odd multiples of + and f(7) contains 
only even multiples, then E, and &, contain only odd multiples of + and n, and 
n, contain only even multiples. Furthermore &,, &,,, and , are periodic 
with the period 27. 

If g(t) is of the form }),m,cos(j7+2)7 and f(r) has the form 
2; sin (7 + A)7 then, since + V — 1Xare the characteristic exponents of the 
homogeneous equations, the form of the solution is, by Theorem II, 


E = 2 Pe cos (A+ rN)T + DPE sin(k-—2A)7t 4+ ara,(7) + ara, (7); 


E = > ¢® cos (kat d)r+ > 9? sin (K+ 2)t + ATH, (7) + a%7B (7), 
re k 

136 

( - aa DD cos (kK+2)t+ De sin(k+2d)7 + a ry, (7) + a® Ty, (7), 
k k 


1, = >, 8@ cos (k +2)T+ Dae sin (k--A)7 + a 78, (7) ie a8, (7); 
k k 


but since g(7) is an even function and f(7) is an odd function, &, and », are 
Trans. Am. Math. Soc. 7 
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even functions and &, and 7, are odd functions. Therefore all the coefficients in 
(186) which have the upper index (2) are zero. But if g(7) were an odd fune- 
tion of 7 and f(7) an even function then all the coefficients in (186) which have 
the upper index (1) would be zero, Therefore 

TaeoreM VII. Jf g(r) is of the form ¥), m, cos(j + 2)t and f(T) has 
the form Ji ,n, sin (jE A)T, where + V — 1) are the characteristic exponents 
of the homogeneous equations, then the particular solution has the form 


E-=) ip, cos(@ = A) rer ys 

E, = >) p, sin(6 +A)1t + AzB,(rT), 
b 

”, = Dp, Sin(¢ &2A)t + Ary,(T), 


n, = > p, cos (d+ ®)7 + Ard, (7). 
d 


Also, 
THeorem VIII. Jf g(r) has the form ),m, sin(j = 2)7t and f(T) has 


the form yn, cos (j= r)T, where + V — 12 are the characteristic exponents 
of the homogeneous equations, then the particular solution has the form 


£ => 7r,sin(a+r)7r+ Bra,(r7), E& = >) 7r,cos(b+A)t + Bre Gaye 
a b 

n= >,7,cos(c+A)7t + Bry,(7), ”, = >, 7, 8in (d+2X)t + Br8,(7). 
c d 

It is understood that in the above two theorems a, 6, c, d, and 9 are integers. 


$15. Integration of the complete differential equations (50). 
It will be convenient hereafter to use the following notation for the solutions 
of the equations of variation : 


p= Aa,(7) + Ba,(r) + Ca,(7) + DL a,(7) + 7a,(7) J, 
a= Ay,(7) + By,(T) Cyt) Diy t) Ty Cae 


The a,(7) and y,(7) are characterized thus : 


(187) 


a,(7) involves only terms of the form cos [(2n + 1)+2]7, 
% ( T) 66 are 66 Counts “gin [ 2n + r | Ts 

a,(T) a6 $$ bey ate pest Ase sin [ (27-71) cea 
DOW © 2 ORB 

a,( 7) ee 6 RU cee rie athe gin [ 2n ] T, 

7, ( T ) 66 66 66 i 6c GOs [ 2n + I ] uc 

a,(T) 6 6 66 6 Ge ‘- =@os [ 2m | iC 

¥,(T) 6 ¢6 hy heh pikes BOSE hab Py’ Pes 1] T. 
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It will be convenient also to write the differential equations for p and o as 


” 


Po + O,p + O,o = Oy € + Fig €P + Faq P” + FrrgP + Foo" + °°; 
(138) ery : 
o + 6,04 0.p = Bag?” H+ Fri PF H Ayo +e 's 


where all the 6’s are periodic with the period 27, and 6, and 6, contain only 
cosines of even multiples of 7, and @, contains only sines of odd multiples of 7. 
On the right side of the first equation the coefficients of terms carrying odd 
powers of o contain only sines of odd multiples of 7. All the other coefficients 
contain only cosines of even multiples. In the second equation odd powers of 
o have coefficients involving only cosines of even multiples. All other coeffi- 
cients contain only sines of odd multiples. 
The initial conditions are | 


p=, o=Q0, p = 9, oo eA 


We will integrate equations (188) as power series in a, 6 and e, 7 entering into 
the coefficients. From Poincaré’s extension of Cauchy’s theorem we know that 
these series are convergent for any arbitrarily chosen interval for 7, 0 =7= 7, 
provided |a|, |6| and |e| are sufficiently small. The equations of variation 
involve the period 27/X. The solutions are not periodic unless 2 is rational. 
Hence @; must be chosen in advance so that 2 is rational. We will suppose 
then that X = J/, where J and £ are integers, relatively prime. Then three 
solutions of the equations of variation are periodic with the period 2/7. 

Since p and o are expansible in powers of a, 5 and €, we may write 


i esa OU ap Poi® a Pooi€ a Paoo® ae Pi19%9 as Pave ta Pini? “a PoE ste Poors Te 
Pie F199 %h F190 + Fyp€ ae F yy a T1928 25 F pn90” HF yy FE + Fy PE + Fy praarins 


Substituting these expressions in the differential equations (138) and equating 
the coefficients of similar powers, we have : 
Coefficient of a. 
Prov + FsPico + 937100 = 9, 


Cade ot I, 1 =i Gop = 0. 

The solution of these equations is 
Pio = Aa,(7) + Ba,(7) + Ca,(7) + Da, (7) + 72,(7)], 
Foy = AY, (7) + By, 7) + Cy,(7) + Diyg(t) + 77,(7) ]- 


In order to satisfy the initial conditions we must have, at 7 = 0, 


, , 
Pin = 1, Cig 0, Pin = 9; hh oe 0. 


100 W. D. MACMILLAN: PERIODIC ORBITS [January 
From these conditions we find 

Ad,( 0) + Da,( 0) == 1, 

Ba,(0) + Ca,(0) = 0, 

By, (0) + Cy,(0) = 0, 

Ay, (0) + D[¥,(9) + ¥,(0)] = 0. 


The solution of these conditional equations is 


(139) 





pao, an KON 4, 
(140) 
G0. pe ae 
Te he Ry, A 100? 


A= a,(0)[%3,(9) + ¥,(9)]—4,(0) 7, (0). 
Hence the solution is 
Prov = Aivo%(7) + Avo L%4(7) + 7453(7) J 
Ting == Alon Ye UT) se soon geno tata 
Coefficient of 6. 


(141) 


ca ore 9. Poro + 0505; = 0, 
(142) 
Tory + Vette CaP ae 


These equations are the same as for the coefficient of a. From the initial con- 
ditions we must have at tT = 0 


pe oO =0Q, Ores rope =1. 


010 010 
The solutions are 


Poy = A or a, (7 peeve Me a7) 4 70,(7) 1; 
ON Nes Ayia Teeter Pys(a)- ry.(7) 15 
%(0) 
ae 


(143) 


where 


A, ss ee FA 2 ne 


010 


Coefficient of €. 
(144) Rom oes 9, Poo, oh es =e Oints 
ait spit 4% + O Poo = 0. 


The right member, 6,,,, is a periodic function of 7 with the period 27. Further- 


more it involves only cosines of even multiples of t. Hence by Theorem V the 
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solution has the form 


(145) Pon = Aa,(7)+ Ba,(7)+ Ca,(7)+D[a,(7)+72,(7)] +4,(7)+a7a,(7), 
Fp — AT) + By, (7) + Cy,(7)+D[7,(7)+77,(7)]+7,(7)+e77,(7), 


where a is a constant depending on 6,,,, a,(7) is a cosine series involving only 
even multiples of 7, and y,(7) involves only sines of odd multiples of 7. 
From the initial conditions we must have at 7 = 0 
Pon = 9,5 Cy = 9, Pon = 9, To = 9. 


001 


Determining the constants of integration so as to satisfy these conditions we 
have the solution 


Poon = Ae a, (7) aE aks [o,(7) a5 Td, os) | 1P a,(T), 


ae) Ao A® \ 
8%) ane ae) + Ajo: ee) as Ty ..7))| Og %e(T)s 


where 


1 
At mak [2,8; ny a,( Bs a B, )]. 


> 1 , , 
Zikee rok [2,8; Ar B,]. 


ag(T)=o,(7)—aa,(7), %(7)=%(7) — a4,(7)- 


It will be seen later that the value of a,(7) for 7 = 0 plays an important role, 
so that it is necessary for us to verify that it does not vanish. By hypothesis 
a,(7) is the periodic part of the particular solution for p in the differential equa- 
tions (144). Let us put in these equations 


Pon =P +474,(7), Foy = H+ ary,(7), 
where ¢ and wy are the periodic parts of the particular solution. We find 
p+ 0,6 + OA. = — 2aa,(7T) +14 [(— 36) + $8’) — 38’ cos 27] w+ .--, 
W" + On + 0,6 = — 208; (7); 


or, 


$’ + 0,6 + Oy =1 + [(— 367 + $A?) — 2(a, + $) 6? cos 27] w’, 
y+ Opt Orie = 2a,A8 sin Th+:-:, 


where we have substituted 
a=a,+ a, +---. 
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The functions ¢ and wW can be expanded as series of the form 


=H teete, Pawet wet 
Then we get 
d,+%4=1, so that o,= 1+ ¢,cos7, 


Wi tw, = (8 — 2a,)P sins + 3Be, sin 27. 
Since y, is periodic we must have a, = 3, and then 
v, = ¢, sin 7 — 38, sin 27, 
gb; + $, = — tc, 8’ cos tT + other terms. 
Since ¢, is periodic we must have c, = 0. Therefore 
g=a(tT)=14+ P(e), a= s+eP,(2), 


a(7)=0+4+ [38 + 3P’ cos 27] pw’ + - 
Consequently 


(149) 0,(0) = 4,(0) —aa,(0) =1+4 w P,(H’), 


an expression which does not vanish identically. 
Coefficient of a. 


(150) Pane A Os Pins ar CBr =; Bean 
oon 35 0, Foy 1 Gs Pan = pee 


The right members of these equations have the following expressions : 
Tg = Ai [P59 + Fi %M% + ooo Ns | 
+ AMG, AM), [ 28.95% ( TH, + 2.) + O,,,{ a, (TY, + 3) +, (7%, + ,) } 
bt 26 ons OLY ie 
AGYo Bap 725 + 4%)? + yin ( TH, + 2%) (TY, + Ys) + Foon TH + Y—)?] 
Sern = A, | Once a2 1.015% Ta 
+ A A® [26,.)%,(Ta,+ a,) + 9, {o,( Ty, + Y5) + ¥,( 7%, + o,)} 
+ 286% (77, + Ys) ] 
+ A® [Bo ( 7a, + a,)? + 8,5( 70% + 2,) (Ty, + %5) + Foon TY, +9) 1 
The initial conditions are 


Deve 0s oc, = 0, Pp =.Ue a =O. 


200 
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Since equations (150) are linear, and their left members have the same form as 
‘(51), the solutions will have the form 


Poy = Aa, + Ba, + Ca, + D[ ra, + a,] 
+ Ait P1(7) + Ast AG ba(7) + AR 45(7), 
Oy) = Ay, + By, + Cy, + D[ ty, + 45] 
+ Att va(T) + Ait, AG val 7) + AR Wy (7). 
Imposing the initial conditions we find 
B=C=0, 


0109 )2, (0) A [v.(9) + ¥3(9) ] Aw? 


(151) 








e v,(0)a,(0) — fl) [y,(0) + ¥3(0)] A®, A® 


L00 





100? 


 Ya(O)44(0) = 84(0) C0) + 600) pap 








pm 2199) — ¥i(0)e4(0) gop 4 FAO) Y= V0) 40) gop 4 


100 100 





Substituting these values in (151) we have 
Pam = AQ, ®,(7) + AQ, AQ, %,(7) + AQ a, (7), 


100 100°2 


a0 = al YT) + AX A f0¥a(7) + sh Y3(7)> 
preva) 2208) = ie BAG. + 7; (9 )] a, (7) 


(152) 
where 


av (7) oe $,(7) 








0)y/(0)— Ww’ (0)a,(0 
FT Cates) 


Per (x) ee) +7;(9)] " 


COD) = HO) 400 





(7) 





Pe eryi(2) 1s 


and similar expressions for w,, y, and x,, 7/,, which we shall find later [equation 
(172)] do not interest us. The characters of ~, and y, are known with the 
exception of ¢, and wf, which we will now investigate. The functions ¢, and y, 
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are those portions of the solution of the differential equations (150) which depend 
upon the coefficients of A“. These coefficients are homogeneous of the second 
degree in a,(7) and y,(7). In &,, and S,,, 
O02 
8... 91) and 6,,, contain only sines of odd multiples of 7; 


2009 ~ 110 


a,(7) has the form a, = 24, cos [(2h +1)4A]7; 


=, the expressions 


6,,, and @,,, contain only cosines of even multiples of 7; 


y,(7) has the form y, = 2, sin [2k+2]r. 


Consequently, so far as the coefficients of A®, are concerned, F,,, and S,,, have 


the form 


R (2a cos 2kt + 2. He 00s [2k Qn] 7A ee 


200 — LOU 
‘le = eee sin (2h +1)7 +4 2 oP sin [(24k + 1) + 2 ]7} Ay 3 


By Theorem II terms involving 2X give rise only to periodic terms in the solu- 
tion whose period is 2K7r. By Theorem V those parts of p,,, and o 


ing upon the terms in /?,,, and S,,, 


299 depend- 


ea which are independent of > have the form 


p=p,(t) +era(t), = p,(r) + er,(7) 


respectively, where p, and p, are periodic with the period 27. Consequently the 
characters of ~,(7) and y,(7) are 


(153) @ (7) = %,(7) + ¢,7a,(7), y(7) = 0,(7) cry ae 
where (7) and ,(7) are periodic with the period 2/7. 

Coefficient of a6. 
(154) > Ping + Fe Pio + 95 F119 = raps Tit ior th Us Pup ete 


where 
Bip = ZAG Agta | Oo %s +O ance iene peta 
ee AbD] [2 Fay Ho(T% + %) + i {¥) (7% + 2,) + (TY, +5) } 
+205, (TY +s )] 
+ 2A, AO [ony (TH + Hy)? + Fi (THs + %, (TY, + 3) + Poo (TY, + 5)? ]> 
Fel occ 2A0 ADT 6,02 7+ ees a9, + Gon? | 
+ [AQ AD +AD AD] [28 p59 %2(TOs +4) +519 {V4(7%5+2,) +%(TY, +5) } 
+ 28% (7%, + %)] 
+2A? A®[O,., (Ta, + a4)? + ,15 (TH, + 2) (TY, +3) + Poop (TY, + 5)? ] 
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The functions 7,,, and S,,, differ from 72,,, and S,,, only in the constants Bs 
The initial conditions impose the same conditional equations. Consequently the 
solutions differ only in the constants A,,,, so that we can express them at once 


without computation : 


Paro = PAY Foro (7) + [Ato Abie + Atco A oro] (7) + 24% A103 (7) 


(155) 100 010 100 100 OLO* 
— (1) (1) (1) (2) (2) ab ap 9 A(2) A(2) 
F149 = 2AM, AN (7) ae Ama ie A An Ys (7) ty 2A A Y,(T)s 


100 010 


where the »,(7) and y,(7) are the same functions of 7 as before. 
Coefficient of &. 


By symmetry with the coefficient of « it is seen that 


Pom = AMa, (7) + AG, A®, 0, (4) + AR», (7), 


010 O10 010 010 °*3 
Peat (1) 4(2) (2)2 
CF 20 ae lve ¥,(7) a Annes a= AT y,(T). 
Coefficient of é. 


Since the coefficients of the first powers of « and 6 were homogeneous in the 


(156) 


A,,, of the first degree, the coefficients of a’, a8 and & are homogeneous in the 


A,,, of the second degree. The coefficient of the first power of ¢ is not homo- 
geneous in the A,,,, hence the second power is not homogeneous. But if the 
functions a,(7) and ,(7) were zero the coefficient of the first power of ¢ would 
be homogeneous. By symmetry therefore, we can at once write down the terms 
involving the A,,, to the second degree. To these must be added terms in the 
first degree and one term independent of the 4,,,. 


The differential equations are 


ut 

Poor + 9, Pros + Oo ss = loos 
a”; 

F o02 aS Oars a8 OF Pigs aa ie ’ 


(157) : 


2 g 
002 = Foo Poor + F110 Poor Foor + Pox F001 a 801 Poors 
rs Re a) 7 ie 
Soo = Foo Poor + FrioPoor F001 + For %01 * 


The terms involved in these expressions are shown in the following table: 


























Roo. 
4 
2 1 ; 2 pve 2) Multiplied 
Term | 4{)) Ao1 4 bot AG | A dol AM 1 | Wee oy 
| | 
Gis ee ee 
Poor a3 | 2a, (Ta, + a) (Ta, + a,)? / Qdg, | 2d, (Tas -+ ay) ag | A299 
| | | 
1 (743 + a) | %1% | %(TY¥st+ 73) aw 
Poor % a, Tas +) (TY~+73) | Ge V6 | 110 
001 ~ 001 21 + a, ( TY, --y,) ( 3 4 ( ‘4 as QY¢ as Ye ( Td, == ay ) | 
oon Yi 271 (TY4+ Ys) ryi = ’s)* / 211% | 2(Y%,+73) 7% | 020 
| 
Poor | @ | (Ta3-+ a4) a | Ao 
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In order to obtain the S,,, it is necessary in the above table only to change the 
an in the last column into Bi, 


The solutions of equations (157) may be expressed in the form 


(158) Po = AD a,(7)+A2, A®, (7) + AC a(7) + AY, (7) + AY), w(7)+0%(7), 
© Fyn= AGH (7) +AQ, AQ, yol7)-+ AG y(t) + AQ, y4(7) + AS, Us(T)+Ye(7)- 
The coefficients of A‘, 


first degree in a, and y,, every term of which involves the first multiple of Ar. 


in the differential equations are homogeneous of the 


Hence the solutions for these terms by Theorem II involve non-periodic terms, 
and we can write 

w,( 7) mee P,(7) =F C,72,(T ) ar C, 7A, (T ) ? 

y,(7) = 0,(7) +e7y,(7) + O7Y,(7), 


where ,(7) and ,(7) are periodic with the period 2/7. As is seen from the 
table, «,(7) and y,(7) do not involve the A. They have therefore the form 


(159) 


(160) u,(7) = ®,(7) + ¢,7a,(T), 
Y(T) oa (7) aa C,TY,(T)- 


It will be verified in (172) that we do not need to know the character of «, and y,. 
Coefficient of ae. 


The differential equations are 

Pier + OsPin ch be Car eae 

Oro + OS + Os Pi = Dae 
Bein = Feo L2Pio0 Poor] + Frio C Pro For + Poor F100.) + Fo20ol 2100 F001) + F101 Pi00 
Sion = aq [ 2Pr00 Poor] + Frio [Pr00 F001 + Poor X00) + P20 F200 001 J - 


The following table shows the character of the terms entering into these 


(161) 














expressions : 
Ryo 
; | 
aia (1) 4(2) 2) 40 KEM FIC a 2 rohit 
| 2A 100 A bo Riss A 01 +A tea A $1 2A) AG | A ta | At mia esi % 
| | 
Pio0Po01 | a5 Zay ( Tag -+ ay ) / (Tag + oy )? | Qo, % Qag ( Tag + oy ) 9209 
| 
Pi00 %001 | % ( Tag + ay ) | Og (TY. Ya 
ey y |( Togo) (TVs 4+ 7s)| 1671 + Ye yee 10 
+ Po01 F100 + a (%4+7s) | ‘ | a) | Ye ( Tog dean) 
F190%01 | Yi | 271 (H+) Cae oe 9 ae 21176 27¥6(T%, +7) B20 
| | Gy ( Tag + a, ) Gio 








P100 | | 





In order to obtain S,,, it is necessary only to change the @,, in the last column 
into Gr: This table shows that #,,, and S_,, differ from /2,,, and S,,. only in 


101 002 
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the constants A,,. Since the initial conditions impose the same conditional 
equations as for the coefficient of e? we can at once write down the solution 


100 001 100 001 100 ) 
=F a sal ys (7) ~F Aye UT ) tf Avo %(T T), 
= AY AY OT )+ [ A® A® 2) 4 ly, (7 T) 


100 100 001 Ag 00 Pals 


1 eae ate Ase YT T) ot BAT ): 


= 9, A AY op a(t) +[ A® A” + A® oe es (7) 
(162) 
Coefficient of de. 


This coefficient can be obtained by symmetry from the coefficient of ae by 
permutation of the first and second subscripts of the A,,. Therefore 


Pou = BA eA wt ® @, (7 ) a esha yees ae AT Ais IAC T) 
ioe ote AAMT Atel v,(7) ae oe av, (7) a Ato® 5 T), 


= 2A Ate 21(7) +[Agto At + Adio Aon 1¥2(7) 
+ ZAR}, Ag ¥s(7T) + Agioys( 7) + Ario¥s(7)- 


This concludes the computation of all terms up to the second order inclusive in 
a, and e. In order to establish the existence of the periodic solutions it is not 
necessary to carry the computation further. 


$16. Hvistence of periodic orbits reéntrant only after many revolutions. 


We have chosen the initial conditions so that at t= 0 the particle is crossing 
the p-axis orthogonally. It is obvious geometrically that if at any future time 
it again crosses the p-axis perpendicularly the orbit will be a closed one and the 
motion in it will be periodic. The conditions that the particle shall cross the 
p-axis perpendicularly at 7 = 7’ is that at this epoch 


p=a=). 


The equations of variation have the period 2/477. Therefore we shall choose 
T= Kr. Since p is an even series in 7, and o is an odd series, all the purely 
periodic terms in p’ and a are sines and consequently vanish at t= Ar. The 
terms which do not vanish must carry 7 as a factor. The conditions for 
periodicity give us two equations, namely, at 7 = (7, 


Po =O = yy KH Ay d $ Ay € + Fay % + A448 
0.) Ov te ae 0d, O64 Os +s 
‘020 101 oll p "002 ’ 


(164) 


g=0=b,,.4+ boi =f bon € ah Bag & 1 by 19% 


+ Bpap 0 FBig, GE + By, Se + Oye’ + +s 


100 
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where @,,, and 6... are the values derived from the series just computed. Their 
values ne as ites ; 


— (2) a — (2 pa (2) 
Tio AX ts Avotts Ay. = al Uy 
(165) 
(2) 2 —_ A(2) 
oT = Ages Oot a Annes Des he Ags 
Ay [aye (1) (2) (2)" >, 
Ayo) = = AN ®, che AG a AMZ, 


1) (1) (2) 7 (F 
Bong = a ANY, teeter ous a AY 0043 


() 4Q) mm @) 4@) 9 A® A® FH 
Ay) = 2AM Ago, + [AQ A renee hr bio | + 24 Ann# 


100 010° "3? 


bi = a DA ee ain th rr [Avie unte fa AY eh AE Y. + 2A‘) Ee 


100 100 01 


= AYE + AM A® @, + AMR, 


Ayoo 010 010 0103? 
a5 Cary Ge eA Qasr Our 
Dian = 7a bee 1 a AD A Yes + As, 
— 2 4) Oran (1) (2) (2) (1) (2) (2) m (1) 

Ao = va beets Meters wv ap beara ke 1 Aves 1.1 a 2A Ame cs Aiea is AG 5? 
Bh Noy Ae ae @) 4@ (2) A(t) 9 A) Az (1) (2) 
Omi = JAG A 7. [ee eee | 001 oF A weer ap ye Wel PANT af Ava: 5 & Anu 
— 9 4.) (es (1) (2) (2) (lates (2) Qi me GQ) » ue (2) 

2A) et on hh ot [ Any A va a A Asani 1% ZAG Agi Xe 3 Avot a Ato Xss 
NG, - (Ll) 4, (1) (2) (2) ( 9. A(2) (2) 7, Ota (gay 
oe 2A AY ant [eae haed a3 Alo. aa or 2A aas 01 Y3 + A o0¥e a A 010 45? 
e= @ AQiz (2) 5 3 (Qiee 
Ayo = A wv, is ws Web iE w, xs Ark 8 A 1° Avene te Xs 
Oury aby ARO) op (2) (1) 
Bvo2 = A 001 V1 3H Zhe yg) 2 + ANY, aT Arey 4 a ACY 5 om Yo 
where 
da 
rade 3 Ey, 
“= Kor A ad kay, 
(166) 
dx. 
= ; = E! 
= aan Ope at tT = K7. 


Let us solve now the equation (164), p’ =0, for e as a power series in « and 


6. We obtain 
(167) e=e,ate d+e,a +€,06 + €,0> + 


= 


where the coefficients ¢,, have the following values : 


Ling 
See oon ’ 
a) 
001 
bilge Vo 
Ole ae te | a...” 
001 
€ Loop Gin — Doo 01 oor ae QL make 





DY ae ’ 
Bio 
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Bs 
ee eee 19 Gor — Mr Goo %01 = 1m C10 Gor 29, A 9 10 
1D a ’ 
001 
a 2 2 
Pe ie) a Ay G10 C01 a oo2 C10 
02 7 a ‘ 
‘001 


Solving now equation (164), c = 0, for e in terms of a and 6, we obtain 
(168) e=€,a+te, 0+ 6,07 +6, 06+6€,0+--., 


where the ey have the same expressions in the bm 28 the cr have in the a 


Subtracting (167) from (168), we have 


kim * 


(169) 0= [ép—€,.]%+ [€,—€) |O+ [€,—€) J + [€,,—€,] 28 + [€,.—€,.] +--+. 


We must now examine the coefficients of this series. 








(2) (2) 
[é =e ] Dioo Ore = AMjo % a Als =) 
10 gl p= Tels ~~ A) x» JINOGR 
001 001 sO Ole 001 
(170) 
(2) (2) 
[é ie ] a Vio Bn b< Any u Ara =n) 
Ol 10 ie ce == FG Oo GO a ee 
Vor Bint A oo1 Aa @ 


Both of the linear terms therefore vanish. 
degree terms is somewhat more complicated. 


The computation of the second 
It simplifies matters somewhat 
if we observe that the €,, have the same expressions in v and the y, as the ¢,, have 


in wand x,. It is sufficient therefore to compute one and derive the other from 


it. From (165) we have 
4 
— = 1200 Fro Finn _, F002 Fig 
‘20am a a a : 
OOL O01 001 


Substituting in these fractions the values of the a,,, from (165) we get 


1 








a 9 9 ‘ rs by) D) 2, 
SAL ate (oe (2) () 4) 4@)* 2 (2)* 4 (2)* “73 
Bk Ae | 495 42% aL a A Ay Ay U ae re Pale 
‘001 Pa bee ; 
ee 1 > x rs ae, 
100 101 9 Ad) A) Ad) AQ) _1 eA eA Aree) ACY Ae] £2 
~~  @ as sap | ~2 4A A Ag, U Fi AoA to A601 AI be U 
001 001 
171 9 Am gor es AWM 4® 4@ W, — Ae 4® Xs 
( ) et 00a 001 100 *~ 100 **-001 100 ~~ 001 ’ 
U U U 
a a? x x a 
i210 (2? 4ar" (227 4d) 4) 22 (2)? 423 
a eae 4 | Am gh U ae el Aon Ava uU ite AY AT uU 
F x” 9 xe » Xe 
(22 4a) “4 2 42) 5 4226 
ae Ave At u = Ba At U pad OU) U | 
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For the sum of these three expressions, there results 


1 = 
Ged AQ 4@ _ 4@ 4a 2 
<n ae [ 100 **-001 100 A Ele Ba u 


(172) 001 : 
~~ [AG AC — A®, AY] A®, i Ae =| 


001 ae 001 100 U 


the coefficients of %,/w, x,/u and &,/u vanishing identically. This is the reason 
why it was not necessary to compute w,, %,, and x, in (152) and (158). 
Changing the «, into 7, and u into v gives us —€,,. Hence 


9 2) ve yY 
Lé 20 9 | = <a | [Aiea An i Ag Ag, | a 
001 


a OY a) 2 
me Ale} @) 4(2) (2) 4() sr ae OF | ae 
AGA Da Wyss bo ig Aw | Us | ae Ags | uU )} 3 


But [%,/u—y,/v] and [@,/u —y,/v] both vanish since 


(173) 


Dee a Ui, = Cath 0,01 4, Y= C05 


as is readily seen from (1538) and (160). It is also seen on referring to (159) 
that [%,/u — y,/v] does not vanish, but is equal to 


oe eee 
1. lie tO i re a | eee 


(2) Q) 4@) (2) 4d) Vy 
— Ato [Ave 001 cv Ava Ay ul _%h 
Ae u Vv 


001 


Hence 


(174) Le €o9— Ex |= a: 





Without repeating the details of the computation we find in a similar way 


(2) Q) 4(2) (2) A) (1) A(2) (2) A(1) 
Avia pay rho, Ate raul meh LAN eour Peat aa E | 
9 





(175) Lenaeend Saas 





Ag wv 
(2) a) 4) (2) Ai) = — 
(176) [€,.—€.] = _ Avtol Acton — Ay Avo crea 
ote A® uv 


Substituting these values in (169), we find that the second degree terms in a 
and 6 are factorable. Thus (169) becomes 


1 w 2) 2 
ary ag Lena | Ae + ARE AR 48 — 48 ae 
001 
+ (AW, AO — AO A e-aae “]. 


There are therefore two real solutions for 6 as power series in a. Substituting 
these values of 6 in (168) we find the two corresponding values of e. In this 
manner we find : 
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First solution. 








YW EV aie We abe Ve aye 7; (9) 
a0) AQ,As AB, A9 * += a aa, + 5,(0)% + 
Meee ete ee 
~ A® A® — A®, A a, — Aa, ~~ a(0) 
Second solution. 
A! : Y ‘ 
ba Ghat = Bad +---=¥9,(0)-a+.-., 
(179) 010 
Avro Avo ay 0 rn 
€= 5) a— (2) a — “a aerate 
~ A® A 


where «, and y, are the quantities defined in (147), and ¥/(0) is the value of 
dy,/dt for 7 = 0. ‘Thus one solution for ¢ begins with the first power of a 
while the other certainly does not begin before the second, but in both solutions 
5 begins with the first power of a. 


$17. Construction of the solutions having the period 2K7. 


We have just proved the existence of series for p, o and ¢ proceeding in 
powers of the initial value of p (let us call this value e).* The series for p and 
o are periodic in 7 with the period 2/7, and since this condition holds for all 
values of e sufficiently small each coefficient is separately periodic. The series 
for p is even in T, and the series for o is odd in t. ‘These series have the form 


p=petpet+pet--, 
(180) o=o0,e+o,e+o0,e+---, 
e=eet+ee +668 +---. 
We may substitute these series in the differential equations and integrate the 


coefficients of each power of e step by step, and determine the constants in 
such a way that p and o shall be periodic, and satisfy the initial conditions 


(181) p(0)=e, o(0)=0, p(0)=0, o(0)=8, 


where 6 is a constant at present unknown but to be determined in the process. 
Substituting the series (180) in the differential equations (138), we find for the 
coefficient of the first power of ¢ 


(182) py 1 8, p, af 0,0, cane ae €i> oy ar 0,0, UR A; p, = 0. 


* The reason for changing a to e is that this parameter corresponds to the eccentricity in the 
two-body problem. 
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Since by the condition of orthogonality p must be even in 7 and o odd in 7, the 
solution complying with the condition is 


(183) p, = A®a,(7) e D[ ra,(7r) + a,(7)] + €,[ara,(7) + 2,(7)], 
o, = Ay (7) + D®| ay, Cr) + 9,07) +e[ary,(t) +9,(7)]; 


where a,(7) contains only cosines of even multiples of 7 and y,(7) contains only 
sines of odd multiples of 7. 
In order that this solution shall be periodic it is necessary and sufficient that 


D® = — ae,. 
Upon imposing this condition the solution (183) becomes [see eq. (146) | 


Pie Ae ATs) a | 4,(7) iid aa,(7T)] a AY om.) as €,4,(T), 
og, = AMy,(T) + &[% (07) 07 (T)] —=ASy, Cnyreoy eae 


It remains to impose the initial condition that p, = 1 at7=0. From this 
condition we get 


(185) 1 = AG, + 6%, 


(184) 


where @, and ~, denote the values of these functions when 7 = 0. 
Coefficient of &. 
(186) p; se OP, AR G.c5 a Gi €, + lea €,P, + Pet uF P10 Pi% ae Cae 1m fe, , 
o, a7 0,0, a OP “7 Boy Pi ae OP. 7 a Bon lia S). 


Every term of £, and S, contains either A™, €, ore, as a factor. Arranged 
in this manner we have the expansions 


B= A [Oy 02 + 9,1) 5% + Yoo V7] 
+ AMe, [ 20,0, + Oi (%1% + %V%e) + 2A 20% %5 + Fro: 2 | 
He? [sp FH 115% Ve + Fo0n¥3 + Fi % | 4 one 
IS, = AM [Bap + 9% + FyaoVe | AM! [2F 6% + F 19M + 29%) + 2950071 
+ [8,02 + O11) %5%5 + yop V2] « 


In order to understand the character of the solution of these equations we must 
examine the character of the various terms. The coefficient of A®* in both 
f, and S, is homogeneous of the second degree in a, andy,. Its expansion 
therefore involves terms carrying 27 and terms independent of X. By The- 
orem II the solution for the terms in 2ArT is periodic. The terms independent 
of X are cosines of even multiples of 7 in /2, and sines of odd multiples of 7 in 
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S,. These terms have the same character as those in the coefficients of e? and 
e, and may be considered under the discussion of those terms. 

The coefficients of A‘e, in both &, and S, are homogeneous of the first 
degree in a, and ¥,, all terms of which carry the first multiple of Ar. By The- 
orem VII the solution for p, will carry the term ta,(7), and for o, the term 
Ty,(T). Non-periodic terms of this character do not arise elsewhere in the 
solution, hence, in order to avoid them, we must take either A“) = 0 ore = 0. 
If we choose A” = 0, then, by (185), «, 
e, =1/2,, thus agreeing with the first solution (178) of the existence proof. 


is determined so that we must have 


But if we choose e, = 0 so that by (185) A” = 1/2, we are in agreement with 
the second solution (179) of the existence proof. We will commence by devel- 
oping the first solution. ‘This necessitates the choice A’ = 0, ¢,=1/2,. 


First solution. 


Since A = 0 all terms in 2, and S, which carry Ar or any multiple of it 
vanish. There remains 


fi, =% € es a a Gi ae 16 aF es Ne aR ea a, | ar: € Ons ’ 


Sy = € [Faq % + Fi10% V5 + Poo0 V6 J - 
We have also 


(187) 


RQ fat 


a (7 _,(T) 
8) lee ele ar 


It is easy to characterize 2, and S,. #, contains only cosines of even multi- 
ples of +, and S, contains only sines of odd multiples of tr. Since p, is even 
in t and a, odd, the solution satisfying this condition is 


pP,=A®a,(7)+D[ 7a, (7) +o,(7)] + [7,(7)+4,74,(7)] +e,L4,(7)+ara,(7)], 
g,= Ay, (7) + D?[ry,(7)+95(7)] + [8 (7) +4, 7% (7)] +6[75(7) +7, (7). 


In this solution the terms are grouped according to their origin. The first 
two terms are the complementary function. The third arises from the terms 
carrying ¢; as a factor. The fourth arises from the terms carrying ¢, as a 
factor. a, is a constant depending upon the coefficients of ¢{ in the differential 
equations. «,(7) and y,(7) are the same functions as in the coefficient of the 
first power of e. By Theorems IV and V, 7,(7) and ¢,(7) are periodic func- 
tions of 7 with the period 27 and so constituted that ,(7) contains only cosines 
of even multiples of 7, and ¢,(7) contains only sines of odd multiples. 

In order that p, and o, shall be periodic we must have 


D® = — a, — aé,, 
Trans. Am. Math. Soc. 8 
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and this makes 


Pp, — A® a, (7) le €,a,(T) Sr n,(T) wat a,4,(T), 
= Ary (7) + €,%6(7) a Seer) ea Q,,(T)- 


In order that we may satisfy the initial conditions we must have p,(0) = 0> 
and this determines ¢, so that 





A® is not yet determined, but it is obvious that it must be zero in order to satisfy 
the periodicity condition on the coefficient of e*® in which the non-periodic parts 
arising from terms involving the first multiple of Av carry A® as a factor. 
Hence the only way to avoid non-periodic terms of this character is to choose 
A®=—Q. Anticipating this step then we have 





A, cag) \ 
Poe ram enc CA me el), 
(191) f i 
a,.a,— 
G a 2, (7) a c.(r)) aa a,%3(7)- 
6 


Hence p, contains only cosines of even multiples of 7, and oc, contains only sines 
of odd multiples of 7. 
It remains only to show that this process of integration can be carried on 


indefinitely. Assuming that up to and including p,_, and o,_, every p, and o, 


eS 
is periodic with the period 27 and that the p, contain only cosines of even 
multiples of 7 and oc, only sines of odd multiples of 7, except that p,_, contains 
the term AC~a,(7 ) and o,, contains the term A“) y,(7), it will bs shown 
that the same conditions obtain for the next succeeding step. For p, and o, we 


have from the differential equations (138) 
p, zh 6, p; ae 0,0, — A € i ar A ay Rite € a, ae 26 Ps ay 


(192) + Oro Pi Vr +152) + 29556 07 ee 
o; amie oO; es P; = A DF 28 wy Py % + Biro ( Py VAS; %) +2896 1% | +¥;. 


From the properties of the differential equations it is readily seen that ®, con- 
tains only known terms all of which are cosines of even multiples of 7, and that 
W, contains only known terms all of which are sines of odd multiples of t. The 
coefficients of A“~" are homogeneous of the first degree in a, and y,, and con- 
sequently each term involves a first multiple of Av. Their solution gives rise to 
non-periodic terms of the form ta,(7) and 7y,(7). They carry A°~” as a 
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factor, and since terms of this type arise nowhere else in the solution we can 
make them disappear only by putting A°- = 0. The solution for (192) then 
has the form 


pP;= Aas) +D” [ 7a,(7) of a,(T) | ty [7,(7) 1 A,70,(7) | + €; [2,(7) af ata.,(T) | ’ 


(193) ¥ | ; 
o=AMy, (7) + D?[ry,(7) +7(7)] + [8,(7) + a77,(7)] +¢,[7,(7) + a77,(7)], 


where ,(7) and ¢,(7) are periodic with the period 277, and by Theorem V, »,(7) 
contains only cosines of even multiples of 7, and §(7) contains only sines of 
odd multiples of +. 

For p, and o, to be periodic it is necessary and sufficient that 


D” = —a,—ae,, 
which makes 
p= AMa, (7) + 0,(7) — a,4,(7) + €,0,(7), 


(194) | 
Shi ee, an o,(7) a a;Y3(7) ag €.%6(7)- 


From the initial conditions we must have p,(0)=0. This condition deter- 


mines €, to be 
Gf 65) 7. — AMG, 
gs 4 ead j 2 





es + 
Oe 

Thus the constants are uniquely determined. The p, and o, have the properties 
assumed for those having lower subscripts, and the process of integration can be 
continued indefinitely. Every A‘ is zero, Since no terms involving the Xr 
enter, the solution has the period 27. But the orbits represented belong to 
the class of generating orbits from which we started. In other words, we set 
out with a generating orbit for which the initial distance was, let us say, 7,, and 
we have found another generating orbit for which the initial distance is 7, + e 
(e arbitrary). There is nothing surprising in this, for 7, is a function of an arbi- 
trary constant 8. Let us suppose we had started with a definite value of 6, 
let us say 8,. This gives us a definite generating orbit with a definite initial 
distance 7,. Let us seek now the generating orbit for which the initial distance 
isr,+e. If e is sufficiently small we can evidently give an increment € to 8 


which will increase 7, by the amount ¢. We have 
™=S(B,)s 
rte=f(8, +€). 
Expanding the right member of the last equation by Taylor’s theorem we have 


on alae 
ee ee Ee 
op, + 2 9p 


6 = 
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and by inversion, since 


ie 
OB, 


e=eetee+---. 


which we might write 


Then by substituting in the generating orbit 
B=f,+ee+ee+4+--- 


and arranging as a power series in e, we would obtain the generating orbit which 
we sought. As these are the same conditions that are imposed when we seek 
new orbits through the equations of variation it is to be anticipated that one of 
the class of generating orbits satisfies the conditions. 


Second solution. 


We return now to equation (186) where the two methods of satisfying the 
periodicity condition presented themselves, and we shall continue with the second 
solution. We choose e, = 0, which we found determines A” to be A” =1/a,. 
From (82) it is seen that a, = a,(0)=1, and therefore A“ —1. Hence in the 
second solution 
(195) Pp, =%(T), o,=7%7,(T)- 

Using these values of A” and e,, #2, and S, of (186) become 


fi, = Panes: 5s O92 a ees "| + € Co, ’ 
(196) ee. wey 
S raz Ke a + Cie 9, + te N ] : 


All of the terms in these expressions except €,0,,, are of the second degree in 


001 
a,and y,. Therefore they involve terms carrying 27 and terms independent 
of AT. @,, also is independent of Ar. In the solution the terms depending 
upon 2)7 are periodic by Theorem II. As for the terms independent of 2, 2, 
contains only cosines of even multiples of 7 and S, contains only sines of odd 
multiples of 7. These terms give rise to non-periodic terms in the solution 


which has the form 
p, = A®a,(7) + D®[ 7a,(7) + a,(7)] + 4, (A, 7) 
+[9,(7) +.@,74,(7)]+ ¢,[4,( 7) arene 
og, = A®y,(7) + D?[ ry,(7) + 9,(7)] + ¥2(A, 7) 
+[ (7) + a,77,(7)]+¢[95(7) + aty,(7)]- 


(197) 
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In these equations ¢,(, 7) and W,(X, 7) are the periodic terms involving 2, 
n, and , are the periodic terms with the period 27; a, the constant belonging 
to the non-periodic part, and the coefficients of ¢, are the solutions arising from 
the coefficient of ¢, in the differential equations. In order that this solution 
(197) shall be periodic it is necessary that 


D® = — a, — ae,, 
and this reduces p, and o, to 


= A®a,(T) + $,(r, T) + 0,(7) — 4,4,(7) + 6%, (7), 
Baad T) (Ny 7) S,( 7) = @,y,(4) ch e¥,( 7) « 


In order that we may satisfy the initial conditions we must have p,(0) =0. 
Hence, since a,(0) = 1, 


Be 
w 


(198) 


i) am al Sepa ae et 
A® = — $, — 9, + 4,4, — €,%,. 


The constant ¢, is determined by the periodicity condition for the coefficient of e°. 


Coefficient of e°. 


(199) p; + 4,p, + 0,0, = £,, a, + 0,0, + O,p,= S,, 
where 
h,= Giant 3+ Ones Pet 20s Py Pee Oni0 [o, Pit ay p, lr 28 99% Fy + a GPy 


Te GaP ar CTY a 7 Iya 71 is? 
S,= 28 550 P; Py + Pe Py Ap TP» ] 2B 28 og ,0,+ Bay P3 


ag Catal i CT a of: Oia Jae 


In classifying the terms which belong to the expansion of /?, and S, we bear in 
mind : 

First. The @,,,in 2, involve only cosines of even multiples of 7, except those 
which are ipeicients of odd powers of o (i. e., 7 is odd). These involve only 
sines of odd multiples. The reverse is the case in the 0,, of S,. If 7 is even, 
8 involves only sines of odd multiples of 7. If 7 is odd, @,., involve only cosines 
of even multiples of r. 

Second. p, and p, are cosine series. ‘The terms independent of involve only 
even multiples of rT. 

o, and o, are sine series. The terms independent of d involve only odd mul- 
tiples of 7. 

It is seen then that among the terms in /, which are independent of » only 
cosines of even multiples of 7 enter; and among the terms in S, which are inde- 
pendent of 2 only sines of odd multiples enter. In the process of integration 
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therefore two types of non-periodic terms arise, first, those coming from the 
terms which involve the first multiple of A7, and second, those coming from the 
terms independent of X. It is important therefore to separate the various terms 
into three classes : 

(a) terms independent of 2, 

(b) terms involving first multiple of Az only, 

(c) terms involving multiples of \7 higher than the first. 
The solution for these last terms is periodic. We rewrite then the differential 
equations (199) as follows: 

p; ae 9, Ps + Oo, = 620 53 ee €, f(A, 7) +A; T) ap) + fi ( er, T)s 

O53 ry O,o, a; 9: p, ae €9, (A, T) ar J2(, T) 5 9;(7) t g (er, T). 
The coefficients of ¢, are, explicitly, 
Fi(Ay T) = Gyo Ae + 29 a99°%% FH Fri (Ys +1 Me) + 2Fp00% Yo» 
Q(A,T) = ZI 95 ys F139 ( Hq 1%) + 29 G09 Nr Ye * 


(200) 


These terms are homogeneous in the first degree in a, and y,, and conse- 
quently involve only terms which carry the first multiple of Av. They are of 
importance since they carry the undetermined constant e, as a factor. The solu- 
tion for these terms has, by Theorem II, the form 


p= F(A, 7) + 6, 7a,(7), o= G,(A, 7) + 5,7y,(T7), 


where /(A, 7) and G,(A, 7) are periodic and involve only terms carrying the 
first multiple of Av. 6, is a constant depending upon 7,(A, 7) and g,(r, T). 
It is found, by a calculation not difficult, to have the value 

6, =3 + p’P(p’). 


The functions f,(A, 7) and g,(X, 7) have the same characters as f,(A, T) 
and g,(X, 7). They are considered separately since they are independent of e,. 
Their solutions may be written 


p= CK, T) + 6, 74,(T), o=G,(r, Ti) Ne Pya e 


The terms /,(7) and ¢,(7) are independent of >. f,(7) contains only cosines 
of even multiples of 7, while g,(7) contains only sines of odd multiples of 7. 
The solution for these terms has the form 


p= y(t) -Hbgtas( as so tGs( 7) bem Gr) 


Finally, f,(4’, 7) and g,(kX, 7) involve only terms which carry multiples of 
Ar higher than the first. The solution for these terms is 


pi LAS). Omi GiGkNs TH: 
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The entire solution is then 
p; = A®a,(7) + D® | ra,(7) + a,(7) ] +e,[%,(7) + a7, (7) ] 
+e,[#,(A, 7) + 6,74,(7)] +[4,0, 7) + 6,72,(7) | 
201) + [ (7) + 6,7a,(7)] + #,( kA, 7), 
eee FT) te tyr toys (T) | el y(t ory (7) 
+¢,[G,(A, 7) + 8, 7y,(7)] + [G0 7) + 4,77, (7) | 
+ [G,(7) + b,7y,(7)] + G,(AA, T). 


All of the functions a,(7), y,(7), #,(7), and G,(7) are periodic. In order 
that p, and o, shall be periodic it is necessary and sufficient that the coefficient 
of ra,(7) and ty,(7), and the coefficient of ra,(7) and ty,(7) be zero. That is, 


MODI ate as Lene oth 
D® = — b, — ae,, 
and 


b, 
eo = —Fa 9 
2 b, 
by which condition the value of €, is determined. In order to satisfy the initial 
conditions we must have p, = 0 at tT = 0, and this determines A’, 
b. 
A™ = b,4,(0) — €,4,(0) + 5 2(9) CEO) i (0 ): 
1 


Thus all the constants are determined except ¢,, and the solution is 


Ps= Aa,(7) om b,a,(7) + €,0 
(202) ; 
a y= AO 0) Deal) +617) 7s 7) + Gis 7) + G7) + GUE 7), 


I ; 
(7) F(A, 7) + FA, Dt P(N) +E (A, 1), 
1 


6 


The constant ¢, will be determined in satisfying the periodicity condition for 
the coefficient of e'. This process of integration can be continued indefinitely. 
p, and o, have the same properties that have been stated for p,ando,. It is 
evident from the properties of the differential equations that these properties 
persist for p, and o,, and so on indefinitely. The coefficient for ¢,_, 
as it carries the first multiples of X7 is always the same as for e,. Therefore 


in so far 


the constant ¢, , can always be determined so as to avoid non-periodic terms of 
the type 7a,(7) and ry,(7). The constant D” of integration can always be 
determined so as to destroy non-periodic terms of the type ta,(7) and ty,(7). 
The constant A” can always be determined so as to satisfy the initial condi- 
tions. The analysis of the type of terms entering is the same as for the sub- 
script 3. 
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We have therefore a periodic solution with the period 27 which is different 
from the class of generating orbits from which we set out, for the particle makes 
many revolutions before its orbit reénters. After integrating the equation 
dv/dr =c/r? the solution will contain five arbitrary constants (subject to the 
condition that \ must be rational), corresponding to mean distance, eccentricity, 
inclination, node, and epoch. 


UNIVERSITY OF CHICAGO, 
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THE THEOREM OF THOMSON AND TAIT AND NATURAL 
FAMILIES OF TRAJECTORIES“ 


BY 
EDWARD KASNER 


In most dynamical investigations relating to conservative forces, in partic- 
ular those connected with the principle of least action and the developments of 
Hamilton and Jacobi, it is essential to group the possible motions according to 
the value of the constant ) representing the total energy. The trajectories cor- 
responding to any given value of / are said to form a natural} family. In the 
case of a particle moving in a three-dimensional conservative field, a natural 
family consists of oo* curves. Examples are the 0% straight lines of space, 
corresponding to zero force; and the co‘ vertical parabolas whose directrices 
are located in a fixed horizontal plane, corresponding to gravity assumed con- 
stant. In a paper published in the preceding volume of these Trans- 
actions,{ the general geometric character of natural families was expressed 
in terms of osculating circles; and a certain reciprocity, analogous to that of 
Scheffers for plane isogonal trajectories, was established. 

In the present paper, which may be read independently, we start from the 
remarkable theorem due to THOMSON and Tair which states that the oo” curves 
of a natural family which meet any surface orthogonally are necessarily orthogo- 
nal to oo' surfaces, that is, form a normal congruence. Our main object is to 
show that this property belongs exclusively to natural families. The new result 
may be regarded as a converse of Thomson and Tait’s theorem and stated as 
follows : 

Tf a quadruply-infinite system of curves in space is such that « curves of 
the system meet an arbitrary surface orthogonally and always form a normal 
congruence (that is, admit o' orthogonal surfaces), then the system is of the 
natural type. 

Natural families present themselves not only in the study of dynamical tra- 

* Presented to the Society at the Princeton meeting, September 13, 1909. 

{The term natural was first used in this sense by PAINLEVE, Journal de Mathé- 
matiques, vol. 10, 1894. Of course no connection is to be inferred with natural or intrinsic 
coordinates, that is, to invariance under the displacement group. 


t Natural families of trajectories: conservative fields of forces, these Transactions, vol. 10 
(1909), pp. 201-219. This will be cited as earlier paper. 
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jectories, but also, for example, in the discussion of brachistochrones, catenaries, 
and optical path curves.* The many analogies that have been observed between 
these theories are based on the fact that they all lead to variation problems of 
the particular form + » 


f Fe, y, 2)ds = minimum (ds= V du? + dy? + dz*), 


where /’ is any point function and ds is the element of length. From the 
purely mathematical point of view a natural family may be defined as the 
totality of extremals connected with such a variation problem. 

In the kinetic interpretation / represents the speed v, as found from the 
energy equation 


v= 2(W+h), 


where W denotes the work function (negative potential) and the mass is assumed 
to be unity. The integral above then represents the action, it vds, and the 
result is the principle of least action in the form given by Jacobi. The complete 
theorem of Thomson and Tait ¢ is as follows: “If from all points of an arbi- 
trary surface particles not mutually influencing one another be projected nor- 
mally with the proper velocities [so as to make the sum of the kinetic and poten- 
tial energies have a given value]; points which they reach with equal actions 
lie on a surface cutting the paths at right angles.’ The oo' orthogonal surfaces 
thus appear as surfaces of equal action. § 

In the optical interpretation, which is even more concrete, the function /’ 
represents the index of refraction v, varying from point to point, and the inte- 
gral ip vds is proportional to the time. We thus have Fermat’s principle of 
least time. Thus the paths of light in an isotropic (not necessarily homogeneous) 
medium (for example, the atmosphere) form a natural family. Every natural 
family may be obtained in this way. The oo' surfaces orthogonal to a congru. 
ence of paths present themselves as wave fronts (surfaces of equal time). || 





* Cf. APPELL, Mécanique rationnelle, vol. 2, p. 216. For other interpretations see the introduc- 
tion to the author’s earlier paper. 

+ This form is characterized by the fact that the transversal relation reduces to orthogonality. 
The theorem of Thomson and Tait thus presents itself as a special case of Kneser’s genera]. theory 
of transversals. Cf. BoLZA, Variationsrechnung, pp. 131, 691. 

t Treatise on natural philosophy (edition of 1879), part 1, section 332. Cf. DARBouX, Théorie 
des surfaces, vol. 2, p. 468; APPELL, Wécanique rationnelle, vol. 2, p. 431. 

2 A second converse which the author has obtained is as follows: If particles are projected 
normally from a base surface into a conservative field, and if the oo” trajectories generated form 
a normal congruence, then the initial velocities must be such that the total energy is constant. 
This is true only ‘‘in general.’’ In the case of central forces it is in fact possible to obtain 
normal congruences for which h is not constant. 

|| Usually the sets of wave surfaces so obtained will not form Lamé families, that is, cannot 
be regarded as members of triply orthogonal systems. The author has shown that the only 
natural families leading to Lamé families are those composed of circles ; these circles must be 
orthogonal to a fixed sphere (of real, imaginary, or zero radius). The corresponding optical 
and dynamical statements are yuite simple. 
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In § 1 the general condition that oo” curves shall form a normal congruence 
is written out for the case of parametric representation. In our applications 
the curves are orthogonal to some base surface = by assumption. It is there- 
fore expedient to expand the general condition in powers of the parameter ¢ 
which, starting with the value zero for any point of =, varies along the orthog- 
onal curve through that point. The result is then of the form 


064+ 0,°0 + 0,0 +.-.-=90. 


For a normal congruence all the coefficients vanish. If the leading coefficient 
Q, vanishes the congruence may be described as “approximately of normal 
character.” If the first n coefficients vanish we describe the congruence as 
“approximately normal to the nth degree of approximation.” A congruence 
orthogonal to a surface = is approximately normal when and only when it is 
possible to construct oo” curves osculating the given curves at the points of = 
and forming a normal congruence (in the exact sense). 

In § 2 the converse theorem stated in italics above is proved. The result is 
then strengthened in two directions. In the first place it is sufficient to require 
that the oo° curves, belonging to the quadruply-infinite system, which are 
orthogonal to an arbitrary surface = shall form an approximately normal con- 
gruence. The discussion then shows that they necessarily form an exact normal 
congruence. In the second place it is sufficient to make this demand for suit- 
able manifolds (of course infinite) of base surfaces, instead of for all surfaces. 

Special cases of the theorem of Thomson and Tait arise where the selected 
base > degenerates into a point, considered as a small sphere, or into a curve, 
considered as a thin tube. We show in § 4 that the case of base points is not 
sufficient to characterize the natural type. Systems of oo* curves exist, which, 
though not natural, have the property that the curves passing through an arbi- 
trary point always form a normal congruence. 

If for every curve as base the corresponding congruence is to be normal, the 
system is necessarily natural. If only the approximately normal character 
described above is demanded, the more general class of velocity systems is 
obtained (§ 3). This type was defined in our earlier paper in terms of motion 
(loci of equal speed) in connection with an arbitrary field of force.* Only for 
conservative fields are the velocity systems of the natural type. The general 
velocity system is represented by equations of the form 


yY=(w—-yo)l+y +2), “=(x-#b)(1t+y° +2), 


where $, y, and y are arbitrary point functions, and is characterized by the 
property that the osculating circles constructed at any point p for the oo” curves 





* These Transactions, vol. 10 (1909), p. 376. 
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passing through that point meet at another point P, thus forming a bundle 
(property A ).* 

Natural families are distinguished from other velocity systems by an addi- 
tional peculiarity, property 4, or its equivalent D, of our earlier paper.t In 
§ 4 of the present paper it is shown that this is simply expressed by the require- 
ment that the curves through any point form a normal congruence. Thus the 
natural type is characterized by these two properties: the curves through any 
point admit c0' orthogonal surfaces, and the osculating circles constructed at 
the common point form a bundle. 

In the last section ( § 5) a contribution is made to the general theory of 
quadruply-infinite systems of curves in space, the only assumption being that oo? 
curves pass through every point, one in each direction. It is shown that with 
any system there are associated certain surfaces which when employed as bases 
give rise to congruences of approximately normal character.{ These surfaces 
satisfy a certain partial differential equation of the second order. In the par- 
ticular case of the velocity type this equation reduces to one of the first order, 
and in the still more special case of the natural type it vanishes identically. 

Although the discussion of the present paper is restricted to ordinary space 
of three dimensions, the results are, in all probability, valid for higher spaces 
also. In the case of two dimensions, however, the geometric part of Thomson 
and Tait’s theorem becomes trivial since any system of oo’ curves necessarily 
admits orthogonal curves; the converse proposition is then not true. § 


§ 1. CONDITIONS FOR AN EXACT OR APPROXIMATE NORMAL CONGRUENCE. 


The condition that a congruence of curves, represented in the usual form by 


dx. -. dy * dz 
A(x,y,2) B(x,y,2) O(a, y,2)’ 








shall be normal is that the corresponding total equation 
Adx + Bdy + Cdz= 
shall be exact ; this gives the familiar result 


A(B,—C,)+ B(C,—A,) + QA, — B,) =9. 





*The analogous systems in the plane, y”7=(i—y’o)(1+ y ), were first studied by 
ScHEFFERS, Leipziger Berichte (1898), in connection with isogonal trajectories. 

+ Property B states the mutual orthogonality of the three hyperosculating circles existing in 
any bundle. Property D may be expressed in simplified form as follows: The transformation 

_ T from the point p to the point P is such that the three lineal elements at p each of which is con- 

verted by 7’ into a cocircular element at P are mutually orthogonal. 

{ In general no exactly normal congruences can be obtained. 

§ The results of our earlier paper hold forall dimensions. That the present results remain valid 
in three-dimensional spaces of constant curvature may be shown by conformal representation. 


= SS 
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A congruence of curves defines a field of co* direction elements in space. If 
these elements are given in terms of three arbitrary parameters w, v, w (instead 
of x, y, 2) the field takes the form 


Poh. i ean (UO, 1), Ba Av, vv, 40), 
de: dy:dz= X(u,v, w): F(u,v, w):Z(u, v, w). 
The condition for a normal congruence then becomes 
Bex F)—(22X)i4 V{(ZYZ)—-(XXP)}4+Z1(XZX)—(Y¥Z)} =0, 


where the parentheses denote jacobians of the enclosed functions with respect to 
the parameters, so that, for example, 





AAA Ge 
Gage Saye Oe 
| ae I Bs 





In the applications below our congruence admits one orthogonal surface = by 
assumption, and we may take our parameters relative to it as follows: Let w, 
v denote Gaussian parameters on =, and let w be the parameter which varies as 
the point describes one of the orthogonal curves, assuming it to be zero as the 
point starts out from the surface. (In particular w might represent the distance 
from = along the curve.) The congruence then takes the form 


X= 27 +A,w+4A,w’?+--:, 
FoaytBw+tbw't+--., 
Z=24+Cwt+iQw'+-:.., 


X= A,+A,w+ $A,w'+-:--, 
Vex B+ Byw+itBw'+---, 
Ae C+ Qywt+ ht Cyw'+--:, 


the last three functions being found by differentiating the first three with respect 
tow. Here the coefficients are all functions of wu and v; for x, y, 2 are to be 
replaced by the functions defining the surface 2; A,, 6,, C, are proportional to 
the direction cosines of the normal to the surface ; and the remaining coefficients 
are arbitrary. 

The condition for a normal congruence, expanded in powers of w, now takes 


the form 
Ow + 0,0? + O,w? +---=9, 


ea, 


where (, depends for its value upon the quantities A,, B,, C,-+-; Ajiis Bigs Cony 
involving only partial derivatives of the first order. The absolute term neces- 
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sarily vanishes, since the curves are orthogonal to = for which w=0 by 
assumption. 

In case the congruence is normal all the coefficients © will vanish. If the 
first coefficient ©, vanishes then the congruence may be said to be normal to the 
first degree of approximation. In this case the curves may be regarded as 
orthogonal to some surface infinitesimally close to =. In general the congru- 
ence will be said to be normal to the nth degree of approximation (or to terms 
of the mth order) provided 

0, =0,= os aL Pen 


In the following applications we take up first the general case where > is a 
proper surface, and then the special cases where = reduces to a curve and to a 
point respectively. In the case of surface and curve we shall make use of the 
explicit value of ©, only; in the case of a point it will appear that ©, vanishes 
identically and it will be necessary to calculate 0, and Q,. 


§ 2. GENERAL CASE WHERE THE BASE IS A PROPER SURFACE. 


Consider an arbitrary quadruply infinite system of curves in space, assuming 
that one passes through each point in each direction. Such a system may be 
defined by a pair of differential equations of the second order 


(1) y= F(x, Y5%s Ys z), 2 = G(x, OE Sh z), 


where /’ and G are uniform functions which we assume to be analytic in the 
five arguments. Denoting the initial values of x, y, z, 7’, 2, which may be 
taken at random, by ~, y, 2, p, ¢ respectively, and employing X, Y, Z as cur- 
rent coordinates, we may write the solutions of (1) in the form 


Yaytp(X—2) + 4F(X—2) + 4M Xa) $0, 
2 
(®) Z=2+9q(X—x2)+4G(X—wvyP+4tNM(X—-wvy+.--. 


Here /’ and G are expressed as functions of 2, y, 2, p,¢, and Mand J, found 
by differentiating (1), are given by 

; M = Fp ele 

©) IN Gag ee ee 


The terms of higher order will not be needed in our discussion. Equations (2) 
involve five arbitrary parameters but of course represent only oc* curves. 
Consider now an arbitrary surface 


(4) z= f(a, y): 
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At each point of this surface and normal to it a definite curve of the given 
family (1) may be constructed. A certain congruence will thus be determined. 
We wish to express the condition that this shall be of the normal type, that is, 
that the oo” curves shall admit a family of orthogonal surfaces. 

The direction normal to the surface = at any point is given by 


1 Cy AAs ES ey lien BO 


so that 
(5) p=P(a,y), gq=Q(",y), 
where 

: ve 1 

5 Pm, = — ae 
©) i. 7 


These functions are connected by the relation 


(5’) PQ. — QP. — Q,= 9. 


The equations of the oo” curves corresponding to the given initial conditions 
may now be written 
Foye hie are MP aes 
(6) A, = 
Defoe +4Gt+ ines 5 


where ¢ takes the place of X — a in (2), and where the bars indicate that the 
substitution (4), (5) has been carried out, so that, for example, 


(6’) Hey) = Pe, Y5 fy Ps OQ). 
The coefficients of the powers of ¢ in (6) are thus functions of the two param- 
eters v, ¥. 


The congruence (6) defines a field of lineal elements, which, in terms of the 
three parameters ¢, «, y, 1s given by 


A=xr+t, 
Foyt Pi+4FP +1 +..., 
(7) Zee Oita Gt 4+ 1 Neate, 


eee Mie Me... 
Z=Q+Gt+iNMe+.... 

The condition for a normal congruence is * 

(8) (PUXY)-—(ZZX)4+ ¥'(24V2Z)—Z2(¥'¥Z)=0, 


*In the present case X : Y:Z=1:¥’:Z’. We may also use the convenient form due to 
Beltrami. Cf. BIANCHI-LUKAT, Differentialgeometrie, p. 340. 
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where the parentheses denote jacobians taken with respect to t, w, y. For 
example: 


Fa M¢ + os Pod ie Pe 
CX |i 1 il 0 ; 
ss | 

Dito wy rae Pétae 14+?) 


Expanding our results in powers of ¢, and writing down only the terms of first 
degree, we find 


(VOX P= — PP) Pray ee 
(Z ZX) = @Q.f,—Q,F-.+ 99,—- Gt —M,,+ Gf, G fet OG, ee 
% (Z Gah QQ.4+P( Qf. — QA) — Gfet+t{ —NP.4l(Q,f-— QS) 
+ G(PLA,—P Fe) + OG +P(G,L— Gafy) + OCF =F ae 
(VEY 2) =: OP) 1 oP Pate Pees 
+t{—Mf,+ QF,.-FQ,4 GP.APL SF. f, + QPP. Q) ++ 


Substituting these values in (8), we find that the part free from ¢ is 


(9) gilt P+ GY PQ — OP. — Q), 


which vanishes in consequence of (5”). This is as it should be, since our oo” 
curves are orthogonal to = by construction. 
The terms containing the first power of ¢ give 


P+ OV PG, OF os 


+28 {(P?+ Q\(Q.—PQ,) + 2GFPP, — (P? + Q’) P.} =0. 
From (6’) we find 


(10) 


F, = Ey oF ity f a bigs be. ae FQ.» 


with corresponding results for G, and Ga: Substituting these values, and 
observing from (5) and (6’) that 


Seay ee 20 el ae 


Oy 


1 : 
Wf ae oe io se nae 
we may reduce (10) to 


one POP et EQ} F GPP, (Pit Q)P,} — 14 P+ Q x 
") {QF —F.—PG,+ G+ QF — QG,—P G ) P+ GE QF, Q}=0. 
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This is then a necessary condition in order that the 2° curves belonging to 
the quadruply infinite system (1) and orthogonal to the surface (4) shall form 
a normal congruence. ‘The result is to hold in virtue of (4) and (5). 

It is of course not a sufficient condition. It merely expresses the fact that 
the curves orthogonal to = are also orthogonal to some consecutive surface, 
that is, that the congruence is approximately normal to the first degree. 

Our main problem is to find all systems (1) which have the orthogonality 
property with respect to every base surface >. It is then necessary that (10’) 
should be true for an arbitrary function f(w, y). The function can be so 
selected that for any chosen values of « and y the quantities, f, P, Y, P., 
P,Q,» shall take on arbitrary numerical values; for the only relation to be ful- 
filled is (5") and this merely determines P,. The condition (10’) must there- 
fore hold identically. Arranging it in the form 


(10°) (1+ 2+ O°), + UE,Q, 4+ O,P,- OP, =9, 
and equating coefficients to zero, we find 
C= ¢qF,—F,—pG,+G,=9, 
11) G=(i+p +o) ’,—2r=9. 
Cr3=(14 7°+¢')G,— 2G =0, 
O,=(1+p'+ ¢)(g@, + pG@,—9F,} + 2pqF —2(p'+ FG =0. 


Integration of the second and third of these partial differential equations 
gives 


i= p(p, £, ¥,2)(1L-+ p* + 97), G=9,(¢,%,y¥,z)(l+p’+ 9), 


where 7 and g, denote unknown functions of the four arguments indicated. 
Substituting these values in the fourth equation, we find 


I = Jig? 


A=Vv— pes J,=X— 97, 


and therefore 


where ¢$, W, x are functions of x, y, z only. The general solution of the last 
three equations of the set (11) is therefore 


(12) Fa(~—po)\(l+p+¢), @=(x-gb)(1+p'+¢). 


We have still to satisfy the first equation of (11), which now reduces to 


(13) ,— xX + P(x, — $.) + 9(¢, —¥,.) = 9- 
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The functions ¢, ~, x must therefore satisfy the equations 


(13’) v.— Xx, = 9, xX, —%,=9, ¢,—-¥v, =9, 
and hence are expressible as the derivatives of a common function in the form 
(13”) =e, y=L,, reat hye 


The solutions of the set (11) are therefore 
(14) F=(L,—pL,)(l+p?+¢), G=(L,—-pL,)1it+pr+o), 


involving an arbitrary function Z of x, y,2. The resulting system (1) is thus 
recognized to be a natural family.* This gives our fundamental 

THeoreM. I. Jf a quadruply infinite system of curves in space, one passing 
in each direction through each point, has the property that those «2? members 
of it which are orthogonal to an arbitrarily selected surface always form a 
normal congruence (that is, admit oo' orthogonal surfaces), then the system 
must be a natural family. 

That natural families of trajectories actually have this property is known from 
Thomson and Tait’s theorem. In the above discussion use has been made not 
of the complete condition for a normal congruence, but only of condition (10’) 
derived from the terms of the first order in t. We may therefore state a 
stronger converse result as follows : 

THEOREM II. The only systems of c0* curves which have the property that 
the curves orthogonal to any surface are always orthogonal to some infinitesi- 
mally neighboring surface are those of the natural type. 

If a congruence of curves meets two neighboring surfaces orthogonally it need 
not meet oo’ surfaces orthogonally and therefore it approximates but need not 
coincide with a normal congruence. The above theorem shows however that if 
the weak requirement of approximate normal character be imposed on all the 
congruences obtained from the given quadruply infinite system, they will a/Z be 
exactly normal. 

We may further strengthen our theorem by demanding the orthogonality 
property for some instead of all surfaces. Our fundamental equations 8h's) 
resulted from the fact that x,y,z, f, P, Q, P., dees @,, might receive arbi- 
trary numerical values. It will therefore be sufficient to take a manifold of 
surfaces sufficiently large to leave these quantities, or the equivalent quantities 


(15) Dy Yy y Say yy Sens Boys yy) 


unrestricted. Since these quantities define a differential surface element of 
the second order, we may state the result as follows:. 


*See these Transactions, vol. 10 (1909), p. 204. 


— 
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TuHeoreM III. Jf in theorem LI, and, a fortiori, in theorem I, we consider 
instead of all surfaces, a manifold of surfaces containing all the «* differential 
elements of second order (15), the results are still valid. 

The smallest manifolds of this sort are composed of oo° surfaces. The totality 
of quadrics would be more than sufficient. The paraboloids 


z2z=a+be+eyta e+ bay+ey7 


would be sufficient. In the discussion of base curves and points that follows, 
smaller manifolds of bases will present themselves. 


2. CASE WHERE THE BASE IS A CURVE. 


We now consider those curves of a given system 
(1) y” = F(x, y,%,y'%)s Sagar yee. 2) 
which meet an arbitrary curve 
(16) yale),  2=9(2) 


orthogonally, and impose the condition for a normal congruence (to first 
approximation). 
The 00” possible initial elements (~, y, 2, p, g) may be written in terms of 
two parameters x and p as follows: 
y=f(z), z=9(e), g=Hpt+S, 
: 1 
(17) ee seis 
- g 


This results from the orthogonality of the directions (1: p:q) and (1:/':9’), 
expressed by 


where 


(18') 1+ pf +49 =9, 
and giving 
(18) q=S+phk. 


The congruence orthogonal to the base curve (16) may be written as a direc- 
tion field in the form 


A=x+t, 
VYoft+ptt+3FP+--., 
(19) Z=gtqtiG+-., 


Y'=p+Ft+3Me'?+--., 
Z=S+pR4+Gt+iNOt+-:-:, 
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where the parameters are ¢, 7, and p. The bars indicate that the substitution 
(16), (18) has been effected, so that, for example, 


(19) P(x, p) = F(x, fg, py St PR): 
The requisite jacobians taken with respect to t, «, p are 
(PEF) =f —p+t(f’—p)F+- 
(ZZX)=R(S+pR—-g7)+t(S+pR—-g7)G,+---, 
(Z'¥Z) = Rpg —f'(S + pR)} + t[(S+ pR\(S' +B) 
+gRF— 9G + {pg —f' (S+pR)} GJ +005 
(P'PZ) = pg —f' (S+ ph) + t[p(S' + ph) 
+f RE -f'G+ {pg —f'(S+pR)} Bl +e 


Developing the condition for a normal congruence in powers of ¢, we find that 
the absolute term vanishes identically, while the coefficient 0, of the first power 
gives 


(20 (R —pS)F —{1+ pS(S+pR)} G—2R1S +pR)F+pG—2RF 
a + R(S+ph)G—{p+ R(S+pR)}{p@—(S+pR)F—G@}=0. 


Eliminating S by means of (18), and substituting the values 


f= Fee G = Ghee 
derived from (19°), we may reduce (20) to 
mG = (1+ p'+9)G,+ BU + p?+ gE, @,) — 2p + 294 
+h’ [(1 +p’? + GQ) tee —2qF']=090. 


If this is to hold for all curves (16) it must be an identity. For the curve 
(16) can be so selected that w, y, z, p, g, & receive arbitrarily assigned 
numerical values. Hence we have the three partial differential equations 


Clit peg) — 2g t ==0s 
(20”) (l+p°+¢°)G,—2pG=0, 
(l+p'°+9)(4,— G@,)—2pf + 2¢G4 =0. 


This set is seen to be equivalent to the last three of the equations (11). The 
general solution is 


F=(y—po)lt+p+¢), @=(x—ps)(1t+p+¢), 


——" 
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involving three arbitrary functions of w, ¥,2. The quadruply infinite system 
(1) thus takes the form 


(21) y"=(v—yd)(1+y° +2"), 2 =(x-—26)(1+y" +2”). 


This is recognized to be a velocity system, according to the terminology of the 
author’s earlier paper. It is characterized geometrically by the property that 
the circles of curvature constructed at any point for those curves of the system 
which pass through that point form a bundle, i. e., have another point in 
common (property A): We have made use of merely one term in the complete 
condition for a normal congruence. Hence our result is . 

THeorEeM [V. very velocity system has the property that those members 
of it which meet an arbitrarily selected base curve* orthogonally are also 
orthogonal to some neighboring surface (necessarily tubular). Conversely, if a 
quadruply infinite system has this property for all base curves it will be of the 
velocity type. 

The converse result remains valid if instead of all base curves we take a 
manifold which allows x, 7, 9,./’, g’ to take arbitrary values. The smallest 
number of base curves that would be sufficient is 00%. Two adequate manifolds 
of curves are made use of in the following 

TueoreM V. The converse result of theorem IV remains valid if the only 
bases employed are the * straight lines of space; or, the c* curves of the 
system itself. 


$4. CASE WHERE THE BASE IS A POINT. 


When the base is a point orthogonality means merely incidence. Consider 
then the oo” curves of the system (1) which pass through a given point (~, 7,2). 
Define the initial direction by 7’ = p, 2 = q, where p and q are now arbitrary ; 
the resulting congruence takes the form 


X=x-+t, 

Foytpt+4Pet+ jMe+.:-:., 
(22) Zaetge+3Gt + pNe+--., 

Y=p+Ft+iM’+.-., 


Z=q+ Gt+iN+.-:. 


Our jacobians, calculated to terms of the third order in ¢, instead of merely 





_ *This curve may or may not belong to the given system. 
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the first order as hitherto, are found to be 
(XY) =4th P+gMP+.--, 
(WZ4V)=4G4 P+4Nf+-:::, 
—(Z2VZ)=qt+ 3{pG, + gf, + 2gG 30 + 3{q( 4 @,— #G@,) 
— G+ oN, + op, + t9it 
—(P'YZ)=pt+h{[pG,+ oF, + 2 ph} + 3{p( HG, — £,G,) 
— f+ pl, + gM, + 1p ae 


where 


(22’) Fi=F,+pF,4+9F,, G,=G,+pG,+46G,. 


Expanding the condition for a normal congruence, we find that there are no 
terms independent of ¢, the coefficient 0, of ¢ vanishes identically, the coefiivient 
Q, of ¢? gives 


(28) (14 ¢)F,-(1+9°)G, + pq, — @,) + 2(p@ — PF) =0, 

and the coefficient 0, of ¢° gives 

gay OFDM 142, tah) EB aaa 
+ 3p(G, + pG, + 96,)—3q( 4, +P eee 


By means of (23) and (22’) the equation (24’) may be written in the more con- 
venient form 


(24) (l+7)%,—-(1 +p)G, + pq(“, — G.,) + 8 oF — 7G 
In order that a quadruply infinite system 
(1) es Te, ye eee ee (T(H, 5 2.7.24) 


shall have the property that the «? curves through an arbitrary point form a 
normal congruence, it is necessary that the functions F(x, y,2, p,q) and 
G(a@, y¥, 2%, p,q) fulfill the conditions (23) and (24). 

As stated above, the coefficient of the first power of ¢ vanishes identically; in 
fact, if we think of the point as a small sphere, the curves passing through it, 
for any system (1), may be considered as meeting the sphere twice orthogonally. 
Equation (28) is the condition for approximation of the second degree; while 
(24) and (23) are the conditions for approximation of the third degree. 

It is easily verified that all velocity systems 


y=(vo-ys)(lty +2), v=(x-eb)1 y+), 
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satisfy equation (23). Substituting in (24), however, we find a restriction, which 
reduces to 


Vi— X, + P(X. — $) + 9(4, — ¥,) = 9. 


Since this is to hold identically, the result is a natural family. In this case we 
know that the congruences are actually of the normal type. Hence 

THEOREM VI. The only velocity systems which have the property that the 
curves through an arbitrary point form a normal * congruence are the natural 
Samilies. 

By combining this with the first part of theorem V, we obtain the following 

THEOREM VII. Jf a quadruply infinite system is such that the congruences 
constructed by taking as base every straight line and every point of space are 
normal, then the same will be true when the base is any surface or any curve, 
and the system must be natural. + 

It is easily seen that conditions (23) and (24), expressing the approximate 
fulfillment of the condition for a normal congruence in the case of base points, 
are not of themselves sufficient to characterize natural families. In fact the 
general solution of these two partial equations for the determination of /” and 
G', one of the first and the other of the second order, would involve arbitrary 
functions of four arguments, and thus would include the natural type, which 
involves a function of only three arguments, as a very special case. 

This question now arises: Can a system of oo* curves, other than the known 
natural type, be such that the oo” curves through an arbitrary point form a 
normal congruence? That the answer is in the affirmative we show by an 
example. The direct attack on the problem, according to the method hitherto 
pursued in this paper, would lead to great difficulties ; it would require the dis- 
cussion of the endless set of equations, of successively higher order, obtained by 
adjoining to (23) and (24) the conditions derived from the powers of ¢ beyond 
the third. 

To obtain an appropriate example, we consider the systems whose equations 
are of the special form 


(25) y=F(p.q), w= G(p,9), 


the variables ~, y, z being absent. Excluding the case where F’ and G' both 
vanish, such systems are not natural. They are characterized by the fact that 
they admit the group of all translations. It will therefore be sufficient to test 
the character of the curves through a single point, for instance, the origin. 

For the functions appearing in (25), we observe, from (22’), that the derived 
functions /’, and G, vanish and hence condition (24) is satisfied. Condition 





* Tt is sufficient to demand the third degree of approximation. 
t It is sufficient to demand the first approximation in the case of the straight lines, and the 
third in the case of the points. 
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(25) may be fulfilled by taking either # or G at random and calculating the 
other function; this can easily be effected by quadratures. Thus all systems 
allowing the complete group of translations and such that the curves through 
an arbitrary point fulfill the normal condition up to terms of the third order 
may be obtained by quadratures. 

It will be sufficient to consider the special case where G' is assumed to vanish, 
that is, where the curves are assumed to le in planes perpendicular to the xz 
plane. The systems are then found to be of the form 


” Ad 1 oi i ” 
(26) y -rs(-5"), z= 0, 
where f is an arbitrary function of one argument. 


Consider now the particular system 


(27) y =p, 2’ =0, 
included in this form. The integral curves are 
a, 
Y aCe ee Te in eee 


involving four arbitrary constants. The oo” curves passing through the origin are 


a 


Ea 2 = be. 





y = log 


The differential equations of this congruence are 


de dy dz 


bee Mie C8 eo, Mm ea 


the corresponding total equation, 





adx +(e” —1)dy+2dz2=0, 
is actually integrable, giving as the oo' orthogonal surfaces 
wo + 274+ 2(e” — y) = constant. 


Our example (27), which evidently is not of the natural type, enables us to state 
THEOREM VIII. A quadruply infinite system may have the property that 
the curves through an arbitrary point form a normal congruence, without 
necessarily being a natural system. 
Not all systems of the form (26) have the required property. For consider 
the particular system 
(28) y=4(1+¢@),  2"=0, 


whose integral curves are the parabolas 


y=(14 0’)e’+ ax+a,, 2==be+ b,. 
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The congruence through the origin is 
y =(1+40°)e’ + az, z= bax, 
with the differential equations 


dx dy dz 


Cn Ae sae Oar ae 





Since the corresponding total equation 
wde + 2dz+ (y+ + 27)dy=90 


is not integrable, the congruence is not normal. 

This example shows that a system may be such that the curves through an 
arbitrary point form a congruence which is normal to the third degree of 
approximation without being exactly normal. 


§5. THE FAMILY OF SURFACES RELATED TO AN ARBITRARY SYSTEM. 


Given an arbitrary quadruply infinite system of curves 


(29) Y =P, y,e,7,.9), * = Ge, ¥,2, 2,9): 


where p and g stand for 7 and 2’ respectively, it is evident that in general there 
will exist no surface such that the oo” curves of the system which meet the sur- 
face orthogonally form a normal congruence. If, however, it is merely required 
that the oo? curves shall be of the normal character to the first approximation, 
that is, shall be orthogonal to some consecutive surface, then solutions will 
always exist. 

The requisite condition on the surface 


(30) c= f(y) 


is furnished by equation (10’). In the present discussion /’ and G are consid- 
ered as the given functions and f is to be found. MRearranging the equation in 
terms of second derivatives of f, we write it 


(31) dep, =e lige. xe dae ce te Dae = 0, 


where the coefficients are functions of x, y, 2, p, q, determined by /’ and G 
as follows: 


pope Lp pa Gh Pe pa, ); 
en) Bes (1t+p +e pel +l — pG,— pyG,) +p’ +7 \pG—¢F), 
B= (ht pg )\(2pG,+ 74, — of ,) + 2ngk — 2( 9g" + 2p')G, 
B, = 2pG —(14+ p’+¢7)G,. 


Trans. Am. Math. Soc. 10 
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Here p and g take the place of P and Q respectively in the discussion of § 2, 
so that we must substitute 


Je 1 
32 [-—— art 5 = — Ss. 
(32) icairg q Ye 


After the substitution (80), (32), the coefficients 6, become known functions of 
CO TI Aad fer ow Be Denoting these new functions by Be we have 

THEOREM IX. With any quadruply infinite system of curves (29), there is 
associated a certain family of surfaces, namely, the solutions of the Monge 
partial differential equation of the second order 


(33) B, i Bie AR Dele fs Be = 0 ’ 


where the coefficients are found from F' and G by differentiations and elimina- 
tions. The oo” curves of the given system which are orthogonal to any surface 
of this family are also orthogonal to some consecutive surface, that is, form 
an upproximate normal congruence. 

In case the system is of the natural type, equation (88) is of course an 
identity in f. In fact the set of equations obtained by putting the four coef- 
ficients B., or the corresponding coefficients B,, separately equal to zero is 
equivalent to the set (11) whose solution yielded the natural systems in the dis- 
cussion of § 2. 

When will (83) reduce to an equation of the first order? ‘The conditions for 
this are 


Bie baa as 
which, in the notation of equations (11), are seen to be equivalent to 
Oy = Ol Cree Ue 
The system must therefore be of the velocity type 
y= (b— ph) + pot 9 2 = 0 
In this case, (88) reduces to 
(34) (tr Xj) ea eee ee | Pe Ne) =e 
The integral surfaces are generated by the curves (characteristics) 


da dy dz 
VY, an Xy ia XH pe p. = , aK te 
These are the curl lines connected with the vector field* ¢, y, x. 


THEOREM X. For a general system of curves the associated equation (33) 
is actually of the second order, the only exceptions arising as follows: for 


(35) 








* This represents the force which generates the velocity system. 
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a natural system, the equation holds identically ; for any other velocity system 
the equation is merely of the first order. In the first case the associated 
Jamily of surfaces is thus larger, and in the second smaller, than usual. 

This deficiency refers to proper surfaces. We have already seen that, in the 
velocity type, an arbitrary curve employed as base gives rise to a congruence of 
approximately normal character. Thus, in addition to the proper surfaces (84), 
all curves may be regarded as limiting cases belonging to our family (33). In 
general we may with Lier replace the concept surface by the more general con- 
cept of union (Hlementverein), that is, manifold of oo” surface elements in 
united position. We might in fact have started out from this point of view and 
thereby should have avoided the separate discussion of curves and points. How- 
ever this would have required the introduction of appropriate systems of homo- 
_ geneous coordinates for differential surface elements. 

One of our former results may be stated in the form: If the equation (88) is 
satisfied by all quadrics, or merely by the paraboloids 


2z=at+bet+eoyt+aea+t+bey+eay’, 
it must hold identically, so that the corresponding system must be natural. We 
now discuss the analogous question for spheres. 


The o0% spheres of space may be defined by the set of partial differential 
equations 


ree aE Ags 
tog Lp are Ams ie 


If then the associated family of surfaces is to include the spheres, equation (33) 
must be satisfied in consequence of (36). Eliminating /,, and f, by means of 
(36), and making use of (82), we find that (38) reduces to 


pBi,+ {1+ ¢)8,+p8,+ (p+ 7) 8,3 f,=9- 
This must be true for all values of / es hence 


13S Ue (14+ ¢7)B,4+pB,4+ (P+ 7)B8,=9, 





that is, 
(37) qgFf,— F,—pG,+G,=9, 


Poel hd) )G, + pa, — G,) + 2p — gf’) = 90. 


The latter is recognized as the condition that all points shall give rise to 
approximately (of first degree) normal congruences. The other equation, (37), 
is easily seen to be the condition that (88) shall be satisfied by all planes. 

Tf for each point and for each plane as base, the congruence of orthogonal 
curves is approximately of normal character, then the same is true for an arbi- 


trary sphere. The systems of this sort are defined by equations (87), (88).* 





* The result involves arbitrary functions of four arguments, hence is more general than the 
natural type. 
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It is easily seen that the only velocity systems satisfying condition (87) are 
those of the natural type. Making use of theorem V, we thus have 

THEOREM XI. Jf a system of curves is such that the oo” curves orthogonal 
to any straight line or to any plane are orthogonal to some neighboring 
surface then the system must be natural. 

If for an arbitrary curve as base the congruence of orthogonal curves is 
(exactly) normal, then the same must be true for any point as base. For the 
curve may be made to shrink up to the point. Hence, by combining the con- 
verse result of theorem IV with theorem VI, we have 

THeoreM XII. Natural systems are characterized by the requirement that 
the curves of the system which are orthogonal to an arbitrarily selected curve 
(inside or outside the system) form a normal congruence. 

It is even sufficient to take as base curves merely the oo° circles of space. 


COLUMBIA UNIVERSITY, NEW YORK. 





THE INTRODUCTION OF IDEAL ELEMENTS AND A NEW 
DEFINITION OF PROJECTIVE n-SPACE* 


BY 


FREDERICK WILLIAM OWENS 


Introduction. 


The ideal elements of projective geometry are usually introduced by means 
of the parallel and congruence axioms. The idea of defining the ideal elements 
without the assumption of the parallel axiom is due to KLErm.+ It was devel- 
oped by Pascu;+ by Scuur;§ by Bonowa;|| and by VEBLEN.g] In all of 
these developments a three-dimensional geometry is assumed. The problem 
of defining the ideal elements in a plane geometry satisfying only order relations 
is closely connected with the problem of finding the necessary and sufficient 
condition that a plane may be a part of a three-space in which the axioms of 
order are satisfied. This condition is stated by HILBERT ** to be the validity 
of the Desargues theorem in the plane. The Desargues theorem may be 
proved in a three-dimensional space satisfying only order relations, but can not 
be proved in the corresponding plane geometry, without additional assumptions, 
e. g., of the parallel and congruence axioms. 

In this paper plane axioms of order will be assumed in the form given them 
by VEBLEN, the undefined elements being taken as the point, and a relation 
among points, called order. The first eight axioms are identical, except for 
notation, with his. Another axiom, one of closure, is then introduced, limiting 
the set of points considered to a plane. Two more axioms are then introduced, 
forms of the Desargues theorem, and of its converse, in terms of the set of 
points satisfying only order relations. 





* Presented to the Society (Chicago) under a different title, April 22, 1905. 

t Ueber die sogenannte Nicht-Euklidische Geometric. Mathematische Annalen, vol. 6 
(1872), p. 132. 

t Vorlesungen iiber neuere Geometrie, pp. 40-72. 

§ Ueber die Einfiihrung der sogenannten idealen Elemente in die projective Geometrie, Mathe- 
matische Annalen, vol. 39 (1891), pp. 113-128. 

|| Sulla introduzione degl enti improprii in Geometria projettiva, Giornale di Matematiche, 
vol. 38 (1900), p. 105. 

{A system of axioms for geometry, these Transactions, vol. 5 (1904), pp. 343-384. 

** Grundlagen der Geometrie, Festschrift (1899), § 30. 
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On the basis of these eleven axioms, a new set of elements, called pencils, 
including in particular the pencils of lines centered at points, are defined, and 
their properties deduced. This set of pencils is shown to satisfy the incidence 
axioms and the general Desargues theorem of projective geometry, but not 
necessarily the Pascal theorem, well known* to be independent of the 
Desargues theorem, and even stronger assumptions. It is also shown that if we 
leave out of this set of pencils a subset called a range, the remaining elements 
satisfy the original axioms, I to XI. 

In Section IV, a new set of elements called three-points, including in par- 
ticular the projective points (i. e. pencils) of the plane, is defined, and this set 
is shown to form a projective three-space containing the plane set as a subset. 

In Section V, an extension is made to n-space by generalizing the method of 
Section IV. 

The notation used, though sometimes cumbersome, is very convenient in giv- 
ing a concise expression for the proofs; and by displaying the configurational 
character of many of the figures used, it has been found of value in devising 
the proofs of the theorems. The points which are characterized by Axioms 
I-XI will be denoted by the symbol P,, the P simply indicating that the ele- 
ment belongs to the class of points, and the subscript being a mark, not neces- 
sarily a single digit or letter, and the order of the digits or letters in the sub- 
script immaterial, used to distinguish the various points; for instance, conveni- 
ently, the notation P,,, «7, y=1,---,5,e@+y,and P,, = P_,, will be used for 
the configuration of ten points called the Desargues configuration ; the notation 
, 
ters, the order of which is immaterial; the notation /,,, will be used where con- 
> P55 P,,- Such implications of the 
notation, while useful, are avoided in the statement of the proofs, as far as pos- 


will be used for lines, the / again being a mark of one or more digits or let- 
venient for a line containing points P 


sible, but the notation is used consistently, even the axioms themselves being 
stated in it, in order to accustom the reader to it. Other forms of notation will 
be explained, as they occur. 

The independence of the Axioms X and XI from Axioms I-IX may be 
shown from the Non-Desarguesian geometry of Mounron + if the “line of 
break ”’ of this geometry is a line of our points. The relation of Axioms X 
and XI on the basis of Axioms I-IX has not been determined. 

This problem was first suggested to the author by Professor O. VEBLEN, to 
whom, and to Professor E. H. Moors, he tenders his grateful acknowledgment 
for many helpful suggestions and criticisms. 





* Grundlagen der Geometrie, Festschrift, §31. The form of Pascal’s theorem here referred to 
is, of course, that for the degenerate conic. (Theorem of Pappus. ) 

{A simple Non-Desarguesian geometry, Transactions of the American Mathematical 
Society, vol. 3 (1902), pp. 192-195. 
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The Axioms and Definitions. 


Axiom I. There exist at least two distinct points. 

Axiom II. If points P,, P,, P, are in the order P, P,P,, they are in the 
OTOL Od eed ate 

Axiom III. If points P,, P,, P, are in the order P, P,P,, they are not 
in the order P,P, P,- 

exrom 1Y. If points. P,, P,, , are in the order P,P, P,, then P, is 
distinct from P,. 

Axiom V. If P, and P, are any two distinct points, there exists a point 
7 -., such thatthe), £,, 2, are in the order P,P, P,. 

If P, and P, stand for the same points, we write P, = P,; if for distinct 
Pomitael st. 

Deriniti0n 1. The line P, P,, or conveniently, /,,, consists of P, and P, 
Smee points. in any of the orders, 7, P,P,, P,P,P,, P,P,P,.. The 
subscripts 1, 2 in the notation /,, refer to the points by which the line is 
determined. 

The points P, in the order P, P,P, constitute the segment P, P,. | 

Axiom VI. If points P, and P,(P, + P,) lie on the line /,, (1. e., P, P,) 
then P, lies on the line /,, (i. e., P,P,). 

Axiom VII. If there exist three distinct points, there exist three points 
foe? ou in. any one of the orders P, P,P), P,P, P,; or P,P, P,. 

DEFINITION 2. Points of the same line are collinear. Three distinct non- 
collinear points, P,, P,, P, are the vertices of a triangle P, P,P, =T,,,, 
whose sides are the segments P?, P,, P, P,, P,P,, and whose boundary con- 
sists of its vertices and the points on its sides. Two triangles having the same 
vertices are identical. 

Axiom VIII. (Triangle transversal axiom.) If three distinct points P, P, P, 
do not lie on the same line, and P, and P, are two points in the orders P, P,P, 
and P,P, P,, respectively, then a point P, exists in the order P,P, P,, and 
such that P,, P,, P, lie on the same line. 

Derinition 8. If P,, P,, P, are three non-collinear points, the plane 
P, P,P, consists of all the points collinear with any two points of the sides of 
the triangle P,P, P,. 

Axtom 1X. The set of points P,, here considered constitutes a plane. 

DerFiniTion 4. A triangle is said to lie on three lines if it has a vertex on 
each of these lines. 

DeriniTion 5. Three distinct lines /,,,, 0,,,, 2,4. are in pencil if there exists 
on these lines a pair of triangles having no side common P,,P,, P,, and 
PPP, Po and P,, Py» + P, being points of the line /,,,, etc., such 


40? 40? 


that the lines P,,P,, and P,,P,, meet* in a point P,,, the lines P,, P,, and 


* Two lines meet only if distinct. 
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P,P, meet in a point P,,, and the lines P,, P,, and P,, P,, meet in a point 
P,,,, and such that the points P,,, P,,, P,, are collinear. 
The figure of Definition 5 (see Fig. 
Py 1) will be called a Desargues configura- 
tion, and the notation 


ol? 02? 





Jie Lae Lt 
( 1 ) Les, a Vee 
es, Jie Ps 


will be used when by hypothesis the 
triads of points, P,, P,P.) Py at 
Pg dies eee Pog Eg ts 
Py Popa: PEP GLa tee 
and thetriads P,,P,,P,, and P,P, P,, 
are vertices of triangles ; by the above definition, then, the lines P,, P,,, P,, Ps); 
and P,, P., will be in pencil, Q,,. 

Derinition 6. The set of all lines in pencil with a given pair, together 
with this pair, constitute a pencil, determined by the two lines, and by Theorem 
VI, determinable by any two lines in it. The notation @, will be used for pen- 
cils, the mark k, as before, being any convenient symbol of one, two, or more 





digits or letters, these usually referring to the lines by which it is determined, 
and the order of the digits of the subscript being immaterial as far as denoting 
the pencil is concerned. A line is said to belong to a pencil if it is one of the 
lines of the pencil. 


ASTON OMe hod ae ee 


‘340? “3419 “342 
P,, P,P. ave any two triangles on these lines, P,, and P,, lying on / 
not necessarily distinct), ete., such that the lines 


are three lines in a pencil, and P,, P,, P,, and 


(but 


340 


PP ly and) Pai ert ness DOUG 
Po Poly. and Pee mice: inrusporntels., 


Pyle, and eer emeeunnra polaris, 


30 


P 


402 


and P.,, 


collinear. 
The figure of Axiom X (see Fig. 2) will be represented by the notation 


Qs 


1» P. are distinct and determinate, then P,,, P,,, and P,, are 





bs Tet ee 
(2) beg Sai ae 
Ea See 


02 
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which indicates that by hypothesis the lines P,P ,, P,P 
pencil Q,,, and the triads of points P,, 
Went, and 2; F,).P.,-are the -véertices 
of triangles on these lines, and the 
MoadsroL pointer. i PP 
ant lige 1 ’ LG iy nage vie d ses Jigs ’ 
P,P oP ,, exist and are respectively col- 
linear. Axiom X states, then, that the 
points P,, P..P,, are collinear. 

DEFINITION 7. Three distinct pencils 
Que Vier Qoo are in range, if there exist 
Pyotrianples, 7. PP and P,P, P,, 
whose sides are all distinct and such that Bree) 
#27 and P,P, belong to Q,, Pa Ps 
and P,, P,, belong to Q,,, and P,, P,, and P,, P,, belong to Q,,; and such that 
the lines P,, P,,, P,P, and P,,P,, are in a pencil Q,,. 

The notation used for the figure of Definition 7 will be identical with that of 
Axiom X, except that for P,,, P,,, P,, corresponding symbols Q,,, Q..» Qn 
will be used, thus: 


Ie Py Ate ID 


41? 





Oss 
Ji di oe 
Pv d Pa vat 





Q1. Qoo Qo 


It will be observed that whenever the hypothesis of Axiom X is fulfilled, so 
is the hypothesis in Definition 7, and to the points P,, P,, P,, of Axiom X cor- 
respond pencils @,,Q,.Q,, which by Definition 7 are in range; for whether the 
Paeemlines orand dot. f and Pb yand 2. P. and PP, 
determine points or not, they do determine pencils (cf. Corollary to Theorem 
WIT). 

Axiom XI. If three pencils Q,,, Q,., Y,. are in range, every pair of tri- 
angles PP. P,, and P,P, P,,, sach that 


lines P,, P,, and P,, P,, belong to Q,,, 
lines P,, P,, and P, P,, belong to Q,,, 
lines P,, P., and P 2, belong to Q,.. 


has the property that the lines P,, P,,, P,, P,, and P,,P,, are in a pencil Q,,. 
The figure of Axiom XI will be denoted by the notation : 


Q, 2 Qo Q) 1 

Lege ei ae 

1 1p 1B 
Qs. 
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The inversion of the notational form is to call attention to the change in the 
hypothesis. That Definitions 6 and 7 and Axioms X and XI all involve the 
Desargues configuration explains the similarity of the notation. 

DerFiniTIOn 8. The set of all pencils in range with a given pair of ranges, 
together with this pair, constitutes a range. The notation 7, will be used for 
ranges, the mark & being again any convenient digit or letter, or combination of 
them in which the order is immaterial, so far as denoting the range is concerned. 

From Axioms I-[X, such theorems as the following may be deduced (cf. 
VEBLEN, loc. cit.): 

a) Between any two distinct points of a line there is another point (P, is be- 
tween P, and JP, if they are in the order P, P, P,). 

b) If a line, not a side of a triangle, meets the perimeter of the triangle in 
one point not a vertex, then it meets the perimeter in another distinct point. 

c) To any four points of a line the notation P,, P,, P,, P,, can be so 
assigned that they are in the order, P, P,P, P,, i. e. in the orders, P,P, P,, 
La st py AO ee 

d) Any line divides the plane into two regions which may be denoted by + 
and —, and have the property that any segment joining a point of + to a point 
— contains a point of the line. 

e) Two non-intersecting lines divide a plane into three regions, which can be 
conveniently denoted by ++, +—, ——. 

J) Two intersecting lines divide a plane into four regions, which may be 
denoted by ++, +—, —+, ——. 

g) Three lines forming an actual triangle divide the plane into seven regions, 


which may be denoted by + +4+,++—,+—4+,+——, ——+,—4++4+,—-4-. 


Section I. 
Consequences of Axioms I-X. 


Our main object in Section I is to show that a line is uniquely determined by 
a point and the fact that it is in pencil with two other given lines neither of 
which passes through the point. This is done without any use of Axiom XI. 
THEOREM I. If the lines /,,,, 1,5,, 2,,, are in pencil Q,,, and /,,, and /,,, meet 
3o> then J,,, passes through P,,. (Fig. 3.) 
Proof. Suppose the theorem untrue. Take P,,, any point of J 


a point of /,,, or Z,,,). Take on / 


in a point P 
234 (25s not 
13, Points P., and P,, each distinct from P,,, 
not on /,,,, in the order 7,, P,,P,,, and such there is no point of J,,, on the 
segment P,, P,,. The line /,,, cuts the side P,, P,, of the triangle P,, P,, P,,- 
Hence it cuts either the segment P,, P,, or the segment P,, P,, in a point P,. 
Call the side cut P,, P,,, so that either P_, or P,, is P,,, and call the other 


P,,. Choose a point P,, in the order P,, P,, P,,, and a point P, in the order 
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P,,P,,P,. The segment P,,P, contains a point of the segment P., P,, or 
does not. If it does, use dig as P, below. If not, take a point P, on the 
segment P,,P,,, and the line /,, P, will meet the segment P,, Pin a point 





Fia. 3. 


P,,, which is in the order P,P P,,. Then the segment P,, P,, will meet /,,,, 
J,,4, and /,,,in points P,,, P,,, P,., respectively, in the order P,, P. PsP, PsP 0: 
Take P,, in the order P,,P,,P,,. Then the segment P,, P,, meets /,,, in a 
point P,, of the segment P,, P.,. The segment P,, P,, contains points, 2,, on 
the line /,,,, and P,, on the line /,,,, in the order P,, P,P, P,., and Po is in 
the order P,,P,,P,,P,,- Therefore lines P,, P,, and P,,P,, determine a 
point P, in the orders P,, P,,P, and P,, P,P,,. We have then the Desargues 


configuration 
Qs, 


dee, Tet JE” 
uf 0 Pa ry Pe 
125; dep} as 


in which the hypothesis of Axiom X is satisfied, but P,,, P,., 2, are not 


collinear. Hence the assumption that /,,, does not pass through P,, is contra- 


234 
dictory to Axiom X. Hence the theorem is true. 

TueorEM II. Any three lines /,,,, /,,,, ¢,,, incident at a point P,, are in a 
pencil Q,,. (Fig. 4.) 

Proof. Choose P,, 
d4,9 10 the order P,,P,, P,,. Then choose P 


134? 


Some oni... and 3b ron 1..7, and J7,,/- 2 ,,.0n 


4 inatnegorder (/7,. PFs 27.3 
P,, in order P,,P,,P;,; and P,, in the order P,,P,,P,,, and such that 


segment P,, P,, contains no point of line P,,P,,. Then, by consideration of 
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triangle P.; P,P; P,L,, contains points P_, P.., in order 07,0727 e/ eae 


and P,, is on the segment P,, P,,, and P,, 
is on the segment P,,P,,. P3,P;, meets 
Lae, eee Li a ee POLL Gal Es 
PP, P. Take P, on the segment 
P,,P,,. The segment P,, P,, contains P,o 
on the segment P,,P,,. P,,P4 meets 
P,P, m1 a point P,. Then Ui eee 
a line in pencil with J/,,, and Z,,,. By 
Theorem I, the line P,,P,, must pass 
through P,,, but this line contains the 
points P,, and P,,, and hence is the line /,,,. 

Coro.uary. If three lines are in pencil 
they meet in a point, or else no two of them have a point in common. 

DEFINITION 8. A line /, is between the non-intersecting lines 7, and /,, if 
every segment P,P, (Pond, Pon /,) contains a point P, of /,. 

DerFIniTION 9. If three lines are in pencil and no two of them intersect, we 
will call the pencil non-intersecting. 


in the order 





TuroreM III. If Z,,,, Z,.,, ¢,,, are three lines of a non-intersecting pencil, 
Q.,, then one of them is always between the other two. 

Lemma. If/,,/,,/, are three non-intersecting lines, and if 7, cuts one seg- 
ment joining points of 7, and 7, then it cuts every such segment, and hence is 
between J, and/,. The proof follows readily from Axiom VIII and is omitted. 

Proof of Theorem IIT. (Fig. 5.) 
TakexP von 1), 2, on 1,. 580d ee eOn 
l,,,- Lhen not more than one of the lines 
Loses “1349 Ang, enters the triangle P,, P,, Py; 
since by hypothesis the pencil is non-in- 
tersecting. Then, if one does, it cuts the 
opposite side of the triangle and hence by 
the lemma it is between the other two 
lines. We will now prove that the case 
of all three of the lines /,,,, 1,,,, U,., ex- 
terior to the triangle can not occur. Sup- 
pose that it did occur. Let the plane be divided by the sides of the triangle 
jnto seven regions as in Theorem g, p. 146. 

Choose P,, on /,,, in +—+, and P,, on /,,, in —++, and P,, on /,,, in 
++—. Then P,P, meets segment P,,P,, in a point P,,, and P, P, meets 
segment P,, P,, in a point P,,, and P,, P,, meets segment P,, P,, in a point 
P,, and by hypothesis we have (2); but the points P,,, P,,, P, are not col- 
linear since they are on distinct sides of the triangle. Hence our supposition 
that no one of the lines enters the triangle is impossible. 
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Derinition 10. If three lines of a pencil are incident at a point, then their 
common point is the center of the pencil. 

TueEorEM IV. If 1,,,, Z,,,, and /,,, are three lines in pencil, and such that, 
if the pencil be non-intersecting,* /,,, is between /,,, and /,,,, and Z,,, (055, + 7,5,) 


is a line meeting /,,, in a point P,, (P,, not on /,,., and not on /,,,), then / 


5 “234 ‘134 


Z,,,, and /,,, are not in pencil. 

Proof. (A) If the pencil has a center, the theorem follows from Theorem I. 

(L) Suppose the pencil has no center. (Fig. 6.) 

Suppose there were a line /,,, 
satisfying the conditions of the 
hypothesis. Then /,,, can not 
meet either /,,, or /,,,, by The- 
orem I, and also /,,, will be 
between /,,' and J,,,. Let P,, 
and P,, be any two distinct 
points on Z,,,. Let P,, be any 
point in the order P,, P,,P,,- 
The segment P,,P,, meets /,,, 
in a point P,,. Since neither 
f,,, nor J,,, meets either /,,, or 
(e,, the line P,P ,, meets /,,, in 
a point P,,, /,,,in a point P,,, Fig. 6. 
and /,,, ina point P,,, and these 
foueearenin tue order 77 2 PP and P,P et ).. Lake P,, on the 
sepment P,,/,,. Then take P,, in the order P,,P,,/,, and the line P,, P,, 
will meet /,,,in a point P.,, /,,, ina point P,,, and /,,, ina point P,,, and 
Peeem points sarouin the sorders’ P,P. PPP. and PP, 2, PL os: 
7. ,, contains points /,, on 7.,, and /,, on /,,,, in the order PP,, 2, Poo: 
Pee meets () int/ and 7d, in P,,,1n the order’ f.,..,P.,2,,- . The line 
meets fe Fin a point P,,, in: the orders 27, f°, and P,P, 2.9: 
P,, P,, 2180 meets the line P,, P 
I; 


{ 034? 





o2 1 a point which by Axiom X is the same as 
> from the Desargues configuration (2). 

Now the line P,, P,, meets /,,, in P,,, and J, in P,,, and these points are 
in the order P;,P,,P,,/,,. The line P,,P,, meets the segment P,,P,, in 
P,- But P,, can not be P,,, since P,, and P,, are distinct. Also P,, P,, 
and P,,P,,, since each enters the triangle P,, P,P, at a vertex, meet in a 
point P,. But this point is not collinear with P,, and /P,,, since P,P, and 
P,P. meet P,, P,, in distinct points, P,, and P;,. Then we should have the 
Desargues configuration 





* Note that the proof of the theorem as given would not be valid except for this restriction. 
The result is proved in general in Theorems VII and VIII. ' 
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Qs 
Ps Ps Tae 
Fo Po *e 
ie fe He 
Z,,,, and Z,,, are in pencil @,,, as we have sup- 


P.., P,, must be collinear. But we 
l 


In this configuration, if J,,,, 
posed, then by Axiom X the points P,,, 


have proved that they are not collinear, and hence the lines / , and J,,, 


034? “134 


are not in pencil. 

ToeroremM V. If J,,,,/,,,, and l,,, 
and J,,,, 2,,,, and /,,, (0,4; + l,,,) ave three lines in a non-intersecting pencil, 
then two of these lines are always between the other two. 

Proof. Since no two of the lines meet, it is only necessary to find a single 


segment joining points of two of them, and containing points of the remaining 


are three lines in a non-intersecting pencil, 


two, as the lemma to Theorem III shows. 

Let the regions into which the plane is divided by the lines /,,, and J,,, be 
denoted by ++; —+; —— (cf. Theorem g, p. 146), the first sign referring 
to division by /,,, and the second to division by /,,,, and the notation so used 
that a point in the +-+ region is on the opposite side of /,,, from /,,,, and a 
point in the —— region is on the opposite side of /,,, from /,,,. The remaining 
points not on the lines are in — +. 


Since neither 7, nor 7,,. can meet either / 


245 345 045 
some one of the regions + +, —+,or ——. We have then the following cases, 


with the conclusion as given: 


or 7,,, each must lie wholly in 








Case Io45 10 legs 10 Conclusion 

1 ++ ++ See below. 

2 ++ —+ 1,,, and /,,, between other two lines. 
3 ++ —_— nando, pees 6G 

4 sk “hak, Uys and J,  “ % wy 8 1: 

5 ome ate —+ end te 6 $6 te 

6 mak [ees Liss and Las ‘ ~ 4 

7 Sk tac Lis and Lous i i 

8 ste ie ae Luss and ls ss % = ae 

9 —_— —_— See below. 














In cases 2 to 8 inclusive, the conclusion is obvious and eases 1 and 9 differ 
only in notation. The proof is made only for case 9. (Fig. 7.) 

Take any points P,, and P,, on J,,, and /,,, respectively, and P,. any point 
in++. If P,,, P,, and P,, are collinear, the theorem follows at once. If 
not, the segment P,. P,, contains points P,, on /,,, and P,, on 1,,,. The segment 
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P,,P,, contains points P,, on /,,, and P,, on 1,,,. The lines P,,P,, and P,,P,, 
determine a point P,,. The points P,, and P,, determine a line containing 
points P,, on /,,,and P,, on /,,,in the order P,, P,, P,,P,,. The segment P,, P., 
meets the line P,, P,, ina point P,,. Either P,, P,, and P,, P,, meet in a point 
P,, or they do not. If they do meet in a point, we have the triangles P,, P_, P,, 


and P,, P,, P., on the lines / 


Aig eats and jra" P., whose corresponding sides meet 





Fic. 7. 


in three collinear points, P,,, P,,, P3,- Therefore 1,,,, a 
pencil, and by Theorem IV, P., P,, is /,,, and hence P,, is on d,,,. Therefore 
the points P,,, P,,, P,., and P,, are collinear, and are in one or the other of the 
orders P,, Ps, PooPo3 OF Po Po, Pogo: In either case we have the theorem. If 
P,P, and P,, P,, do not meet, the line P,, P,, contains a point P,, of the line 
P,P), which is in the order P,, P,,P,,; since if the points were in the order 
P,, P,,P,,, then P,, P,, would cut the segment P,, P,,. Since P,, is on the 
segment P., P,,, it is within the triangle P,, P,, P.,, and hence the line P,, P,, 
must cut the segment P., P,, in a point P,,. The triangles P,, P,, P,. and 
P., P,P, have their corresponding sides meeting in three collinear points, 
Fy, and P.,. Therefore P,,P,, is in pencil with /,,, and /,,,, and by 
Theorem IV, P,, is on /,,,. Hence P,,P,, contains P,, on ¢,,, and P,, on J 
and hence /,,, and J,,, are between /,,, and /,,,.. This completes the proof. 
Corotuary. A triangle can always be so chosen that it will contain seg- 
ments of each of the four lines /,,,, 1,,,. /,,, 24, in its interior, and such that 


within it no two of the lines meet, and within such a triangle the order in 


Z4;, andP,,.P., are in 


2459 


which the four lines are cut by a transversal is invariant. 

danorEM VIL Ti J,). 4,,, 4, are three lines in: pencil, and 1... lias le. 
are three lines in pencil, then J,,,, /,,,, 7,,, are in pencil, and /,,,, ,,,, 7,,, are in 
pencil. 

Proof. If 1,,, and /,,, meet ina point P,, then /,,, and /,,, pass through P 
and we have at once the conclusion, by the corollary to Theorem II. 


145? 


k? 
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If is loas 
triangle 7’ chosen as in the corollary to Theorem V. 

All of the points chosen below are to be taken in the interior of 7. Let the 
045? lias? 4s? Lass that if they 
are cut by any transversal in 7’ in the points P,, P,, P,, P, these points 


and /,,, do not meet (Fig. 8), we will consider the interior of a 


notation 7, 7, Ly 1, be so assigned to the four lines / 


— 


Loss 


lw 





Lys 





Loss 





ly 


l 345 











Fia. 8. 


will be in the order P,P,P,P,. Choose P,, and P,, in the) order 
P,,P,P,P,P,P.. Then take two points P, and P, on J, in the order 
P,P_P,, and two points P, and P, on /,, in the order P, P,, P;, and such 
that P,, and P, are on the same side of the line P,, P,,. The line P,, P, meets 
1,4, in a point P,, and /7,,, ina point P,.. The line P,,P, meets the line J,,. in 
a point P,, and /,,,in a point P,,. The line P,, P, meets /,,, 
and /,,,in a point P,,. The line P,, P, meets /,,. in a point P,, and J,,, 
point P,,. Then the points P,, and P,, are on opposite sides of the line P,, P,,, 
hence the lines P,, P,, and P,,P,, meetin a point P,,. Similarly, P,, P,, and 
2, i, mesh in a point 72), 5 ei2eeewanG sek P,,. meet in a point: 2 meeas 
and P,,.P,, meet in a point P,,. 


in a point P,, 
in a 


03 ? 





* The configuration obtained in the proof of this theorem is a plane section of the three-space 
configuration containing six points, no three of them collinear. The configuration contains 
fifteen points and twenty lines. 
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Then the hypothesis /,,., 7,,,, 7,,, in pencil, and the hypothesis / 


pencil give respectively the Desargues configurations 


Qs Qs 


Opa got bh 


0459 “1459 “345 








Pv Py 1p yo Sy Py 
(A), (B) dite Tage vg is Lis vais 
qe Ed ie bots ye Prog lige 


Then by using the conclusions of (4) and (2), and remembering that any 
three lines through a point are in pencil, we have 


Qu Qo 
ds 














Ps ds Lan Lee 20 fee 
(C), (D) Px Px Po, Px, Px tes 
Pv Pg Ps Vee fee Ps 

In view of (C’) and (D) respectively, we have 
die og Le 4 fe Tey J ie 
(£), (i) Jee lees dey Br ye Py 
05 Sige Ves Fig. ler Jip 


Qs | Qs 


The conclusion of the theorem is expressed by (/) and (/’) in the configura- 
tional notation. 

Corotuary. The set of all lines through a point constitutes a pencil which 
is determined by any pair of the lines. 

THeEorEM VII. If /,,, and /,,, are two lines and P., is a point not on either 
Z,3, OF U,,,, then there is one and only one line /,,, which passes through the point 
P.,. and which is in pencil with /,,, and /,,,. 

This is a generalization of Theorem IV, in which we have the proof for all 
cases except when /,,, and /,,, do not meet, 
and /,,, is between /,,, and 7,,,. We can 
now prove this last case and have the more 
general theorem by the aid of ‘Theorem 
VI. We will first prove that there can 
not be two such lines. Suppose /,,, and 
J,,, are two distinct lines through P,, each 
in pencil with /,,, and /,,,. Then by The- 


orem VI, /,,,, ,,,, and J,,, are in pencil, 





and by Theorem I, /,,,, /,,,, 2,,, must meet Fic. 9. 
in P,,, but this contradicts the hypothesis 
that /,,, and /,,, do not meet, and hence there can not be two such lines. 


Trans. Am. Math. Soc. 11 
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One line, and by this proof the only line 7 


with 7,,, and J,,, 


oa,» through P,, and in pencil 
will now be exhibited. (Fig. 9.) Take any point P,, on /.,,, 
and any point P., not on /,,,,in the order P,, P,,P,,, and such that the seg- 
ment P.,,P,, contains no point of 7,,,. Then take P,, on the line /,,,, but not 
on the line P,, P,,, and then any point P,, in the order P,, P,,P,,. Choose 
P+ P on /,,, but not on the line P,, P,,,and any point P, + P,, on the 
line /,,,, and such that these points are in the order P,, P,,P,. Then P,, P,, 
and P,, P,, meet in a point P,,, and the segment P,,P,, and the segment 
P,, P,, meet in a point P,,. Hence we have the Desargues configuration : 





ioe Lie 18; 
Le Pei dae 
Leis Jah vig 


Qs4 


whence the line P,, P,, is the line /,,, of the theorem. 

CoROLLARY. Any two lines determine a pencil. 

In view of Theorem VII we can now speak of P,Q, where P, is not the 
center of (), as a definite line, viz., the line of the pencil @, which passes 
through P,. We will also speak of Q, as collinear with P, and P, if the line 
P,P, belongs to the pencil @,; also if the line P,Q, is a line of the pencil 
Q., P..@,@, will be said to be collinear. Collinearity, when used in this sense, 
of course, does not imply order relations. A line can belong to any number 
of pencils, viz., the pencils determined by it and each of the lines through some 
point not on it. But two pencils can not have more than one Jine in common, 
by Theorem VII. Since a point @, always determines uniquely a pencil, viz., 
the pencil of which it is the center, we may use any point as a pencil, when we 
mean this pencil. Points will be so used, in speaking of ranges, as in the 
definition of “in range,” points might have been used for the pencils, as indi- 
cating the pencils of which they are centers. 


Srction II. 
Consequences of Axioms I-XT. 


The theorems of Section 2 will have to do with ranges and their properties. 
It is evident from the definitions of pencils and “in range,” that any three 
points of a line are the centers of three pencils which are in range. The two 
triangles whose sides are lines of three pencils in range, and the joins of whose 
vertices are in pencil, will be said to be perspective triangles. 

Suppose Q,, Q,, Q, are any three distinct pencils, and 7’ is any triangle not 
containing in its interior or on any of its sides any segment common to any two 


of these pencils. Let P,P)’ P, be any three points in Z’ such that P,P,’ is a 
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line of Q, and P,P, is a line of Q,. (Fig. 10.) Then the lines P,Q, and 
P*’Q, meet in a point P, of 7’, or do not. If not, let any point of P,Q, on 
the same side of P,P. that P, is, be called P,; then P,Q, will meet P, P;’ in 
a point P, which may be used for P,’. 

Such a figure (P,P, P, P,) will be called a quadrilateral in Ton Q, and Q,. 

Some one at least of the lines P,_Q,, P,Q,, P.Q;, P,Q, enters the quadri- 
lateral P,P, P,P, and by a proper assignment of notation it may be con- 
sidered P,Q,. Then P,Q, will meet either 
the segment P,P, or the segment P, P, in 
a point P’ or P’ respectively. In the first 
ease, the line PY, meets the segment 
PP, ina point PP), and P’ and P; may 
be used as a new /?, and P,, respectively. 
In the second case, the line P’Q, meets 
the segment P,P, in a point P’, and P, 
and P’ may be used as P, and P, respec- 
tively, and hence the points P,P, P,P, 
can be so chosen that they form a quadri- 
lateral on Q, and Q,, and so that P,P, is 
a line of Q,. Such a figure will be called a quadrilateral on Y,, Q, and Q,, in 
T. Any line 7, of Q, and any line /, of Q,, which are within the quadrilateral, 
meet each other in a point of the quadrilateral. 

The notation for a Desargues configuration will sometimes be written, when 
the notation is in the form of Definition 7, D. C. (84)-(012), and when in 
the form of Axiom XI, D. C. (012)-(34), for shortness in writing as this may 
readily be expanded to the previous form. 

THeorEM VIII. If Q,, and Q,, are any two distinct pencils, and / is any 
line not belonging to either 
Q,, or Qo, then 7 is in one 
and only one pencil Q,, which 
is in range with Q,, and Q,,. 
(Fig. 11.) 

Proof. Let 7 be any tri- 


angle containing in its interior 





a segment of 7, but no seg- 
ment of a line common to Vn 
and @,,. Choose P,, and P,, 


on 7, in 7, and such that 
P,Q, and P,,Q,. meet in a 


point P,, of 7’, and such that 
Fig. 11. Po Qo and P,Q, meet in a 
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point P,, of Z. Then the segments P,, P,, and P,,P,, meet in a point P,; 
choose P,, in the order P,P,,P,,. Then P,,P,, meets the segment P,, P,, 
in a point P,,, and P,, P,, meets the segment P,,P,, ina point P,,. Then 
from the triangles P,,P,, P,, and P,P, P,. perspective in P,,, P,,P,, and 
P,,, Po. determine a pencil @,, which is in range with Q,, and Q,,. 

Suppose there is a pencil @/,, distinct from Q,,, such that / is a line of Q),, 
and such that Q,,, Q,., and @Y/, are in range. Then at least one of the lines 
Pn Qios Pn QVis> Lo2Qi2 Must enter the triangle P,, P, ., unless 2g eee 
identical with P,,Q,, or P,Q... But either of these was avoidable by a new 
choice of P., and P,,, since P,, and P,, might have been any points on 
the segment P,P... 

Case I. Suppose P,,Q;, cuts the segment P,,P,,in P,. Then choose a 
point P, in the order P., P,, P, such that P_Q', passes through P,,, or a point P,, 
on the segment P,, P,,. Then since P,, was chosen arbitrarily on the segment 
P.,P,, it may be chosen so that for some point P, in order P,, P,,P., P.Qi. 
passes through P,,.. Then since Q,, Y,.Q_, are in range, the triangles P,, P., P,, 
and P,,P,P,, are in perspective. But P,P, and P,,P,, meetin) ana 
P,P, does not pass through P,,. Hence this case is impossible. 

Case II. P,Q), meets the segment P,, P,, ina point P,. Then since Q,,, 
Q,., and Q, are in range, by hypothesis, P,, P,, P, and P,, P,, P,, are in per- 
spective. But P,, P,, and P,, P,, meetin P,, and P, P,, does not pass through 
P,,- Hence this case is impossible. 

Case III. P,,Q{, meets the segment P,, P,, in P,,. The proof in this case 
is identical with that of Case II, except for notation. Hence there can be no 
such pencil @),, and the theorem is proved. 

THeoreM IX. If Q,, Q,, Q, and Q, are four 
distinct pencils, and Q,, Q,, Q, are in range, and 
Q,, Q,, Q, are in range, then also Q,, Q,, Q, are 
in range. (Fig. 12.) 

Proof. Let P,P,P,P, be a quadrilateral on 
Q,, V5 Q, in a region 7’ not containing any point 
of a line common to any pair of the pencils Q,, Q,, 
Q;,Q,- Let P, and P, be any points in 7’ in the 
orders P,P, P, and P,P,P, respectively. Let 
P., be any point on the segment P,P, such that 
P.,@, meets the segment P,P, in a point P,,. 
Let P,, be any point on the segment PP, such 
that P,Q, meets the segment P,P, in a point 





P,,. P,Q, meets the segment P,P, in a point 
pace P,,,and P,,Q, meets the segment P,P, in a point 
Po» Since P,,, P,, ave on one pair of opposite sides of the quadrilateral, and 
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Po, P. ave on the other pair of opposite sides, P,, P,, and P,, P,, meet in a 
point P,,, of the interior of the quadrilateral. If P, and P, be called P.,, 
and P,, respectively, we have the Desargues configuration (128)—(56), whence 
P,P. also passes through the point P,,. But from the hypothesis that Q,, 
Q, and Q, are in range, and the triangles P,, P,, P,, and P,, P,.P,,, we have 
the Desargues configuration (124)-(56), whence P,,P,, also passes through 
P,,- Hence, from triangles P,, P,,P,, and P,, P,,P,,, perspective in P,,, we 
have the Desargues configuration (56)-(184), whence Q,, Q,, and Q, are in 
range, and the theorem is proved. 

CoROLLARY. Any two pencils of a range determine the range. 

THeoreM X. If three points P,,, P,,, P,, are in range, they are collinear. 

Proof. (See Fig. 18.) Let P,, be a point not on any of the lines P,, P,,, 
Polit pti. Lake P,, on the line P,,P,, such that the line P,, P,, will 





N 
ES 
Fy, 

Fig. 13. Fig. 14. 


meet the segment P,,P,,in a point P,,, and such that no point of any of the 
BCE cast gl ins log 4218 Within the triangle P,P. P.,. Let P,, be any 
point within the triangle P,, P,,P,,. Take P,, in the order P,, P,,P,. Then 
the line P,, P,, will meet the segment P,, P,, in a point P,,, and the line P,, P,, 
will meet the segment P,,P,,ina point P,,. But the lines P,, P,, and P,, P,, 
determine a pencil @',, which, by definition, is in range with P,, and P,,. 
Hence by Theorem VIII Q,, and Q), are identical, and we have the theorem. 

THeoreM XI. If Q, Qo, Y,, are in range and J, is a line belonging to Q,, 
and Q,,, then /, belongs also to @,,. (Fig. 14.) 

Proof. Let 7’ be a triangle containing in its interior a segment of the line 
Z., but no center of any one of the three pencils. Let P,, be any point in 7’ 
not on/,, and P,, a point in 7’, on line P,,Q,,, and P,, a point in 7 on Q,, P,,, 
such that P,, P., isa line of Q,,, and P,,, P,,, P,, are all on the same side of /,. 
Take P,, on opposite side of 7, from P,,, not on P,,Q,,. Suppose now J, is not 
a line of Q,,; let P, be the point in which P,, P,, meets7,. Then P_Q,, will 
meet the segment P,,P,, ina point P,,,not on/,. P,Q, meets P,, P,, na 
point P,,,noton/,. P,,Q,, meets P,, P,, in a point P,,, not onl,. Hence 
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P,, P,,and P,, P,, determine a pencil Q/, which is in range with Q,, and Q,,. 
By Theorem VIII Q', is Q,,. But P,, P, was supposed to be a line of ,,, 
and that would make P,, the center of Q,,. But Q,, does not have its center 
in 7, and P,, is in 7’, hence /, must be a line of Q,,. 
TueoreM XII. If 7, is a line of a pencil Q,,, and P,, and P,, are any two 
distinct points of 7, not the center of Q,,, then @,,, P,, and P,, are in range. 
Proof. (See Fig. 15.) Let P,, be any 
point not on/,, and P,, and P,, two points 
on the same side of 7, that P,, is, and such 
that P,,P,, 1s a line of Q),, 23 ees 
line of Q,., and P,,P,, is a line of @,. 
Let P,, be any point within the triangle 
Qe Pol f° ~ Let 2, be any porns 
2, order P,,P,,P,,. Then P,Q, meets the 
Ato, segment P,, P,, in a point Pas and P03 
Tis. meets the segment P,,P,, in a point P,,. 
Then the line P,, P,, belongs to the pencil 
Q,,» from the Desargues configuration, (048)-(12), and hence the theorem is true. 
THEOREM XIII. If 7, belongs to Q,, and Q,,, then any other pencil @,, to 
which /, belongs is in range with Q,, and @,,. Let P, and P, be two points 
of 7, not centers of @,, or Q,, or Y,,. Then P,P,Qi, P,P, Un» P,P, Ds 
are in range, by Theorem XII. Then by Theorem IX, P,Q, Q,, and P.Q,,Q,. 
and therefore Q,,, Q,.5 Q,. are in range. 
THEOREM XIV. Any two distinct ranges 7,,, and 7,,, have in common one 
and only one pencil, Q,,. (Fig. 16.) 


‘en 





Q 
od Qos "09s to Q,. 





hs Qre iy to Qos 
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Proof. Through any point P,,, not a point of either 7,,, or 7,,,, draw lines 
(3 and /,,,, which with r,,, and 7,,, determine respectively the pencils @,, and 
Qis> Qo. and @..- neon P,,, P,, and P,, such that P,, is on the line /,,, 
and P,, is on the line /,,,, and oh that P 5/2 Meets J,,, in a point P_, and 
P,P, meets /,,, in a point P,, in the orders P,, P,, P,, and P,, P,, P,,, and 
ak that all of these points lie Pein a triangle eons no eons i: r 


08 
13- Lake a quadrilateral P,P,P,P, on Q,, or Q,,, and P,,, and such ai 
P and P, are on the segment P,, P,,, and such that P,P,, and P, P,, are 
lines within the triangles P,,P,,P,, and P,,P,,P,, respectively. Take P,, 
and P,, on the segment P,P,, and such that P,,P,, and P,,Q,, meet at a 
point P,, within the quadrilateral P,P, P,P; P,Q. and P,,Q,, meet at a 
point P,, within the quadrilateral. Then P,, P,, meets /,,, in a point P,, and 
P,,P,, meets the line /,,, in a point P,,. Then P,,P,, and P,,P,, determine 
a pencil @,, which is in range with Q,,@,, from D. C. (45)-(023), and in range 
with @,,Q,, from D.C. (45)—(123).* 

That there is only one such pencil is an immediate consequence of Theorem 
IX. For if there were two such pencils, then these would determine any range 
containing them, and hence the ranges 7,,, and 7,,, would not be distinct. 

TuHrorem XV. [If any ten pencils MY, (1,7 =1,---,53; ¢ +7) are such that 
no four of them are in range, and Q,Q,, Q,, (% eile, Ob, 4, 03 
i+9 +h, andi,j,k +1, 2, 3 in any order) are in range 7,,, then also Q,., 

: Q,, and Q., are in range 7°15, a conversely. 

The theorem is the general Desargues theorem, seed and ranges replacing 
points and lines, and forming the configuration |7} ,) This Ce a 
the purpose of the ae is enlarged to a Adah ottrenon [5 s|,2,, or @ 


yk? 


th ae 
Tin, (% j,k=1,---,7), the new lines or points being within ss crossing a 


he T, say the eat of a triangle, containing no point of the original ranges. 
The eleven points added form two perspective five-points P,.,,;, and 
Ps» 3,4,5-1» perspective from a point P,. 

Choose P,,, any point in 7’ (Fig. 17), and draw P,, Q,,(j=1, 2,4); in 7, 
choose points P,, and P,,,on P,,Q,, and P,,Q,, respectively, and such that 
P,Q, and P,,@,, meet in a point P,, of 7’, and P,,Q,, and P,,Q,, meet in a 
point P,, of 7. Take P,, in 7’, but neither collinear with any two points, nor 
on any line yet chosen, and draw P,, P,.(j=1---5). Take P,, on the segment 
P,P y,, and draw P,,@,,- This will cut the segment P,, P,, in a point P,,. 
P,, P,, meets segment P,, P,, in a point P,,, which is also on the line P,, Q,,, 
from the D. C. (67)-(124). [Thatis, P,,P,, and P,,P,, determine a a 
which is in range with Q,, and Q,,, and since Q,, is a pencil of the line P,, P,,, 1 
is this pencil.] Also P,,Q,, meets the segment P,, P,, in a point P,,, and on 

* The configuration used in the proof of this theorem is a degenerate case of the configuration 


|7§ ,4|, of notation P;;, li;, (7, 7, k=0, -+-, 5) in which the points Po, Po; and P,; are 
coincident. 
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the D. C. (67)-(125), P,, P,, and P,, P,, determine a pencil which is in range 
with @,, and Q,,, and is therefore Q,,. From the D. C. (67)-(yk), (t=1, 2; 
jrk=8,4,5,j +k) P,,P,, and P,,P,, belong to @,,. Hence Q,,, Qs; 


ee a 





fyi ; T1253 = to Qig 


Fig. 17. 


(Q),, are in range, from the D. C. (67)-(3845), and we have established the first part 
of the theorem. 

The same configuration serves for the proof of the converse theorem, if the 
points are chosen in a slightly different order. Choose in Z’a point P,,, then 
P,,and P,, such that P,, P,, is a line of Q,,, P,, Y,, and P,,Q,, meet ina 
point P,, of 7’, and P,,Q,, and P,,Q,, meet in a point P,, of Z. Choose P,, 
in 7’, not on any line or range of the figure so far determined. On the seg- 
ment P,.P,, choose P,,. Then P,,Q,, meets the segment P,,P,, in a point 
P,,. The line P,.Q,, meets the segment P,,P,. ina point P,,. Then from 


57° 
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the D. C. (67)-(845), P,, P,, isa line of Q,,. Then Q,,P,, meets the segment 
P,,P,, ina point P,,. From D. C. (67)-(145) and Theorem VIII, P,, P,, Q,, 
are collinear. We have now hypotheses for the configuration (67)—(134) and 
(67)—(135), from which, and Theorem VIII, we have the collinearities P,,P,,Q,55 
P,P Q3- The line P,,Q,, meets the segment P,,P,, in a point P,,, and 
from the D. C. (67)-(245) we have P,, P,.Q,, collinear. From the D. C.’s 
(67)—-(234) and (67)-(285) we have the collinearities P,, P,,Q,, and P,, P,,Q,.: 

But from the D. C.’s (67)-(128), (67)-(124), (67)-(125), the lines P,, P,, 
and P,, P,, determine a pencil Q,, which is in range with Q,,Q,,, QQ 
Q,;Y>,; respectively, and this proves the theorem. 


249 


~ Secrion ITI. 
Generalization of Order. 


In this section it is shown that if some one range of pencils is omitted from 
the set of all pencils, the remaining subset of pencils has the property, that, with 
a suitable definition of order, its elements satisfy the Axioms I—X1I, a well-known 
property of the elements of a projective plane. 

Before giving the definition of order it will be useful to prove certain lemmas. 

Leyva I. If Q,, Q;, Q,, Q, are any four distinct pencils of a range 7,,,,, 
and T= P,,;P,,,; P.;; 18 a triangle whose sides belong to Y,, Y;, Q,; respec- 
tively (i. e., the line P_,; P.,,, 
tices are on the same side of 


belongs to the pencil Q,, etc.), all of whose ver- 


eee then of the three statements 


1) P.,,;Q, cuts the segment P,,, P_,, in a point P_,,3 
2) P.,;Q, cuts the segment P,,,,P,,, in a point P,,,; 
3) P,,,Q, cuts the segment P,,; P_,, in a point P 


chi ahk ? 


one and only one is true. 
Proof. Since the vertices of the triangle are all on one side of the range 
hijk Then the lines Pe Ons Jape Q,» ie Q, 


are all distinct lines of a pencil, whose center, if it exists, is not within the 


’,,.,, no side of the triangle is r 


hijk* 
triangle. If the pencil has a center, the lemma follows at once from theorem 
g of the introduction. If it has no center, it follows from Theorem III. It is 
evident that by a proper assignment of the notation Q,, Q;, Q; the true state- 
ment may be made any desired one of the three. 

Lemma II. If 7, and 7, are two triangles satisfying the hypothesis of 
Lemma I, and such that in the triangle 77, the line P,,,@, meets the segment 
Pre si then also the line P,,,Q, meets the segment P,,,P,;, 
in a point P,,,. 

Proof. Case I, (Fig. 18.) When no pair of corresponding sides of the tri- 


angles 7’, and 77, lie in the same line, and no vertices areincommon. ‘The lines 


in a point P 


3ik ? 
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Pi Paris Pais Pinj» Psi; Pj ave in pencil Q,,. The line P,,,Q,, meets the seg- 
ment P,,,P,,, ina point P,,;,, by theorems on division of a plane by lines and | 


Theorem I, if Q,, has a center, and by Theorem IV, if Q,, has no center. But 





Fia. 19. 


P,P, ad P,,,P,,, determine a pencil in range with @, and @;, and 
hence Q,. 

Case II. (Fig. 19.) In case some parts of the triangles 7, and 7, are 
coincident, we can make the proof as follows. It is always possible to obtain a 
triangle 7., satisfying hypothesis of Lemma II, all of whose parts are distinct 
from all the parts of 7’, and 7, and such that P,,,Q, meets the segment 
P.,,/;,; ma point P,,,, whence the theorem follows by Case I. Such a tri- 


angle 7, is obtained as follows. Within the triangle 7, and on the segment 
P,,,; P;, but on no side of 7’, choose a point P,,,. The line P,,, Q, will meet 
the segment P,,,P,,, in a point P,,, and the line P,,,@, will meet the segment 
P,,,P3,; in a point P,. Choose a point P,,, on the segment P,,, P,, and not 
on any line of 7. Then P,,.Q, will meet the lines P 
points P.,, and P,,, respectively, and the triangle P 
required. 


1 


ape nde 


Shj nj ~ sin 0 
sng 2 suit siz 18 the triangle 

Lemma IIT. (Fig. 20.) “TiO 
Q,, Q, are four distinct pencils of a range, 
7,,;2 and J, is a triangle satisfying the 
hypotheses of Lemma II, then in any tri- 
angle 


[ Y AEM pln! F: 
ie 


chk xik 
D =} ts ee 


rhj chk uk 


Qi j 
Fig. 20. ; L ie ae x ahs 





all of whose vertices are on the same side of 7 


the pencils 
0,9: % 
O29; @. 6 
Q: 2; %, 


xij, 20d whose sides belong to 


iid 
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respectively, the line and segment 


Li Q, Ie IRS 
digs Q; ’ EP a Ie 9 
y : Vass Q, hehe ajk 
meet 1n a point 
sixes j 
J 
pos 
rhe 
W githe J 


Proof. The line Q, P,,,can not meet the segment P,,,P,,,, hence meets the 
segment P,,, P,,, in a point P,,, and hence from the triangle P,,,P,,,, P,,, and 
Lemma II we have the first part of the lemma. Similarly, P,Q, must meet 
the segment P,,,P,,,in a point P,, and hence from the triangle P,, P,,, Poi 
and Lemma II we have the second part of the lmma. Also P,Q, must meet 
the segment P, P,,, in a point P,, and from the triangle P,P, P,,, and 
Lemma II we have the third part of the lemma. 

The range of pencils omitted from the set Q, will be called r,,, and pencils 
not on r,, will be denoted by the notation S,. 

DEFINITION OF OrDeER. (Fig. 21.) Three pencils have order relations if 
and only if they are distinct, lie in a range, and 
no one of them lies on r,,.. Three such pencils 
ieee Sis S, of a range r,,, meeting 1,, ine, 
are in the order S,S, S, if and only if in a tri- 





: 
angle P,,, P.;,P.;,, whose sides belong to the 

pencils S;, S,, S,, respectively, and all of whose ver- ee Fe 
tices are on the same side of r,, and 7,,,, the line Fig. Qt. 


P,Q. meets thesegment P,,, P,,,,in a point P,,,.. 

It will now be shown that the set of pencils S, subject to the above definition 
of order, satisfies the Axioms I—XI. 

Axiom I is evident, since every point is the center of a pencil. 

Axiom II is evident from the symmetry of the definition of order. 

Axiom III follows from Lemma I. 

Axiom IV is evident from definition. 

Axiom V is evident from definition and Lemma III. 

Axiom VI is a consequence of Theorem IX. 

Axiom VII is obvious. 

Axioms IX, X, XI are evident, since all points are centers of pencils, and 
they hold for the set of a// pencils. 

Axiom VIII. (Fig. 22.) This will be paraphrased as follows. If in the 
set S,, S\,,. Sy, and S,,, are any three pencils not in range, and S 


145° 345 235 
pencil in the order S,,, S,,,S,,,, and S),, is a pencil in the order S,,, S,,, S35, 


is a 
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which is in the order S 


then there exists a pencil S rye 


125 
in range with S,,, and S,,.. 
Proof. The ranges S),, S,,, and S,,,S,,, are distinct, and hence they deter- 
mine a pencil Q,,,. Select a triangle 7’ containing in its interior no point of 
any of the ranges S,,. S...5 Soy; Sois9 Sys Sos0 "0+ All points selected below are 
to be taken within the triangle 7’. Call the pencils common to r,, and S,,, S,,., 


Sio5 Soys5 and which is 


236 346 2346 246 





2 y 
S yy 
Ye 
oe 
LA 
|7 
F|S145 
han 
“oil 
3 
7 | 
/ 
y | 
2 | 
x aol 
pA 156 S15 al 
Soe, Ae NS 5 | 
Woe “i \ | 
456 v4 ae | 
Se | 
A S 
\ 
rs a | 
a Sis5 
4 DS 
aXe 
Ne 
\2 
| N@ 
Ss 
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| eae 
ee te ES 45 EN eee 
tee S295 
Fig. 22. 
Sous Ssis1 Sas Sss Sigs Sogs9 Tespectively Qiors Yasir Visser Vizs- Choose in Ta 
point P,,,, and then points P,,,, P.,,, £,,, om the lines P.01S|.02 ame 
P 5g Saigo Tespectively, and such that the lines P,,,P.;,, Psi, fs,5 800 ee 


belong to the pencils Q,,,, Q,,,, and Q,,,, respectively. From the order 
S545 S45 Son, OF the hypothesis, P meets the segment P,,, P,,, of the tri- 
angle Pag Paige Poss: 356/256 10 
the orders Pr, PsapL aig» © sin Loge teams tase ane 2 Ang 9 a9p apn ace 
well might another set of orders have been secured.) 

Then P,,, S|,, meets P,,,S,,, in a point P,,, of Z’ or does not. If it does, 
P 5, 18 in the order P,,, P45, P56, from the order S,,, S,,, S,,, of the hypothesis 
and the triangle P,,,P,,,P,,,. I£ not, choose in 7 a point P|,, in the order 
Pg Pisg P55 and from the order S_,,S,,,.S,,, of the hypothesis, and the tri- 
angle P,,,P 14g is¢) by Lemmas I, III, P,.,S,,, meets the segment P,,,P,,,, 


and P; will meet the segment P,,,P,,, in a point P,,,. The line 


156 “~ 135 3 


346 “~ 235 


Hence it is possible to find in 7’ points P,,, P 


346 456? 456 “~ 135 
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oats, aie 


356 9035 Will meet the segment P,,,P,,, in P},,, and will or will not meet 
. . ps F , , / . 
Peo, We point £ ofe?., lake Pin the order P72. 2 34, L neg) and in the 
, , . . e , 

order P;,, P),,P, if P., exists, and such that the line P%,,Q,,, meets the seg- 
ment P,,,P,,,in a point P,,,, and the segment P,,,P,,,in P),,. In this case 
use the points marked with primes in the further discussion, where points with- 

out the primes are used. The line P,., S,,. Sis 
point P,,,. The sets of three pencils, P,,. P,,,.P,,, and S,,S,,,S,,, have cor- 
responding ranges belonging to the pencils Q,,., Q,,,, and Q,,, of the range 

kd By Y = . Y 
T.4,> 2nd the lines S,,,8,,, and P,,, S,,, meet in P,,,.. Hence the line P,,, 5... 
also passes through the point P,,, (by Theorem XIII), and from the order 
yan ere he 

foe ag, the point /..,-is in the orders PL PoP, and: Poi. Piss L ise: 
Also, the line P,,,P,,, meets the line P,,,P,,, in a point P,,, in the orders 
ea yf and), / 15.2 4,+ Krom the sets of three pencils P,,, P... 2 js, 
; erg : : 
and S_,, S,,, S,,, “perspective” in P,.., the line P,,,P,,, belongs to the pencil 
@,.,- From the sets of three pencils S,,. S,,, S,,, and P,,, P4,P 4.55 Whose sides 
belong in pairs to the three pencils Q,,,, Qo, Qiogs respectively, P,,, is on the 
: : 5 ; 
line P,,,P,,,- From the triangle P,,,P.,,P4,,, the line P,,,Q,,, cuts the seg- 


ment /,,, P,.,, Since it is not either side line of the triangle, and since it can 


will meet the segment P,,,P,,, in a 


not meet the segment P,,,P,,,. Hence if Q,,, isnot on r,, it is S,,, and in the 
order S,,,S,,,S,,,- That it is not on r, may be seen as follows: S,,. S,,, 


meets 7, in Q,,,, of which P,,,P,,, is a line. If this line were the same as 
P 19 Pos¢s LP 15g WOuld be on the line P,,, P,,,, contrary to the hypothesis. Hence 
the axiom holds. 

The configuration used in the proof may be indicated schematically by |”} ,*|, 


as may readily be verified from the figure. 


SrcTIon LV. 


In terms of the plane set of pencils S, already exhibited in Section III, a new 
set of elements will now be defined which will be shown to form a three dimen- 
sional space, as mentioned in the introduction. Upon the assumption of a plane 
satisfying the ordinary incidence and order relations, and, furthermore, the par- 
allel axiom, Hilbert * demonstrates that the validity of the Desargues theorem is 
the necessary and sufficient condition that the plane constitutes a part of a three- 
dimensional geometry with analogous relations. That the Desargues theorem 
holds for a plane of such a three space is well known. On the other hand, by 
the aid of an algebra of segments based upon the Desargues theorem and the 
parallel axiom, and a resulting analytic geometry, Hilbert exhibited an analytic 
three-space containing the original plane, while ScHor?+ later exhibited a geo- 
~ * Grundlagen der Geometrie, Festschrift, 3 29. 


+ScHor, D., Neuer Beweis eines Satzes aus den Grundlagen der Geometrie von Hilbert. Mathe- 
matische Annalen, vol. 58 (1904), pp. 427-433. 
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metric three-space without the algebra of segments. The method here used is 
analogous to that of Schor, but makes no use of the parallel axiom; this is 
possible in view of the use of the ideal elements already introduced on the basis 
of the Desargues theorem. The ideal elements of the resulting three-space, 
which were not considered by either Hilbert or Schor, are also developed in 
terms of the original plane system. 

Let three special distinct pencils Y,, Y,, Q,, of 7, be chosen. Ranges S, 
distinct from 7, and belonging to Y,, Y,, Q,, respectively, will be denoted by 
U,5 Vz» W,, respectively. A 8-point will then be defined as follows: 

Every triple of ranges u,, v,, w,, not in pencil, is a 8-point. Also since 
every pencil S,, with the pencils Y,, Q,, Q,,, respectively, determines three 
ranges U,, V,,, W,,, respectively, which are in pencil, and conversely every three 
ranges u,, V,, w, which are in pencil determine a pencil S,, every pencil S, 
will also be called a 3-point, and the notation 7, = w,, v,, w,, will be used for 
3-points of either class. If 7 is a 3-point, uw, and v,, w, and w,, v, and w,, 
determine three pencils W,, V, and U,, respectively, which are coincident or 
distinct according as 7’, is or is not a pencil. 

Derinition. Three 3-points 7,, 7, 7, are in the order 7, 7, 7, if and only 
if the pencils U,, U,, U, are in the order UU, U, as pencils. 

In view of the Lemma to Theorem III, the order U,U,U, implies also the 
orders V,V,V, and W,W,W,, and conversely. Also all three, or any one, 
of the three 8-points having order relations may be pencils, but if two are 
pencils the third is a pencil. 

If three 3-points 7, 7, , 7, are collinear, U,, U,, U, are in range, V,, V,, V, 
are in range, W,, W,, W, are in range, and these three ranges are in pencil Q 

It will now be shown that the 
set of elements 7’, satisfies the 
Axioms I—-X1], except IX, and 
in place of LX possesses a prop- 
erty LX’, characteristic of three- 
dimensionality. 

The validity of Axioms I- 
VII inclusive follows immedi- 
ately from our definitions and 
their validity with respect to 
the elements S. 

Axiom VIII. (Fig. 23.) 
General Case. If s7yei ees 
are any three non-collinear 3- 
points, forming a triangle, and 
T, is a 8-point in the order 7,7,7,, and 7, is a 3-point in the order 7,7,7,, 
then there exists a 8-point 7’, in the order 7,7,7,, and on the line 7, 7;,. 





Fig. 23. 
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Proof. Let Q,, be the pencil determined by the ranges U,U,, V,V,, W, W,; 
Q,, the pencil determined by the ranges U,U,, V,V,, W,W,; Q,, the pencil 
determined by U,U,, V,V,, W,W,; and Q,, the pencil determined by the 
mameenet), U,V Ve5 VY, Wye 


Then we have two Desargues configurations. 


(A) (B) 

Q,, Q,, 
ae Ae U, U, U,; 
U, %U, iY, Le AOS, AF. 








Oe OR NOR ORE OX 


Hence from (A) and (2) together we have Q,,, Q.,, V1. Q,, in range, and 
this gives us the hypotheses of the Desargues configuration (C’), (D), (Z). 








0. (D) (£) 
23 Qos Qs 
O45 UG, 4 Qs | + 0,5 as, Ve 
Qi. W; U, Q. W; 2 » 12 ES V, 
Gee, JV, (he an % %Ve YU, 
From (C’), (D), and (2), we know that the set of ranges U.W., U.V., 
) 5 6 6 6° 6 


V,W, is a 8-point. It still remains to show that this 3-point is in the order 
T,7,7,. But the figure formed by the pencils Q,, Y,, Y,, U,, U,, U;, U,,; 
U,, U, is precisely the figure of Axiom VIII, Section III, whence U, is in the 
order U|U,U,, and hence 7; is in the order 7, 7,7,. This also shows that no 
one of the three pencils U,, V,, W, could be on the range r,,. 

It is obvious that one or more of the 8-points 7,, 7), Z,, 7,, Z,, TZ, could 
be pencils, but the above general proof is easily modified to fit all the special 
cases, and the details of these proofs are omitted. 

Axiom IX is evidently not satisfied. 

Axtom X. The hypothesis of Axiom X gives at once 





XxX 12 x 02 x ol 
x 40 x 41 X (x= U, V; W) ) 
2G, xX 31 xX 32 

ALO, 


the asterisk indicating that U},, V3,, W, may or may not be a 3-point, but 
simply that U},, V3,, W3, exist as pencils, whether or not on r,. 
We have then at once the configurations, 


Q. Q. 


a a r r a 

o. Ca) Bee Ee xX n4 x n3 Pg 
r r 

ae d ches Be re u n3 ¥ nm 








Qans Qnnt Q m34 Q nm3 Oe Q n34 
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for 2, X, Y=u, V, W:0, W,U;w, U, V; and min=—1, 2; 0) ieee 
From these configurations we have at once the collinearities Q,,,Q1,Q105 Qos 


Qos ors oss ig, 221A Qos Poo Goss Qosy- These give the hypotheses for the con- 
figurations 
Q smn 


“a va 
x jm J jm Qsam 
P. Gce <3 


jn Jn 34n 
Vu Ay 9, 
forg= 3,43; m,n=0,1; 0,2; 1,2; and X, P,2=—U, V, wey 
Wee en. 
From this it follows that U?,, V3,, Wj, is a 3-point if these pencils do not 
lie on r,,, and if it is not a 3-point they do lie on r,,. 
Now let 7, Zy3 Los Zy93 Zy.5 Ly be any pairs whatever of 38-points on 


the same 3-lines, such that 7, Z),, 7Z;, exist, and it must be shown that 








(ee ow are collinear. 
We have at once the Desargues configurations 
7 * 
Aas 
ag es a 
OR) VE, OG Pie. 
Ta r r = 
KES xX 40 ACs ) ’ ) ? 
aad PG a 
Xo, Xi, XY 
and then the configurations 
Q. 
OO eG M,, 
i) 
Fe ae Be 
Ve ik M il Ms aj 





Q551 Qs Qa 
where i, j,4,7=0,1,2,38,4 but all different and 2, X¥, Y=u, V, W; 
v, W, U; w, U, V. These give the collinearities Q.5 Qisrx Qiar Qin 
(2,7, 4,¢=0,1, 2, 3, + butiall different). 
These give the hypotheses for the configurations 








Q Xx V. t,j=0,1;0,2;1,2 : » 
id i4 a4 tu; Via, Ob Ve We é J, k=0,1, _) 

Ci3; Xs F; z,X,Y= {s Wide ge Ue es W., i+j+k+i/’ 
ee = w, U, V ae tk tk 

Q. a ij ». GF Qos 

whence 7, 7.., and 7’, are collinear, and we have the conclusion of the 

01 02 12 
theorem. 


Axiom XI. The hypothesis of three 3-points in a range implies the existence 
of a pair of triangles the joins of whose corresponding vertices are in a pencil. 
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But, conversely, by Axiom X, this implies that the three 3-points are in a 3- 
line. But any pair of triangles with sides through these three collinear points 
are in pencil, by definition. Hence Axiom XI holds. 

Derinition. A tetrahedron is a set of four planes, determined by four non- 
coplanar points taken in triples. The existence of such points follows from the 
fact that Axiom LX does not hold. 

Derinition. A 38-space is the set of all points collinear with two distinct 
points of a tetrahedron. 

THEOREM. (Fig. 24.) The set of 3-points 7’ constitutes a 3-space. 

Proof. Let T,=U,, V,, W, (distinct) be any 3-point. Then, since U,, 
V,, W, as pencils of the set S, are themselves 3-points, we have a tetrahedron, 
T,, U,, Vz, W,. Let T,=U,, V,, W, be any other 3-point. Then U,U,, 
V,V,, W,W,, belong to a pencil Q,,. 
If Q,, is not a pencil of the range r,,, 
it is a 3-point of the plane determined 
by U,, V,, W,, and 7’, is collinear with 
7, and Q,,, and hence is a point of the 
3-space 7, U,V, W,. 

If Q,, is on r,,, choose a new pen- 
cil V, in the order V,V,U,. Then 
VQ, meets U,Q, in Wi, and we have 
a 3-point 7}. 7’, is in the plane de- 
termined by V,U,7,, and 7) and 7, 
belong to a pencil Yj, = Q,,, hence 
not on 7. Hence 7’, is collinear with two distinct points of the tetrahedron, 
and the points 7’ constitute a 3-space. 

Ideal elements of the 3-space T. We have now a three-dimensional set of 
points satisfying order relations, and the ideal 3-space elements might be intro- 
daced in it directly, by the methods of Bonola, Schur, or Veblen.* It is inter- 
esting, from the point of view of the present paper, to do this in terms of the 





original plane elements. 

Let 7, = U,,V,,W, and 7,=U,,V,,W, be any two 3-points. The ranges 
U,U,, V,V,, W,W, meet the range r, in three pencils Q.,, Q,, Q,,,, which are 
in general distinct. The set of three pencils Y,, Y,,. Q,,,, whether or not distinct, 
will be defined as an ideal element of the 3-space 7’, and will be said to lie on 
the 3-line (U,U,, V,V,, W,W,). If these ideal 3-points are adjoined to the 
set 7’, giving a set 7’, the points of 7” will not satisfy the order relations as 
defined, since the set Q did not, but will, evidently, have the following three 
properties : 

Any two planes determine one and only one line. 





* Cf. the previous citations. 
Trans. Am. Math. Soc, 12 
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Any two lines of a plane determine a point. 

The general Desargues theorem. 

In short, the set of elements 7’ has all the intersectional properties of a 
projective 8-space, except those which are dependent on Pascal’s theorem. 
These must be excepted, since Pascal’s theorem is independent of the Desargues 
theorem (cf. Hilbert). 

SECTION V. 


Haxtension to n- Space. 


The method of Section IV may now be extended to cover the definition of 
n-space in terms of the plane set of elements already considered. We choose 
on the line 7, of the set of elements Q, n pencils, Y,,Q,,---, Q,. Any set 
of n ranges 7,(1=1,2,---,), one belonging to each of the pencils Q,,---, Q,, 
respectively, and each distinct from the range 7,,, will be defined as an n-point, 
and denoted by the notation V,. These n ranges, taken in pairs, determine 
n(n —1)/2 pencils (not necessarily distinct), S,,, (¢, j= 1,---,n; 1+ 7). 
Let two such n-points be VV, and WN,. The pencils S,,, and S,, 
(1,j=1,---,; 1+ 7) determine a range 7,, ,, such that 1,, o> Ty ns Vay, je 
(i,j, b= 1, +++, 3 4-9 eee) are im pencil 

The set of 4n(n — 1) ranges r,,, ,, will be called an n-line. An n-point JV, 
will be said to be on the n-line n.,,, if and only if, the pencil S, ,, belongs to the 
range fj (4,j=1,---,n; t+ 7). Its order will be said to be the same as the 
order of the pencils S, ,,, S,,, S,,. That this definition of order is unique 
is easily seen as follows. Each7i,7, & may be thought of as fixing a 3-space 
geometry in which the order for 7, ik, jk is unique, and by a sequential process. 
the result holds for all of the ranges, and hence we have the general result for 
the m-space. Hence we may write the order V, VV, as implying the orders 
S,, y Sy, Sz, for each triple of values for 7,7, , and conversely. The n-point 
NV,, will be said to be the same as the pencil S, if S, ,, is S, for every 7, since 
S_ will in this case completely determine the n-point. 

It can now be shown that this n-point geometry satisfies all the axioms except. 
that of closure. Axioms I—-VII inclusive follow immediately from the defini- 
tions. The validity of Axiom VIII may be shown as follows. The axiom 
states that .V,, JV,, iV, are the vertices of a triangle, and if V, and J, are in the 
orders V,V,V, and WV, V, NV, respectively, then there exists an n-point JN, in 
the order VV, V,V, and on the line V,1,. Consider any triple of the pencils 
Oar hy et Olin st SAY A.) 2 Q;, Q,- Then we have the existence of the three 
ranges 7 ;5 76,35 T6,~9 Of the n-point, NV,, from the corresponding theorem of the 
3-space theory. Similarly, if 7,7, & be allowed to take each set of values (dis- 
tinct and of the set 1... 7), we obtain all of the ranges of the set forming the 
n-point V,, and each of the pencils S, ,; will be in the order required from the 
corresponding 3-space theorem. Hence Axiom VIII is valid. 
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That Axiom IX does not hold is evident, since each pencil S, is an n-point, 
but there are other m-points which do not lie in the plane of the pencils Q. 

Axioms X and XI may be easily shown to hold by considering the pencils 
@,,--:, Q, of the range r,, in sets of triples, and then applying the theorem 
already proved for each of the resulting 3-spaces, thus obtaining the theorem for 
n-space. 

That the space thus obtained is actually an m-space may be shown as follows: 
By the same method of proof as in Section IV, if for Q,, ---, Q,, we have an 
n-space, then by increasing the number of pencils by adding Q,, to the set, we 
introduce new elements into the geometry. But these may all be seen to be 
collinear with two points of » + 1 n-spaces, and hence constitute an (n + 1)- 
space. But the theorem is true for 3-space, and hence by induction, for any 
value of n. 

The ideal elements which must be adjoined to this n-space to make it projec- 
tive are the pencils (x in number, but not necessarily distinct) belonging to the 
range 7,,, in which any other 7-line (i. e., its component ranges) meet this range 
r,. If we call each such set an ideal n-point, and adjoin all such ideal points 
to the set already obtained, we have a set possessing the properties that any two 
n-points determine an n-line, any two n-lines determine an n-point, and the gen- 
eral Desargues Theorem. ‘The first two of these statements are evident, and the 
last may readily be seen by considering the parts of the figure separately, as 
in the proof of Axiom VIII. 
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THE GROUP OF CLASSES OF CONGRUENT QUADRATIC INTEGERS 
WITH RESPECT TO A COMPOSITE IDEAL MODULUS* 


BY 


ARTHUR RANUM 


Introduction. 


If in the ordinary theory of rational numbers we consider a composite integer 
m as modulus, and if from among the classes of congruent integers with respect 
to that modulus we select those which are prime to the modulus, they form a 
well-known multiplicative group, which has been called by WexBErR (Algebra, 
vol. 2, 2d edition, p. 60), the most important example of a finite abelian group. 
In the more general theory of numbers in an algebraic field we may in a corre- 
sponding manner take as modulus a composite ideal, which includes as a special 
case a composite principal ideal, that is, an integer in the field, and if we regard 
all those integers of the field which are congruent to one another with respect to 
the modulus as forming a class, and if we select those classes whose integers 
are prime to the modulus, they also will form a finite abelian group + under 
multiplication. 

The investigation of the nature of this group is the object of the present 
paper. I shall confine my attention, however, to a quadratic number-field, and 
shall determine the structure of the group of classes of congruent quadratic 
integers with respect to any composite ideal modulus whatever. Several distinct 
cases arise depending on the nature of the prime ideal factors of the modulus ; 
for every case I shall find a complete system of independent generators of 
the group. 

Exactly as in the simpler theory of rational numbers it will appear that the 
solution of the problem depends essentially on the case in which the modulus is 
a prime-power ideal, that is, a power of a prime ideal. The most important 
case, however, is probably that in which the modulus is a rational principal 
ideal or in other words a rational integer; therefore a separate discussion will 
be given of this case. Another interesting case is that in which the group is 





* Presented to the Society (Chicago), April 9, 1909. 

{This group must not be confused with the group of classes of equivalent ideals in an 
algebraic field, which is also finite and abelian ; the latter has been the subject of numerous 
investigations, in which, however, the language of the theory of groups has not usually been 


employed. 
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cyclic and primitive roots exist; this case arises in a variety of ways, all of 
which will be enumerated, and the corresponding primitive roots given. 


Preliminary notions. 


1. Let m be any rational integer whose prime factors are all distinct, and let 
wo = Vm, if m = 2 or 8 (mod 4), and o = 4(1 + vm), if m = 1(mod 4); then 
in the quadratic number-field defined by vm the numbers a + bw, where a and } 
are rational integers, are said to be the integers of the field, or simply quadratic 
integers. The factorization of quadratic integers, although apparently capri- 
cious and utterly lawless, has been shown to be really amenable to reason, when 
considered from the standpoint of, and in connexion with, certain artificial 
quantities called ideals. For an elementary and detailed discussion of ideals in 
a quadratic number-field, illustrated by concrete examples, see SoMMER’s recent 
book Vorlesungen tiber Zahlentheorie,* especially pages 86-59. 

Unless otherwise stated, the notation and nomenclature used by SOMMER will 
be followed in this paper. ‘Thus rational integers will be denoted by Roman 
letters a, b, etc., quadratic integers by Greek letters a, 8, ete., and principal 
ideals (Hauptideale) by the symbols (a), (a), ete. But ideals in general will 
be denoted by capitals A, P, ete., except that the particular letters G, 7, J 
will be reserved for groups. 

2. Let A be any ideal of the number-field (Zahlkérper) k( vm); the number 
of integers of the field that form a complete system of residues with respect to 
the modulus A, that is, the number of classes of congruent integers with respect 
to A, is equal to the norm of A, (A). Among these classes those which are 
prime to A, ®(A) in number, where the ®&-function is a generalization of 
Euler’s ¢-function,} evidently form an abelian multiplicative group G, of order 
(A). However, it will be more convenient to let the group be made up, not 
of the classes themselves, but of (A) quadratic integers, one chosen from each 
class. In other words we shall select from a complete system of residues those 
which are prime to the modulus, thus forming what will be called a reduced 
system of residues, and regard them as the elements of the group. This is 
legitimate, provided we agree that the product of two elements a and 8 of the 
group is congruent to a third element y of the group, 78 = y (mod A), and 
not necessarily equal to it. The rational integer 1 can always be taken to be 
the identical element of the group. 





* The reader of this book should be on the lookout for a number of minor errors and some 
rather misleading statements. Reference will also be made to HILBERT’s Bericht in the 
Jahresbericht der Deutschen Mathematiker-Vereinigung, vol. 4 (1897), pages 
181-194, for the source of much of the material in SOMMER’s book, and to BACHMANN’s Neuere 
Zahlentheorie, Sammlung Schubert, for an introduction to the theory of algebraic numbers, in 
which the author, like SOMMER, confines himself to the quadratic field. 

t SOMMER, 1. c., pp. 78-81. 
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Moputus A PowER OF A PRIME IDEAL. 


3. In studying this group we shall first take up the case in which the modulus 
A is a power of a prime ideal P, say d= P*. If A is itself prime (kK=1), 
it is known that the group is cyclic, and therefore that primitive roots exist 
with respect to a prime ideal P (Sommer, 1. ¢., pp. 84-86). 

In order to investigate the case 4 >1, it will be necessary to consider sepa- 
rately the three kinds of prime ideals, those of the first grade, both unambiguous 
and ambiguous, and those of the second grade (Sommer, |. c., p. 48 and p. 53). 
Let p be a rational prime such that the principal ideal (p) is divisible by the 
prime ideal P, and let P’ be the conjugate of P; then the three kinds of 
prime ideals may be briefly characterized as follows : 


First grade; unambiguous, PP’ =(p), P= re | 
ambiguous, P? = (p). 
Second grade; Fes Ca) 


Again, if P is of the first grade, n( P") = p* and ®( P*) = p*"'(p—1), and 
if P is of the second grade, n(P*) = p™ and ®( P*) = p™?(p?—1). 

It will also be necessary to distinguish between different values of the rational 
prime p, according as p = 2, p = 8, or p> 3, and again between different 
forms of m, according as m = 1, 2, or 3 (mod 4). 

From the canonical forms of the bases of the different kinds of prime ideals, 
as given by Hilbert (Bericht, pp. 282-283) and Sommer (pp. 59-63), the corre- 
sponding canonical forms of the bases of their kth powers are easily derived and 
will be assumed in what follows. 


Case Il. Pan Unambiguous Prime of the First Grade. 


4, In this case P= (p,a+o) and P*=(p", a, +); since the coefficient 
of w in the basis of the modulus is 1, every integer in the field is congruent to 
some rational integer, and we may choose as a complete system of residues with 
respect to the modulus the rational integers 0,1,---,*—1. Now those which 
are prime to 2" are precisely those which are prime to p; so if we strike out 
from this complete system of residues those integers which are divisible by p, 
we shall have left p*'(p —1) residues, one from each of the classes form- 
ing the group in question. In this first case, therefore, the group is simply 
isomorphic with the corresponding group in the rational number-field, and its 
generators can be written down immediately. There are two types, depending 
on the value of p. 


Lvned ari 2. 


5. Thus, if p> 2, G@ is a eyclic group and can be generated by a single 
element of period p*“'(p —1). But it can also be generated by two indepen- 
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dent elements, one of period » — 1 and the other of period p*~'; and the latter 
choice of generators will be found more convenient for our purpose. Through- 
out this paper, similarly, the periods of the generators will always be chosen in 
such a way that no period shall be divisible both by p and by another prime 
factor. 

Let us take 1 + p as generator of period p*"', if k>1; if k=1, it reduces 
to the identical element and no longer figures as a generator. To find a gen- 
erator of period p — 1, let f, be a primitive root of the rational prime p; with 
respect to the modulus P*, f, will be of period p'(p — 1), where i <<, and 
S=f% will be of period p —1. Therefore we shall take f and 1+ p as the 


two required independent generators, of periods p — 1 and p*", respectively. 


LYNG Le Dina 
6. If p = 2, we obtain the second type, which is a non-cyclic group of order 
2‘, having the invariants 2, 2"?(k>2). ts generators will be taken to be 
—1 of period 2, and 5 of period 2". If k = 2, there is only one gen- 
erator, —1 of period 2; and if k=1, the group is of order 1. 


Case II. Pan Ambiguous Prime Ideal. 


T. In this case P is necessarily of the first grade and its norm p is a factor 
of the discriminant d of the number-field. Since P’ =(p), every even power 
of P is a rational principal ideal, P* = (p*), and every odd power is equal to 
P multiplied by a rational principal ideal, P**' =(p*)-P. This case will be 
found to give rise to five distinct types of groups, in two of which p > 2 and in 
the other three p = 2. 

Subcase II. p> 2. 


8. By reference to Sommer’s text, pages 59-63, we see that if m = 2 or 3 
(mod 4), P =(p, vm), and that if m = 1 (mod 4), then 


je i — 
Ae mi Pa(p?5*+e)=(,27%”). 


It will be convenient to combine these two cases into one by introducing the 
symbol w,, defined by the equations 





o,=o=Vm, if m = 2 or 3 (mod 4), 


, if m=1(mod4), 


oOo = 


ah Ne aan 
ee Brin? 9 


In both cases, therefore, we may write 


P=(p,,). 


176 A, RANUM: CONGRUENT [April 


9. Further, raising both sides of this equation to even and to odd powe s, 
respectively, we have 


(1) P= CR PO) oe Pie aaa ee 


In order to obtain a notation by means of which the even and the odd powers 
of P can be considered together, we again introduce new symbols, 7 and s, 
defined by the equations 


Recast 1 
ian Bape" 


where k is a positive rational integer, and [ « | means the largest rational integer 
=z. It follows that if k = 2s,r—=s,and if k=2s+1,r=s+41, andin 
either case kK =7 + s. By means of these symbols the two equations (1) can 
be replaced by the single equation 


P*=(p", p'a,). 


10. Since m = 0 (mod p) and (@,) is not prime to (p), we can select as a 
reduced system of residues with respect to the modulus P* the quadratic integers 
u + vo,, in which v takes all rational integral values from 0 to p* — 1, inelu- 
sive, and w takes all rational integral values from 1 to p” — 1, inclusive, except 
those which are divisible by p. This gives p* values to v and p’'(p—1) 
values to w, and therefore furnishes p’t*-'(p—1) residues for the reduced 
system. ‘This agrees with the formula ®(P*) = p*-'(p —1) for the order of 
the group, sincer+s=k. 

A more convenient choice of residues for our purpose, however, is w+ Vm, 
where w and v have the same values as before. If m=2or3(mod 4), o,= vm 
and the residues are also the same as before ; if m=1 (mod 4), o,=4(p+ Vm) 
and the residues are different, but still form a reduced system, as is evident from 
the formulz 

aim =—pt 20, , 


Dia ae al 
2 





o=—p sae 5 (mod P*). 

11. Under this subcase all the groups are, for p> 8, of a single type, the 
third ; while if = 38, another type, the fourth, also occurs. In either type, 
however, it is immediately evident that the quadratic integers having rational 
residues form a cyclic subgroup analogous to type 1, and generated, therefore, 
by two rational integers, viz., g, of period p — 1, and (if r > 1)1-+ p, of period 
gp. Iip=8,g=—I. 

12. Among the irrational elements of the group (if & > 1) the integer 14+ vm 
suggests itself as probably an available independent generator of period p*. This 
conjecture will be found to be correct, if p > 3, and sometimes, but not always, 
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correct, if p= 3. Here the word independent means independent of the 
rational residues. 

TuHeoremM. JIfk>1,1+ wm is an independent generator of period p' with 
respect to the modulus P* =(p", p’o,) in every case except that in which p= 8 
and m = — 3 (mod 9). 

Proof. By means of the binomial theorem we obtain the formula 


ahs Bh pk ela Pi posh) (Pm 2) m2] 
(2) (L+~vm)"=1+p 9 yen peat 2.3 Se; Vm 





(modd p*+?, p‘t? ym), 


where the coefficients are apparently rational fractions, but really integers. 
Putting 7 =s in this congruence, and noting that i+1=r, we see that 
(1+ vm)?" =1 (mod /*) and therefore that 1 + 4m has a period which is 
a divisor of p* and will have a period exactly equal to p* and will be inde- 
pendent of the rational residues, if its (p*-’)th power is irrational. Putting 
i= s—1 in formula (2), we see that 

p'—-1lm 


(14 vmyprt=14p'- 9 Al + py: vm (modd p't!, pt! vm), 





where 


ue p(p* — Gwe —2)m 
=1+ 2.8 iy 





os 


Hence (1 + vm)?" will have an irrational residue with respect to the modulus 
(p’, p’w,), if y+=0 (mod p). This is the case when p> 8; for then 

= 1 (mod p): it is also the case, when p = 8 and m= 38 (mod 9); for then 
y=1+4m=2 (mod 8). The only other possibility, since p> 2, is p=38 
and m = —3 (mod 9). But this supposition makes y = 0 (mod 8), and the 
argument fails. The theorem is therefore proved. 


Type 3. p> 38, or p=8 and m=8 (mod 9). 


13. This theorem enables us to complete the determination of the third type 
of group. TZhus if P is an ambiguous prime ideal and if either p> 38 or 
p= 8 and m = 8 (mod 9), then the group of reduced residues with respect to 
the modulus P* = (p’, p'o,) is generated by the three independent elements g , 
1+ ~m* (if k>1), and 1+p (if k> 2), whose periods are p—1, p’, and 
p’*, respectively. 

In other words every quadratic integer a, prime to the modulus, is expressible 
in one and only one way as a product of the form 


a=g"(1+ vm)" (1 +p)" (mod P*), 
*It is to be noticed that if m=1 (mod 4), 1+ Vm = 2w. 
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where the exponents m,, ”,, and m, are residues with respect to the corre- 
sponding periods p — 1, p*, and p’—", respectively, and will be called the indices 
of a. If these indices range independently over complete systems of residues 
as to their respective moduli, the quadratic integer a will range over the entire 
group G. A similar definition of indices applies, of course, to every type 
of group. 

14. It is evident that the elements whose periods are powers of p all have 
residues of the form 1+ pu +v-+m and constitute a Sylow subgroup H of 
order p*-, generated by 1 + Vm and1+p. It may easily be verified that the 
system of residues of the form 1+ p'u+ p/v vm, where i andj are fixed 
exponents such that 1 =7=,r and 0 =) =s, constitute a group (a subgroup of 
HT of order p**”), if, and only if, +=2j+1. Again, an element a@ is 
of period p'(i=s), if, and only if, it is expressible in the form 


a=l+piu+tpiovm (mod P*), 


where w and v are not both divisible by p. 


Type 4. p=38, m= — 3 (mod 9). 


15. We now come to the exceptional case in which p = 38, m = — 38 (mod 9), 
and therefore P* = (3", 3°@,); it gives rise to another type of group, the 
fourth; 1+ m is no longer available as a generator, because it is not, in 
general, independent of the rational residues. 

Let H, as before, be the subgroup of G whose elements are of the form 
1+ 3u + .v-m and whose order is 3*!, and let J(k>1) be the subgroup of 
H whose elements are of the form 1 + 3u + 3v~m and whose order is 3'—*. 
From the formula 


(1+ 8Vm)* =1 +4 8%'Vm_ (modd 8°, 8'+3 4m) 


it is immediately clear that 1 + 8 Vm is of period 8°-' and independent of the 
rational residues, and consequently that if k>38, J has two independent gen- 
erators, which can be taken to be 4 and 1+ 8-m, of periods 3’-! and 8°-', 
respectively. 

16. We wish to show that, if k > 38, H has the invariants (3’-', 3°’, 3) and 
three independent generators, including those of J and one additional generator 
dX of period 8. This conclusion can be drawn the moment it is proved that H 
contains an element of period 3 not contained in ./, that is, an element 


(3) A=a+yvm, 
such that 

(4) =1 (mod P*) 
and 


(5) y+=0 (mod 8). 
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It is unnecessary to write 1 + 3 for ~; the conditions (4) and (5) are sufficient 
to show that > occurs in 7. From the abstract properties of the group HW we 
know that if there exists one such element 2, there must ewist exactly eighteen, 
any one of which will suffice as an independent generator of 7 and therefore 
also of G. 

17. THeoremM. Jf x and y are rational integers satisfying the congruences 


(6) 2x =—1 (mod3""), pone 
(7) 45 -y=—l (mod 3°"), Chea iy 
then ¥ =x + ym will satisfy conditions (4) and (5). 

Proof. (5) is an immediate consequence of (7). To show that (4) is also 
satisfied, we use the formula 

83 = (2x)? + 9-2-4 sey? 4 By ( do" ah 150’) vm, 

from which, in view of (6) and (7) and the congruence (2a)* = — 1 (mod 8°), 
derived from (6), we obtain the result 


843 = —14 9(—1)(—1) + 6y(1—1) Vm =8 (modd 8’, 3°vm), 


and therefore also (4). 

18. Since in (6) and (7) the coefficients of ~ and y are prime to 3, and since 
in (7) 4m/3 and —1 are both non-squares, mod 3, therefore these two congru- 
ences can always be solved for « and y, and X exists. Moreover, they have 
one and two solutions, respectively, which give three and six incongruent solu- 
tions, with respect to the moduli 8” and 3°, and determine eighteen distinct 
values of > of the form (w+ y Vm) + (37 u+3"v vm), where wu, v= 0, 1, 2. 
These are precisely the eighteen residues of period 8 not contained in J. Hence 
(6) and (7) are necessary as well as sufficient conditions that X= + y Vm be an 
independent generator of period 3. 

19. In order to extend the application of the theorem to the cases k = 2 and 
k = 3, in which s = 1, we shall restrict x and y, in those cases, to the value 1. 
This will agree with the obvious fact that 1 + vm is an independent generator 
of period 3 with respect to the moduli (3, 3,) and (9, 80,). Moreover, when 
the modulus is (9, 9o,), congruences (6) and (7) show that 1 + Vm is again a 
generator of period 3; but when the modulus is (27, 9a,), 4 + Vm is the cor- 
responding generator. It is to be noticed that the solution of (6) can be written 
xe=1+434.---+4 3" (mod 8"). 

There is one case in which the generator of period 38 is a rational multiple of 
1 + vm for all values of &, and that is when m = — 8; in that case (7) takes the 
form (2y)’ = 1 (mod 8°") and is satisfied by y = x; therefore X= % (1+ vm), 
where « is a root of the congruence (6). 
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20. The results obtained for type 4 may be summarized as follows: Jf 
m = —38(mod 9) and if P* = (8", 8°@,) is a power of an ambiguous prime 
ideal whose norm is 8, then the group of reduced residues, mod P", is gen- 
erated by —1 of period 2,if k=1; if k>1, the quadratic integer » deter- 
mined by (3), (6), and (7), is an independent generator of period 3; ifk> 2, 
4 is another independent generator of period 3’; and if k>3,1+4+83 vim 
is still another, and the last, independent generator of period 3°". 

The third power of every element of / is obviously equal to the third power 
of some element of J and is therefore of the form 1 + 9(u + v vm). More 
generally, the 3'-th power of every element of Z is of the form 14+8!(w+v vm). 

21. Hxamples. To illustrate the difference between the third and fourth 
types, take first the case where m = — 6,p=8,and A= P*= (9,9 v—6) 2 
here G is of type 3 and is generated by — 1 of period 2, 4 of period 3, and 
a= 1++—6 of period 9. The cyclic subgroup of order 9 generated by a 


may be written out as follows: 

ea @=146V—6, a&=14387/—6, 
a=-1+4+7J-—6, eye IS Pe as (hy a= 144 )— 65 mode ee 
24 NV 6; CS Annee Ge Oe 4S Aare 


Then take the case where m= 6, p=38, and d= P*=(9, 9 v6); G is of 
type 4 and is generated by —1 of period 2, 4 of period 8, X=1 + V6 of 
period 8, and 8 =1-+4 3-6 of period 8. The non-cyclic subgroup of order 9 
generated by X and 8 may be written out as follows: 


1=1, B=14+36, 2=1466, 
A=1+-6, BrY=14+4,6, BrxA=147N6, (mod P*). 
WV=T4+ 26, Bw2=74+5.6, Bw=7+ 86, 


Subcase II,. p=2. 


22. Here we shall find three new types of groups, the fifth, sixth, and 
seventh, depending on the value of m. If m=2(mod4), P=(2, vm » 
A= P* =(2", 2° Vm), and G is of the fifth type; while if m = 3 (mod 4), 
P=(2,14+vm), A=P'= (2", 2°+ 2°vm), and @ is of the sixth or 
seventh type according as m = 8 or T (mod 8); m cannot be = 1 (mod 4), 
since in that case » would not be a factor of the discriminant d. In all three 
types the rational residues form a subgroup J of order 2’—' generated by —1, 
of period 2, and (if r > 2) 5, of period 2”-*. In all three types, also, the case 
k = 1 is trivial and will be left out of account, since G is then of order 1. 
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Type 5. m=2 (mod 4). 


23. In this case the modulus is P* = ( 2”, 2° vm), and since m is even, the 
elements of G are the residues w+ 7m, where wu takes the odd values 
1,3,---, 2”—1, and v ranges over all the integral values from 0 to 2° —1. 
The group is easily disposed of, because only one irrational generator, 1 + vm, 
is needed. The latter is of period 2° and independent of the rational residues, 
exactly as in type 8 (§ 12, Theorem), For in the formula 


(1+ vm)*=1+42!vm (modd 21, 21 Wm), 


which is easily verified, we see, by putting i=s and s—1 in turn, that the 
2°.th power of 1 + Vm is =1 (mod P*) and that the 2°-!-th power is irrational. 

Therefore the independent generators of G can be taken to be 1 + vm 
(ifk>1), —1(ifk>2), and 5 (ifk>4), and their periods are 2°, 2, and 
2’-°, respectively. 


24, On the other hand, if m=3 (mod 4), the modulus is P*=( 2”, 2°+ 2° Vm). 

In both the resulting types of groups the elements are of the form 
utov(lst vm) in which w is odd, or in other words they are of the form 
u +vwvm in which one of the coefficients w, v is odd and the other even. In 
both types there is the same subgroup J formed by the rational residues, and 
also the same independent irrational generator of period 2°-', namely 1 + 2 vm. 
For by expanding in powers of 1 + vm and noting that 


(1+ Vm)?=2 (a Big atts in). 
we easily derive the formula 
(142 Vm) = [—1+4 2(1+4 vm)]* =1—27(1+4 vm) 
[modd 2*+?, 2'#2(1 + vm)]; 


and by putting 7 = s — 1 and s — 2 in turn, we infer that the 2°-'-th power of 
1+ 2m is =1 (mod A) and that the 2°-*-th power is irrational. 

So far we have accounted for just half the group G; for J and 14 2 vm 
generate a subgroup H of index 2 formed by those residues w + »-¥m for which 
u is odd and v even. The other half of the group consists of the residues for 
which w is even and v odd. It will now be necessary to distinguish between the 
two cases m = 3 and m =T (mod 8). 


Type 6. m=83 (mod 8). 


25. Recalling the well-known fact that in the rational subgroup J the elements 
which are = + 3 (mod 8) are all of period 2”-*(7 > 2), while those which are 
= + 1 (mod 8) are all of lower period (7 > 3), we see that in this case m is of 
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period 2’-*(7 > 2) and that J is generated by —1 and m. Now wm is an 
element of G, but not of A, whose square is m. It is therefore of period 
2”-'(v > 2) and independent of — 1; since its even powers are rational, it is 
also independent of 1 + 2m. Consequently, if r > 2, we may choose as three 
independent generators of the group G, Wm, 1 + 2m, and — 1, whose periods 
are 2’-', 2*-', and 2, respectively. 

This conclusion requires a slight modification to cover the cases r = 1 and 
r=2. It is easy to verify the following: if k= 2(r=1, s=1), G is gener- 
ated by Vm, of period 2; if k= 3 (r=2,s=1), Gis generated by vm, of 
period 4; ifk=4 (7 =2,s=2), @ is generated by vm, of period 4, and 
142m, of period 2. Every case will be included in the statement that vm 
is an independent generator of G', whose period is 2", if k= 2, 8, or 4, and 
QW ifk>4; ifk>8, 142m is another independent generator, of period 
21; and ifk>4, —1 is still another independent generator, of period 2. 


Type 7. m=T7T(mod 8). 


26. In this case the period of m is < 2’ (r > 8) and that of vm is < 27-}, 
But it is easy to find an element pw of period 4, not contained in /7/, which, 
together with 5 and 1 + 2~m, will generate G. If one such element exists, 
there must be exactly thirty-two, if r > 2, since the invariants of G are 2’-’, 
aes anid 

It will be sufficient to put 
(8) w= arm 


and determine « as a rational integer satisfying the congruence 
(9) ma” = — 1 (mod 2’"*). 


For since u” = — 1 (mod 2’~'), therefore u* = 1 (mod 2”), and yp is of period 
4; since the powers of 5 are all congruent to 1 (mod 8), » is independent of 5 ; 
and since yw? is rational, w is independent of 1+2~m. Moreover, since 
m = —1 (mod 8), the congruence ma? = — 1 (mod 8) and therefore also the 
congruence (9), can always be solved, and the element m can always be found. 

27. If += 2, the congruence (9) evidently still holds and determines the gen- 
erator Vm, of period 4. But if r=1 and k= 2, it will be necessary to define 
# = 1 as the corresponding root of (9) in order to obtain the generator Wm; and 
moreover, its period in this case is 2 instead of 4. 

Our final result is, therefore, that the quadratic integer pw, defined by (8) and 
(9), is an independent generator whose period is 2, if k = 2, and 4, ifk> 2; 
ifk>3,1+ 2m is another independent generator, of period 2°; and if 
k> 4, 5 is still another independent generator, of period 2’-*. 

If k <9, and therefore r < 5, the simplest solution of (9) is # = 1 and the 
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simplest choice of the generator uw is Vm. If k= 9Q, this simple form is no 
longer in general available; but there is one case in which it is available for 
every value of &, and that is when m= —1. In that case the elements V— 1, 
1 + 2-—1, and 5 always generate the group. 

28. Hwamples. To illustrate types 5, 6, and 7, let mbe chosen to be 2, 3, 
and —1, respectively. If m= 2 and k= 5, so that P®’ = (8, 42), then G 
is of type 5 and order 16 and is generated by a =1-+ 12, of period 4, =—1, 
of period 2, and c = 5, of period 2. Thus: 


fee, ‘a1 4-2, @= 8 +22, @=T + 12, 
ec=5, ac=+ 5v2, We=T+2v2, @ce=8 + v2, 
b=7, ab=74+8vV2, &P®bH=542V2, Pb=14 312, 
be =8, abc =34 302, Pbo=l1t2v2, ®be=d 4+ 22, 


(mod P*). 


By way of contrast to this consider a corresponding group of type 7. E. ¢., 
take m= —1,k =5, and P’ =(8, 4+ 47), where i= v—1; then @ is of 
order 16 and is generated by a = i, of period 4, 8 = 1 + 22, of period 2, and 
c= 0, of period 2. Thus: 


1=1, a=, ese a= At Bi, 
Pete Oo et Ot. 6B 8 4 2, 6 BS 6 8, 

(mod P’). 
c= 5, he SE ac = 3, £C = 51, 


Piety i. "ape 2 +1, aBe= 1 +21, &he= 2+ 37, 


To illustrate the difference between types 6 and 7 it will be better to take 
groups of higher order. E. g., put m= 3, k = 8, and P* = (16, 16 + 16 v8); 
then @ is of type 6 and order 128 and is generated by a= V8 of period 8, 
B=1+42-78 of period 8, and c= —1 of period 2. The subgroup {«, c} 
of order 16 may be written out as follows: 


1=1, a= v3, c=15, ac=153, 


@=3, a =38, oc =18, ac=18 V3, 


: (mod P*). 
at=9, oF =9VB, atc=T, a&c=7 V8, 


a =11, of =11V8, ac=5, alc =5N3, 


On the other hand, if m= —1, k = 8, and P* = (16, 16 + 167), then G is 
of the same order 128, but of type 7, and is generated by «= 7 of period 4, 
B =1 + 2i of period 8, and c= 5 of period 4. The subgroup {a, c} of 
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order 16 may be written out as follows : 
1=1, a=, ace 1D. Of sz Lt: 
c= 5, ac = 52, cise his) #0? claetl 14. 


(mod P*). 


lez 9, acta 9), “acta 


C= 18) acts 197,00 Cee eee et, 


Case III. P a prime ideal of the second grade. 


29. In this case P=(p)=(p, po), that is, the prime ideal is a rational 
principal ideal, and its norm is p*, Further, P’ = (p*) =(p*, pw). Since 
w and p are relatively prime, every quadratic integer w+ vw is prime to P* 
unless « and v are both divisible by py. The number of residues in @ is there- 
fore p*?(p?>— 1). If &>1, the residues 1 + p(w-+ vw) obviously form a 
Sylow subgroup / of order p**-* comprising all the elements whose periods are 
powers of p. 

Since d, the discriminant of the field, is a non-square modulo p, the congru- 
ence x? — d =0 (mod p) is irreducible and defines a Galois field of order p?* 
whose elements may therefore be concretely represented by a complete system of 
residues w+ v@ with respect to the modulus (p, pw). But these residues, 
excepting 0, are precisely the elements of the group G‘ in the case k = 1; hence 
the latter is a cyclic group of order p? — 1. 

30. Therefore any complete system of residues with respect to a prime ideal 
P of the second grade constitutes a Galois field F of order p®. It goes with- 
out saying that a complete system of residues with respect to a prime ideal of 
the first grade may also be looked upon as a Galois field of order p, and that 
with respect to a composite ideal the residues do not form a field at all. 

Let 6, be a primitive root of the Galois field /’, or in other words a generator 
of the group G, mod P. With respect to the modulus P*, 6”°—" will be of 
period a power of p, say p’, and 6 = 6” will be of period p?—1. We shall 
therefore choose 6 to be a generator of the group G, mod P*. In order to gen- 
erate the entire group, it will only be necessary in addition to find generators 
of the subgroup H. At this point two cases must be distinguished, the case 
p > 2 in which G is of type 8, and the case p = 2 in which G' is of type 9. 


Type 8. p > 2 


31. In this case 7 is evidently generated by the two independent elements 
1+p,and 1+ po, both of period p*-'; hence the entire group G,if k>1, 
has the three independent generators 6, 1+ p, and 1+ po, whose periods are 
p —1, p*", and p*", respectively. 
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The elements having rational residues form a subgroup of order p*-'(p — 1) 
generated by 6”*' of period p—1, and 1+>p of period p*'. It is easy to 
see that the system of residues of the form 1 + p'u + p/ve, where ¢ and j are 
fixed exponents such that 1=i=h and 1=j=h, constitute a group (a sub- 
group of 7 of order p*~*~), if and only if i =2j. An element a is of period 
p (i<hk), if and only if it is expressible in the form 


a=l1l+p(u+vw) (mod P*), 


where w and v are not both divisible by p. 


Lyne 9. peak. 


32. In this case m =5 (mod 8), o=4(14+ Vm), P* =(2", 2'w), and 
@(P*) = 2%**.3. In the subgroup H whose elements are of the form 
1+ 2(w-+ vow), the rational elements 1, 3,---, 2*—1, which are now the 
only rational elements in the entire group G’, are generated as usual by — 1 
and 5; but the irrational element 1+ 2 will no longer serve as the addi- 
tional generator of //, as it is not independent of the rational elements. Now 
if k > 2,1 + 4 is plainly of period 2*~* and independent of the rational ele- 
ments, so that — 1, 5, and 1 + 4 generate just half of 7. 

Since m, being a non-square (mod 8), is of period 2"? (k> 2), \m=—1+20 
is an irrational element of period 2*~' independent of —1 and 1+ 4. So 
H is generated by Wm, —1, and 1 + 40, if k> 2, and evidently by vm and 
een leglt ie ==", 

Summing up, we may say that if P is a prime ideal of the second grade 
whose norm is 4, then in the group of reduced residues, mod P", the element 
5 defined in § 30 is an independent generator of period 3; if k>1 the 
elements Vm and —1 are independent generators of periods 2" and 2, 
respectively ; and if k>2,1-+ 40 is an independent generator of period 2*-*. 

33. It may easily be proved that every residue of the form 1 + 2*“*(w+ va), 
where i < & and where wu and v are not both even, is of period 2', except in the 
case where i = k — 1, wu is odd, and v is even. 

While the generator 6 must in general be determined separately for each 
value of &, there is one simple case in which the same determination of 6 will 
hold for all values of k. Namely, if m= —3, —w = —4(1+ V—8) is of 
period 8 irrespective of &, and can be taken to be the generator 6. 

34. Examples. To illustrate type 8, we take m= —1, p= 8, and there- 
fore a= V—1, P* =(8", 8'w). When k=1, G is cyelic, of order 8, 
and generated by 5=1+o. When k=2, 6,=1-+@ is of period 24, 
§ = 6} = — 2 + 2 is of period 8, and G, of order 72, is generated by 6, 4, 
and 1 + 3a, the last two being of period 3; the rational residues are generated 
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by 6‘ = —1 and 4; the powers of 6 are 


1=1, 6=—2 + 2a, 
C= a, & = —2— 2a, 

(mod P’). 
Sec — 1) [ie 22a, 


S=—o, &=2+ 2a, 


To illustrate type 9, we take m = — 8 and therefore o = (14+ ¥—8) and 
P* = (2", 2'w). When k= 2, G is of order 12 and is generated by 6= — a, 


e= V—8, and } = —1, of periods 3, 2, and 2, respectively ; written out in 
full, it is 

=1, e=—1l+2o0, b6=-—1, eb =1+4 20, 
= —o, be = 2—a0, 6b =a, deh = 2+, (mod P’). 


= —1lteo, «= — 1] —'o,) 07> =) lo, 0 co eerie 


When k = 8, G is of order 48 and is generated by 8 = — o of period 83, ¥—38 
of period 4, — 1 of period 2, and 1 + 4o of period 2. 


Table of Moduli, Elements, and Generators. 


35. For convenience of reference we shall now exhibit in tabular form the 
principal results already obtained, namely those relating to the nine types of 
groups, mod P*, and in addition, for the sake of completeness, those relating to 
two other types, the tenth and eleventh, to be treated in §§ 46-51. 


Modulus A =P". 


I. P unambiguous, of the first grade; PP’ =(p), (d/p)=1. 

Type l. p>2,m=1,2,or3(mod4). P=(p,a,+o), P*=(p"*,a,+o), 
®(P*)=p*"(p—1). Hlements w=1, 2, +--) pee 
w+ 0(modp). Generators f, defined in §5, and 1+>p; 
periods p — 1 and p*’. 

Type 2. p=2,m=1(mod8). P=(2,0), P*=(2*, 2,10), D2 ee 
Elements u=1, 8, ---, 2*—1. Generators —1 and 5; 
periods 2 and 2*-?. 

II. P ambiguous, of the first grade; P? = (p), (d/p)=0. 
Il. p>2,m=1,2,or2 (mod4). 

Type 38. Either p> 3 and m= 0 (mod p), or p= 3 and m = 8 (mod 9). 
P =(p,0,), P*=(p", p',), ®(P*) =p*"(p—1). Ele. 
ments a=u+touvm; u=1, 2, “++, p"—1; u += 0 (modp); 
v=0,1,---,p’—1. Generators g, defined in § 11,1+ Vm, 
and 1+ p; periods p—1, p’, and1+p”’. 
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Type 4. p=3 and m= —8(mod9). P=(8, o,), P¥=(8", 3'o,), 
@( P*)=3'!.2,. Elements a=u+ouvm; w=1, 2, .--, 8"—1; 
u +0 (mod3); v=0,1,---, 8’—1. Generators —1, A, 
defined in §17, 4, and 1 + 3 vm ; periods 2, 3, 3’—', and 3°’, 
eer e eel. Land i it @ =k. 

TT Pp = 2 . 

Type 5. m=2(mod4) P=(2, vm), P*'= (27, 2°vm), 9 
Elements a=u+vu~vm; u=l1, 8,---,2’—1; v=0,1,---, 2°—1. 
Generators 1 +m, —1, and 5; periods 2°, 2, and 2”-”, if 
Mirror waren 5 ANN Le It: Ana 2 

Type 6. m=3(mod 8). P=(2,1+ Vm), Pre (tee: 1 2! Vm), (Tis are 
Elements e=u+vvm; u=0,1,---,2”—1; v=0,1,---, 2°—1; 
u+v=1 (mod 2). Generators vm, 142m, and —1; periods 
ao TRANG elt ho 4 eke eran 1g 1h ==. 10, OF 4. 

Type 7. m=T(mod8). P=(2,1+ Vm), Pre(2i, 2-2 vm), CCP sexo. 
Elements «= w+ vu~vm, as in type 6. Generators p, defined 
in § 26, 1+ 2 vm, and 5; Derods 4). ma andee iti Kc os 
Bol anual, If f= 2. 

III. P of the second grade; P=(p),(d/p)=—1. 

aypeie pe 2.1, 2,0r 3s (mod4). P= (p,; pw), P*=(p*, po), 
@(P')=p*"(p’?—1). Elements a=u+vo; u,v=0,1,---, 
p*—1; wand v not both=0 (mod p). Generators 6, defined in 
§30,1-+p, and 1+ po; periods p? —1, p*', and p*'. 

Type 9. p=2,m=5 (mod 8). P= (2,20), P*’=(2", 2"w), O(P*)—2"-?-3. 
Elements a=u+vo; u,v=0,1,---,2*—1; w and v not 
both even. Generators 6, defined in § 30, Vm = —1 4 20, 
—1,and 1 + 4a; periods 3, 2°", 2, and 2*-*, if k>1; 8, 
ands. i Ail . 


Modulus A= PP", P+P’. 


P unambiguous, of the first grade; PP’ = (p), (d/p)=1. 

Type 10. p>2,m=1,2,o0r3(mod4). P=(p,a+t+ vm), if m = 2 
or 3 (mod 4); P=(p, 4a+ 4m), if m=1(mod 4). 
P*P™ =(p"), B(A)= p**(p—1). Elements a=u+vvm; 
u,v=9,1,---,p*'—1; ux +av(modp). Generators h, 
defined in § 48, ¢, defined in § 48,1 +4 p,and1+p vm; periods 
p—1,p—1, p*',and p*". 

Type ll. p=2, m=1(mod8). P=(2,4+4-m), P*P” = (2°), 
@(A)=2*", Elements a=u+tourvm; u, v=0, 1,--:, 
2*§—1;u+tv=I1(mod2). Generators —1, 6, defined in 
§ 50, 5, and 1+ 2m; periods 2, 2, 2*-*, and 2. 
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Moputus ANy Composite IDEAL. 


36. Having found the structure of the group G in every case in which the 
modulus is a power of a prime ideal, we now have sufficient material at hand for 
constructing the group in the general case in which the modulus is any composite 
ideal whatever. This is easily accomplished in a similar manner to that used in 
the rational number-field. * 

Let A= Pf... P* be any ideal whose distinct prime factors are P,,---, P,. 
Then the order of the group G formed by a reduced system of residues with 
respect to the modulus A is ®(.A) = ®( Pi) .-. ®( P*) and the ‘group itself 
is the direct product of n subgroups G,(i =1,---, »), each of which is simply 
isomorphic with a corresponding group G,, whose elements form a reduced sys- 
tem of residues, mod P*. Every quadratic integer a, prime to A, uniquely 
determines n residues a,,---, «,, belonging respectively to G,, vee G., which 
satisfy the congruences 


(10) a =a,(mod Pt), ---, «=a, (mod P*). 


When every residue a, ranges over the elements of its group G,, «, determined 
uniquely by congruences (10), will range once and only once over all the 
elements of the group G. When every a,= 1 (j + 7), and a, ranges over the 
elements of its group G’,, « will range over the elements of the subgroup G’, 
(itera gress V7 > 

37. Let A,, ,, ete., be a complete set of independent generators of the group 
G, (i=1,.---, ~), and let their periods be /;, m‘, ete., respectively. Then 
every element a, of G, is expressible in the form a, = Au pi"... (mod P*'), where 


the exponents /,, m,, etc., are residues with respect to the corresponding periods, 
l;,m,, ete. The congruences (10) now become 


a= Anpm...(mod Ph), 


Bae In apn... Wen \ 
a = Vin pm™..-(mod Pi), 


Corresponding to the generators ),, 4,, ete., of the groups G,(i=1,---,n), 
we now define generators ),, u,, ete., of the subgroups G,(i = 1, ---, n), and 
therefore of the entire group G', by means of the congruences 


rd, = A, (mod P*) 

=1(mod P#) GG=1,---, 23 7 +7), 
&, = “(mod P*) 

=1(mod P#) (j=1,---,n3 7 +i), 





* Cf. WEBER, Algebra, vol. 2, 2nd edition, pp. 60-61. 
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The generators d,, “,,--+, 
l’, m’, ete., and form a complete set of independent generators of G, in terms 


BK, ete., so defined, are of periods /', m;,--., 


n? 


of which every element « of the group can be written as follows 
HS (APT e+) eee, OH (Almpm..-), mod A. 


The exponents /,, m,,---,/,, m,, will be called the indices of the quadratic 
integer a with respect to the modulus 4. 

This completes the solution of the general problem of determining the group of 
classes of congruent quadratic integers with respect to any composite modulus. 
But there are certain special cases that merit separate treatment. 


CycLic GROUPS. 


38. If the group G, whose modulus is the ideal A, can be generated by a 
single element 7 and is therefore cyclic, 7 is said to be a primitive root of A. 
The number of primitive roots of A, if there is one such, is [ @( A)], where 
¢ is Euler’s ¢-function. If G is not cyclic, A does not possess primitive roots. 

The object of this part of the paper, §§ 38-45 inclusive, is to enumerate all 
the cases in which G' is cyclic and to give at least one primitive root in every 
ease. ( will be cyclic, (1) if there is only one independent generator, and (2) 
if the periods of each pair of independent generators are relatively prime. In 
examining for cyclic groups, therefore, it will be well to note (1) that p and p—1 
are relatively prime, (2) if p is an odd prime, p — 1 and p* — 1 are even, and 


(8) if p > 8, p* — 1 is divisible by 3. 


Case i. Modulus a Power of a Prime Ideal; A= P"*. 


39. (a) Ideal P unambiguous, of the first grade. 

(a,) p>2, m=1,2,or3(mod4). Modulus P*’=(p",a,+o). In this case 
G is of type 1 and is cyclic for all values of &. We choose as primitive root of 
A the rational integer f(1+ p), of period p*~'(p—1), where / is defined in § 5. 

(a,) p=2,m=1 (mod 8). Here G is of type 2 and is cyclic, only if k = 2 
or 1. 

Modulus P? = (4, 2a +). Primitive root — 1, of period 2. 

Modulus P=(2,@). Primitive root 1, of period 1. This case would be 
trivial except for its application to Case II. 

(6) Ideal P ambiguous, of the first grade. 

(b,) p> 2, m = 1, 2, or 38 (mod 4), m =0(modp). G is of type 38 or 4, 
and can only be cyclic when k = 2 or 1. 

Modulus P? =(p, po). Primitive root g (1+ vm) (§ 11), of period p( p—1). 

Modulus P = (p,,). Primitive root g, of period p — 1. 

(b,) p= 2, m =2 (mod 4). G is of type 5, and is cyclic when k= 2 or 1. 
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Modulus P? = (2, 2m). Primitive root 1 + Vm, of period 2. 

Modulus P= (2, Vm). Primitive root 1, of period 1. 

(b,) p= 2,m=38 (mod4). G is of type 6 or T and is cyclic, when k = 8, 
2, or 1. ' 

Modulus P? = (4, 2+4 2 Vm). Primitive root vm, of period 4. 

Modulus P? =(2,2+4+2Vm). Primitive root Vm, of period 2. 

Modulus P= (2,14 Vm). Primitive root 1, of period 1. 

(c) Ideal P of the second grade. 

G is of type 8 or 9 and is cyclic only when & = 1. 

Modulus P=(p, po). Primitive root 6, defined in § 30, of period p? — 1. 
In the two simplest cases in which p = 3 and p= 2, 6 can be found easily by 
means of a formula. Namely, if p = 8, 1 + Vm is always a primitive root of 
P, of period 8, and if m=1 (mod 4), o = $(1 + Vm) is also a primitive root ; 
again, if p= 2 and therefore m= 5 (mod 8), o = 3(1 + Vm) is a primitive 
root of P, of period 8. 

40. Summarizing these results, we observe first that G is always cyclic when 
the modulus is the first power of P whether P is of the first or second grade. 
This agrees with the well-known fact that every prime ideal possesses primitive 
roots. Next we observe that when P is u prime ideal of the first grade, 
whether ambiguous or not, P? as well as P possesses primitive roots; and 
when P is an ambiguous prime whose norm is 2, and m=8 (mod 4), then 
P, P*?, and P? all have primitive roots. Finally, the only case in which P* 
has primitive roots for all values of k is that in which P is an unambiguous 
prime of the first grade whose norm p exceeds 2. 





Case II. Cyclic Groups with Modulus Divisible by Two Distinct 
Prime Ideals; Ale re 


41. To obtain the moduli that come under this case, we multiply together any 
two (more than two are evidently impossible) prime-power moduli coming under 
Case I, which occur for the same value of m and which are so related that the 
periods of their primitive roots are relatively prime. If P” and (' are two such 
moduli, and if p, of period 7, and a, of period s, are a pair of their respective 
primitive roots, then a primitive root 7 of the modulus 4 = P*(' is defined by 
the congruences 


7» =p (mod P*), n =o (mod ('). 


For, since rand s are relatively prime, 7 is of period rs. 

42, Examining the moduli of case 1, we find that they fall into three classes: 
first, those whose primitive roots are of period 8, namely those for which P ig 
of the second grade, p = 2, 4 = 1, and therefore m = 5 (mod 8); second, those 
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whose primitive roots are of period 1, namely those for which P is of the first 
grade, p = 2, k = 1, and therefore m = 1, 2, 3, 6, or T (mod 8); and third, 
those whose primitive roots are of even period, namely all the remainder of the 
moduli. 

Now it is clear that for a given value of m there exists just one modulus (or 
at most two, in a certain exceptional case) of either the first or second class, and 
an infinite number of moduli of the third class. But the product of two moduli 
of the third class will not have primitive roots. Therefore, to obtain a modulus 
having primitive roots we are restricted (with one exception) to multiplying a 
modulus of the third class by the particular modulus of the first or second class 
that happens to exist for the given value of m. 


Subcase II. m=5 (mod 8). 


43. In this case there exists a modulus of the first class, namely a prime ideal 
Q =(2, 2) of the second grade having a primitive root a = (1+ Vm) of 
period 8. We proceed to construct moduli of the form P*@ by selecting from 
the third class an ideal P* such that p > 2 and the period of its primitive roots 
is not divisible by 3. If p is a primitive root of P*, then the congruences 


n =p (mod P*), n =o (mod ) 


determine a primitive root 7 of P*Q. 

(a) Ideal P unambiguous, of the first grade, (m/p) = 1. 

(a4,) p> 8, p = 2 (mod 3), P* = (p", a, +). 

Modulus P*Q = (2p", 2a,+ 20). Primitive root 7 = f(1 + p)+ ep*+a,+o 
of period 3p*—'(p — 1), where f is defined in § 5, and e = 0 or 1 according as 
a,, is even or odd. 

(a,.) p= 8, m=18 (mod 24), P=(38, 0). 

Modulus PQ = (6, 2). Primitive root 7 = 2 + o of period 6. 

(6) Ideal P ambiguous, of the first grade, m = 0 (mod p). 

(,) p>3,p=2(mod3), P=(p,ip—t+o), P=(p, po). 

Modulus P?Q = (2p, 2pm). Primitive root » = (29 + p)o (see $11) of 
period 38p(p—1). 

Modulus PQ = (2p, p—1+ 20). Primitive root n= gy +ep+}(p—1)+o@ 
of period 3(p—1), where e=0 or 1 according as g + $(p —1) 1s even or 
odd. 

(6,) p=3, m= — 3 (mod 24), P=(3,1+0). 

Modulus PQ =(6,2-+ 2). Primitive root 1 = a, of period 6. 

(c) Ideal P of the second grade. 

p=38,m =5 (mod 24), P=(38, 3a). 

Modulus PQ = (6, 6). Primitive root of period 24. 
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Subcase II,. m=1, 2,8, 6, or T (mod 8). 


44, In this case there exists a modulus of the second class, namely a prime 
ideal QQ = (2, 6-+) of the first grade, having a primitive root 1 of period 1. 
Any modulus of the form P*@ for which P* belongs to the third class and 
p > 2 will obviously have a primitive root 7 whose period is equal to that of 
the primitive roots of P*. If p is one of the latter, then 7 can be defined by 
the congruences 


n =p (mod P*), » =1 (mod Q). 


(a) Ideal P unambiguous, of the first grade, p > 2, P*=(p",a,+). 

Modulus P*Q=(2p", 6,+). Primitive root 7 =/(1+p) +p" (see §5), 
of period p*-'(p—1). 

In the two remaining cases, in which P is ambiguous or of the second grade, 
it is evident that » will be equal to p or p+ pp; therefore in every case 

=p-+ep, wheree=0 orl. 

(b) Ideal P ambiguous, p>2,m=0 (mod p), P=(p,a+o), P?=(p, po). 

Modulus P?Q = (2p, bp +p). Primitive root » =g(1+ vm) + ep 
(see § 11), of period p(p—1). 

Modulus PQ = (2p,c+o). Primitive root 7 = 9 + ep, of period p—1. 

(c) Ideal P of the second grade, p> 2, P= (p, po). 

Modulus PQ = (2p, bp + po). Primitive root 7 = 6 + ep (see § 80), of 
period p*— 1. 

Subcase II,. 


45. This is the exceptional case mentioned in § 42, in which the modulus is 
divisible by two distinct conjugate primes P and P’. PP is therefore an unam- 
biguous prime of the first grade, p = 2,and m= 1(mod8). P=(2,) and 
P’ =(2,0’). 

Modulus P’? P’=(4, 2). Primitive root — 1, of period 2. 

Modulus PP’= (2,2). Primitive root 1, of period 1. 

We have now exhausted all the possible cases of cyclic groups. 


Moputus (p*) = P* P”. 


46. A rational prime p, considered as a principal ideal (p), may be either a 
prime ideal of the second grade, or the square of an ambiguous prime of the 
first grade, or finally the product of an unambiguous prime of the first grade 
and its conjugate. The corresponding group of residues with respect to the 
modulus (p*) has been considered for the first two cases in $$ 29-34 and 7-28, 
respectively. For the last case, in which the modulus contains two distinct con- 
jugate primes, the general procedure of §§ 86, 87 is applicable, but a special 
direct method will now be developed, giving simpler results. 
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Let P be any unambiguous prime ideal of the first grade and P’ its conjugate ; 
then (d/p)=1, and PP’=(p)=(p, po). Let 


A = P* P" = (p*) =(p*, p*o), 


and let G' be the group of residues prime to the modulus A. @ will be of two 
distinct types, depending on the value of p. Continuing the former number- 
ing, we shall call them types 10 and 11. The results to be obtained have 
already been tabulated in § 35. 


Vype 10. p>2. 

47. In this case m may be = 1, 2, or 3 (mod 4), and P=(p,a,4+o), 
P’=(p,a,+o'). Ifm=2 or 3 (mod 4), a= Vm, w = — Vm, and, putting 
a, =a, we have 
(11) P=(p,a+vm), P’=(p,a—Wm). 

If m = 1 (mod 4), 


2 1 m 2 1 —~vm 
a,+o= sal ata a,+o0 = cane a 








putting 2a, + 1 =a, we have 
a+ vim ; a—~vm 
(12) P=(p,-5), dm =(p, ="). 


Instead of writing the elements of G in the form u + va, it will be allowable 
and convenient, exactly as in the similar case of § 10, to write them in the form 
u+uwvm, where wu and v are rational integers, residues with respect to the 
modulus p*. 

Since every element w+ vm must be prime to P and also to P’, therefore 

in view of (11) and (12) w and v must satisfy the condition w = + av (mod p). 
This gives p**~?(p — 1)’ as the order of the group, in-accord with the value of 
(A) and also with the fact (see §36) that G is the direct product of two 
cyclic subgroups of order p*~'(p — 1), which are simply isomorphic with groups 
whose moduli are P* and P”, respectively. 
' 48. As generators we could choose two independent elements of period 
p*"(p —1), but we shall rather, in accordance with our former rule, choose 
four independent generators, two of period p — 1 and, if k > 1, two others of 
period p*-'. It is obvious that the two latter can be chosen to be 1 + p and 
1 + pm, and that they generate a subgroup //, of order p”—*, comprising the 
residues 1 + pu + pv 4m, where u and v range from 0 to p 1. 

Let h be a rational residue of period p — 1, like the generator f in type 1 
(§ 5), and let ¢ be a residue, necessarily irrational, satisfying the congruences 


(18) Geeecmodte” |.) ¢ ="l (moder s). 
Then ¢ is also of period p — 1 and is evidently independent of / (cf. § 37). 
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Hence G is generated by the following four elements: h and ¢, both of 
period p—1, and if k>1,1+p and 1+ pwvm, both of period p*-!. The 
rational residues are generated by 1+ p and A; if we add to the rational 
residues the rational multiples of Vm, we obtain a subgroup of order 2p"—'(p—1), 
which is generated by 1+ p, h, and ¢¥?-), Every residue of period p* (0<i<hk) 
is of the form 1 + p(w +m), where wu and v are not both divisible by p. 

49. Example. Let m=—1, p=5, and k=1; then P=(5, 247), 
P'=(5,2—1), A= PP =(5, 57), and ©(A)=16. The elements of 
G are w+ vi, where u,v =0, +1, +2, and u+=+2v(mod5). Its gen- 
erators are h =2 and €= —1+i, defined by (13), both of period 4. In 
terms of h and €, G may be written out, as follows: 


1=1, (ies age (tae Ie Cea On. 
h=2, ices —— oe hee ae pea le 

(mod PP’). 
(Sk ocean Geet. VO m2 oe 


=—2, h?6=2—27, (Gs f he C= eee 


If we had used the general method of § 37, the generators would have been 
—1+iand —1-—-1. 
Lipe Ve ps2 


50. In this case m=1 (mod 8), P=(2, 0) =(2,4+4%Vm), and 
P’=(2, w')=(2, 4—4Vm); also A =(2*, 2*w)=(2*, 24-1 4 Ql Vm). 
Since the residues w + vuvm are subject to the condition w = v (mod 2), it 
follows that either wis odd and v even, or uw is even and v odd. Except for 
this restriction w ranges from 0 to 2* —1 and v ranges from 0 to 2*-1'—1. 
G is therefore of order 27*—?, which agrees with the value of ® ( A) hae 
the residues for which w is odd and v even, namely those of the form 
1+4+2u+2v Vm, obviously constitute a subgroup AH of index 2 and order 
2°*-8, His generated by the rational residues and the irrational residue 
14+ 2Vm=—1-+4 40, of period 2*~*; and the former are generated, as usual, 
by — 1 and 5, of periods 2 and 2*~’, respectively. Finally, G is generated by 
H and a single element @ of period 2 of the form 2u + (2v+1) vm; if 
k>2, 6 can be chosen in eight different ways, the simplest of which is the 


following : 

(14) @=xVm, 
where x is a root of the congruence 

(15) me = (mod 2"). 


This congruence can always be solved for ~, since m, being congruent to 
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1 (mod 8), is necessarily a square, mod 2"(k > 2); if k = 2, the same is true. 
Therefore, if k>1, @ is a generator of period 2 of the required form. 

Summing up, we may say that the group @ of reduced residues with respect 
to the modulus (2") = P* P” is of order 1, if k =1 (ef. § 45, cyclic groups) ; 
if k>1, it has the two independent generators —1, of period 2, and @ 
defined by (14) and (15), also of period 2; if k > 2, it has the two additional 
independent generators 5 and 142 vm, both of period 2*-*, 

The residues 1 + 4u + 2uV¥m evidently form a subgroup of order 2?‘ 
generated by 5 and 1+2 Vm. 

51. Hxeample. If m=—T and k=38, then P=(2, $+ ivV—7) and 
A=P’ P” =(8,44+4 V—T). G is of order 16 and is generated by the 
four independent elements a = —1,b=5,0=V—T,and \=1427V—7, 
all of period 2. Thus: 


1—1, 6= V—7, Neel ees Ox=2+4+ V—T, 





a@=7, a0=443V—7, adr=342V—T, abd=2438 VT, ee 
wae pith! eee 0d) )). 

b=5, b6=4+ V-7, bvA=zb+2N—7T, bOr.=6+ VT, 

ab=8, abd=3 V—T, aby=T74+2V—T, abdrx=6+43 V—T, 


CONSIDERATIONS OF RATIONALITY. 


52. We shall now take up certain considerations of rationality that naturally 
give rise to two special kinds of moduli. Let A= (gl, hl + lw) be any ideal 
in the number-field k( vm); then A= A, A,, where A,=(/) and A,=(g,h+o). 
Thus A, is a rational principal ideal and A, will be called a completely irrational 
ideal, because it contains no rational factors. If the unit ideal (1) is regarded 
as belonging to both classes, then every ideal whatever can be factored in one 
and essentially only one way into two factors, one of which is a rational prin- 
cipal ideal and the other a completely irrational ideal. Evidently the norm of 
Aisn(4)— gl’, and n(A,)=?, 2(A,) = 9. 

Let us examine the character of the prime factors of A, and of A,. Sincea 
completely irrational ideal A, cannot be divisible by a prime of the second grade, 
or by a power of an ambiguous prime of the first grade higher than the first, or 
finally by the conjugate of any of its unambiguous prime factors of the first 
grade, and since the converse evidently holds, therefore A, is characterized by 
being expressible in the form 


(16) Ay= Pi Pi QQ 
where P,, ---, P, are distinct unambiguous primes of the first grade, no two of 


which are conjugate, and Q,, ---, Y, are distinct ambiguous primes. 
53. On the other hand, if a rational principal ideal A, contains an unambig- 
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uous prime factor of the first grade, it must contain the same power of its con- 
jugate, and if it contains an ambiguous prime factor (, the highest power of Q 
which it contains must be an even power. Therefore A, is characterized by 
being expressible in the form 


(17) Ap =P, Bi 5 ( Bebe OO elise ee 


where P, and P are conjugate unambiguous primes of the first grade, 
Q,, ++, Q, are ambiguous primes, and /,, ---, /2, are primes of the second 
grade. 

In other words, an ideal A, is a rational principal ideal if, and only if, its 
unambiguous prime factors of the first grade enter in pairs of conjugates 
and its ambiguous prime factors are raised to even powers. 

We now turn to the consideration of the groups whose moduli are A, and A,, 
respectively, and their special peculiarities. It is obvious that the group whose 
modulus is A, A, is not, in general, the direct product of two subgroups simply 
isomorphic with the groups whose moduli are A, and A,, respectively. 


Modulus a completely irrational ideal. 


54. First, let G be the group of reduced residues with respect to a completely 
irrational modulus A, =(g, +) whose prime factors are given by formula 
(16). Evidently g=2(A,)=pi'---pi-q,---¢,, and the order of G is 
®(A,)=$¢(97)=¢[2(A,) ]. Now since the coefficient of @ in the canonical 
form of A, is 1, the elements of G all have rational residues and G is simply 
isomorphic with the group of rational residues, mod g. Conversely, if A, is not 
completely irrational, the elements of G cannot all have rational residues. For 
by reference to the groups of types 8-11, and to those groups of types 38-7 in 
which & > 1, we see that they all contain elements whose residues are neces- 
sarily irrational. We have therefore proved the following theorem : 

A necessary and sufficient condition that the elements of a group of quad- 
ratic integers with respect to an ideal modulus all have rational residues is 
that the modulus be a completely irrational ideal. 


Modulus a rational principal ideal. 


55. Again, consider the group G of reduced residues with respect to a 
rational principal ideal A, = (/, Jw) whose prime factors are given by formula 
(17). In this case the group is of peculiar interest because its elements can be 
defined without using the language of ideals at all. Thus the congruence 
a+ bw =a + bw (mod A, ) is equivalent to the pair of rational congruences 
a=a,b=D' (mod /), and the quadratic integer a@ + bw will be prime to the 
ideal A, if, and only if, it is prime to the rational integer 7. Therefore G is 
really the group of classes of congruent quadratic integers with respect to a 
rational modulus 1. 


EEE. 
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56. In order to determine its structure when the field k( Vm ) and the rational 
integer / are given, we proceed as follows. First factor / and classify its prime 
factors into p’s, q’s, and 7’s in such a way that d, the discriminant of the field, 
is a square with respect to every p, a multiple of every g, and a non-square with 
respect to every r (if p = 2 or r = 2, d is a square or non-square, respectively, 
with respect to 8, instead of 2), or, briefly, so that (d/p)=1, (d/q) =9, and 
(d/r) = —1 for every p, q, and r, respectively. Suppose the result to be 


— m1... nti. g. 6. Qu. 7M... 7U 
aN Ph cel NRE Pua CU 


Then the prime factors of the ideal A, will be precisely those given by (17), 
since 7’ is the norm of A,, and since the unambiguous primes of the first grade 
enter in pairs of conjugates. 

Now determine the groups whose moduli are the prime-power factors of A,, 
except that simplicity will be gained by substituting for the pair of groups of 
types 1 or 2, whose moduli are P‘ and (P/)", respectively, the single group 
of type 10 or* 11, whose modulus is (P,P), and by doing the same in the 
ease of the other P’s. Find the generators, therefore, of the groups of types 
10 and 11, whose moduli are (P,P; )", etc., of the groups of types 8-7, whose 
moduli are QJ", etc., and of the groups of types 8 and 9, whose moduli are 
fi, ete. Finally, find the corresponding generators of the group G’, whose 
modulus is (1), by using the method of §37. In this way we obtain a complete 
set of independent generators of any group of quadratic integers, whose modulus 
is a rational integer. 

57. Hrample 1. In the field &( V— 35) find the group G whose modulus 
is the rational principal ideal A, = (80). Here o = 3(1 4+ v¥— 85), l= 380, 

= — 35, and the elements of G' are residues a + bw, mod 30, namely those 
which are prime to 30. Since 80 =8-5-2, and (d/3)=1, (d/5) =90, 
(d/2) = —1, therefore p = 3, g = 5, andr=2; consequently (8) = PP, 
(5) = QY, (2) = R, and (380) = PP’: Y-h. The group whose modulus is 
PP’ is of type 10 and is generated by — 1 and — 1 — a, both of period 2: 
the group whose modulus is Q is of type 3 and is generated by 2, of period 4, 
and 2, of period 5; the group whose modulus is 7? is of type 9 and is gen- 
erated by , of period 8. The corresponding generators, A,, #,, X.. My, Az, of 
G itself are therefore defined by the congruences 


A,=-1 (mod 3) =1 (mod 5) = 1 (mod 2), 
la ‘6 =1 = | ar 
rA, = 1 ce  =2 “« 21 
M, = “ 22% “ =1 «& , 


> 
| 

| 
— 
Il 
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The simplest solutions of these congruences are },=11, h,=11—100, 
A, =7T, Hp = —5+120, ,=16+4+15. These are therefore independent 
generators of G' and their periods are 2, 2, 4, 5, and 38, respectively; G is ‘of 
order 240. 

Example 2. By way of strong contrast to the first example take the same 
modulus (80), but a different field k ( V1 In this case o = V—1, d=— 4, 
l= 30, (d/5)=1, (d/2) = 0, (2/3) = —1, (5) = PP, (2) =, (6) =e 
Mod PP’, the group is of type 10 and is generated by 2 and 1 + @; mod Q’, 
the group is of type 7 and is generated by »; mod /, the group is of type 8 
and is generated by 1+. G is of order 256, and is generated by 1, =7, 
B= 1+ 60, r,=16 + ldo, A, = 1+ 100, whose periods are 4, 4, 2, and 8, 
respectively. 

It is to be noticed that out of the 900 residues a + bw, mod 80, those which 
are prime to 80 form two entirely different groups in these two examples, 





groups which differ in their elements, their orders, their generators, and their 
invariants. Even residues that are common to the two groups are not neces- 
sarily of the same period; e. g., the generator 16 + 15a, which is of period 3 
in the first example, is of period 2 in the second. 

58. Since completing the above paper I have found in §§ 96-98 of the third 
volume of Weber’s Algebra, which was published last year, some results that 
are rather closely connected with §§ 52-57 of this paper. The immense 
advantage gained by the theory of numbers from a liberal use of the group con- 
cept has been clearly shown by Weber throughout his Algebra (as well as by 
Bachmann in his books and by G. A. Miller in his memoirs) ; and although the 
particular kind of group that I have here investigated is, I believe, entirely new, 
still Weber approaches very close to it in § 98 of the third volume. His groups 
O, O’, and O, are of infinite order, but the quotient-group O/O, is of finite 
order and is a special case of my group G’, namely the case in which the mod- 
ulus is a rational principal ideal; and the quotient-group O'/ O, is the subgroup 
of G whose elements have rational residues. Moreover, his “primary ideals,” 
of § 97, are my “completely irrational ideals” of § 52, and his “4. Satz,” page 
354, is practically the same as my theorem of § 54. 


CORNELL UNIVERSITY, July, 1909. 





A SIMPLIFIED TREATMENT OF THE REGULAR SINGULAR POINT* 


BY 


GEORGE D. BIRKHOFF 


The usual treatment of regular singular points involves the substitution of an 
infinite series in the differential equation; the series thus formally determined 
is then proved to be convergent. It is possible to replace this part of the work 
by a simpler and more direct argument, and this is given below in IV, along 
with an outline of the entire discussion.t The idéa employed is quite 
similar to that used by LiaPouNoFF in another connection (see PicaRD, TZraité 
d’ Analyse, vol. 8, pp. 862-363). The analysis is made in full only for a single 
equation of the second order, and afterward the generalization is indicated. 

I. We will assume that it has been proved, say by the method of successive 
approximations, that the general solution of 


(1) y t+ p(e)y + q(v)y = 9, 
at a point of the w-plane where p(«) and q(«) are single-valued and analytic, 
has the form 
Y= OY, + Yes 
in which y, and y, are linearly independent and analytic at the point. 

II. Now let x = a be an isolated singular point of one or both of the single- 
valued analytic functions p(w) and q(a), so that by definition «=a is a 
singular point of the differential equation. Consider the solutions y of (1) in 
a certain vicinity of «=a which is taken so small as to contain no further 
singular points; these solutions are analytic except perhaps at w= a, by I. 
If we make a positive circuit of « = a the solutions will undergo a linear sub- 
stitution, which we will write in the form 


Y= AY, + Yo 
Te ay, 1 DY ys 
There will exist multiplicative solutions, 7 = py, for values of p such that 


aa te d, 0 








c, d,—p 
* Presented to the Society, February 26, 1910. 
+ SCHLESINGER has avoided this substitution (Journal fiir die reine und angewandte Mathematik, 
vol. 132 (1907), pp. 247-254) but his method is not nearly so simple as the one here presented. 
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Thus we are led to the conclusion that there are two linearly independent 
solutions of the form 
; log p 
y, =(e@—a)f, (2), k= oe 
(2) 


ss y . 
y,= (%— a) 47, (es t= > 3 
or in a degenerate case, p, = p,, of the form 


(3) y=(e—a)" f(x), y,=y,log(a—a)+(ex—a) f(a); 
here f, and f, are single-valued and analytic in the neighborhood of « = a, and 
can therefore be expanded in Laurent series at this point. 

Ill. Regular solutions are now defined as solutions of the form (2), (8) in 
which 7, f, are either analytic or have a pole atw=a. A necessary condition 
that the solutions of (1) be regular at « = a is found at once to be that p(x) 
and qg(#) cannot become infinite to higher than the first and second orders 
respectively at « =a, by writing (1) in the form 





Li eye 
hm) ly a m= 9. 
Yr Yai YY Ys Vs 


If the coefficients p(a) and g(x) have this character at « = a, that point is 
called a regular singular point of (1). 
IV. Conversely, at a regular singular point the solutions must be regular. For 
write 
2=(e—a)y. 
The differential equation (1) has as its equivalent the equations 


2 
4 





, 
i —— 
emia? 


(2a eee 
e=(en—a)y ty =—(e—a)[p(e)yt+aq(e)y] +y 


= —(e-a)g(a)y + (5-5 —p(@)) =. 


Consider now the real positive function 





Thy eR 


for values of # on any ray emanating from «=a, and denote the distance 
|e—a|byr. Since, if y= a +78, one has |y’| = a + 8’, it is apparent that 
both terms of UY, and therefore U also, are continuous functions of + with con- 
tinuous 7-derivatives. Moreover the inequality 
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eae 


| or 


holds, inasmuch as, for any function w which is analytic, one has 


w= Re, Li.2=:|2 |, 


= | 2yy"| + | 220| 








Ow oR 0® dw 1 Ow 
a artap = | eS namie By! 
and hence 
O|w||_|ow | j 
or bie: BS ee | w 





But in the two equations (4) the coefficients of y and z have poles of at most 
the first order at 2 = a, so that clearly one has 


_M 
=F {lvl+lelp, 


where J/ is independent of the particular ray under consideration. Accordingly 
there is obtained 


/ , 


aie 








ly 


ou, 
Or 





_2f _4uU 
{ly i+ lei} < 


ife 





Wh 
This may be written 
4M _Olog U_4M 
err sek OF) oUt 





Integrating between 7 and r, (7 =7r,) one obtains 


= I= "9 
— 4M log -° = log ie 4 Mog ~°, 


1 i 
, —4M Gf 4M 
) = 0 = ft 
(a)) =7=(2)- 
ve 9 —4M 
a eset 


Now U, is the value of U ata distance v, from x» =a. Let. G denote the upper 
limit of such values for 0 = arg(a# — A <2. Then we have 


so that 


This gives the inequality 


» \— ee 
Pir @(*) : [0 Sarg(%—a) << 27]. 
0 


By definition of U it is clear then that 


ee 3's 
| (=7G4 ‘ [0 =arg(r—a) < 2r], 
y . 

0 
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i. e., the branch of y corresponding to the condition 0 = arg (aw —a) <2r 
becomes infinite only to a finite order atx =a. 

From equations (2) and (3) it is now concluded that the single-valued func- 
tions f, and f,, analytic except perhaps at «=a, have also this property. 
Hence, a positive integer m can be chosen so large that («—a)"f, and (w— a)"f, 
are finite in the neighborhood of «=a. By Riemann’s theorem these func- 
tions are analytic atw=a. Therefore f, and f, are analytic or have poles at 
a = a, which we desired to prove. 

V. The formal determination of the series (2) and (8) still remains to be 
made, but for many purposes this expansion is not necessary. The usual dis- 
cussion shows that there exist essentially two and only two expansions (2) or 
(8) which formally satisfy (1), and these must, of course, coincide with the 
desired series. 

Part IV of the above treatment (as well as the remainder) admits of exten- 
sion to a single equation of the nth order in y,, or equations of the first order 
In Ys Yo. °°) Y,3 im fact the first case is always reduced to the second by a 
substitution 


(M4 


H=(e— ay, =(w— ayy 
If we write the linear system as follows: 


if 4 n 
(5) Hi a, (ny, ((=1, 2,45 ae 
i 


da ; 


the coefficients a,(«) have then at most poles of the first order at «=a if 
we =a is a regular singular point. Hence one finds in a certain vicinity of w= a 











M 
| @,;(%) = a 
If one considers the positive real function 
U= dilyi| 
one finds 
Eee 
ap S 2/249; 
e) Va n 2 
=—=(Zlul)- by (5), 
oInM 
Sears. 





The remainder of the argument is now made as before. 


PRINCETON UNIVERSITY. 


THE STRAIN OF A GRAVITATING, COMPRESSIBLE ELASTIC 
SPHERE” 


bY 
L. M. HOSKINS 


In the solution of the problem of the strain of a homogeneous elastic sphere, 
as given by Lam&é and by Ketvin, the bodily forces are supposed expressible 
as known functions of the coordinates of position. When self-gravitation is 
among the forces considered, however, the bodily forces depend in part upon the 
state of strain, and it is only in the case of assumed incompressibility that 
the usual method of solution is applicable. 

The present paper has for its main object the solution of the problem of the 
strain of an isotropic elastic sphere, initially homogeneous, due to disturbing 
forces of a certain type, taking into account the changes in the gravitational 
forces which result from the strain. 

The contents of the paper fall under the following four heads : 

I. Strain of a gravitating, compressible elastic sphere under the action of 
tidal or centrifugal forces, with numerical computations for the case in which 
the surface is free from stress. 

II. Strain of a gravitating, compressible elastic sphere covered by a shallow 
ocean, under the action of tidal or centrifugal forces. 

IU. Effect of compressibility upon estimates of the rigidity of the earth. 

IV. Strain of a gravitating, compressible elastic sphere under the action 
of small disturbing forces derivable from a potential which is any spherical 
harmonic of degree not less than 2. 


I. STRAIN OF A COMPRESSIBLE, GRAVITATING ELASTIC SPHERE UNDER THE 
ACTION OF TIDAL OR CENTRIFUGAL FORCES. 


$1. Physical analysis of the problem. 


The object of the analysis is to determine the strain produced in an elastic 
sphere by the action of disturbing forces of the type of tidal or centrifugal forces 
— i. e., forces derivable from a potential proportional to P,r’, in which P, is the 
zonal surface harmonic 3 cos’? — 3. The disturbing forces are assumed small 
in comparison with the actual forces of gravity, but the changes in the gravita- 


* Presented to the American Mathematical Society (San Francisco), September 25, 1909. 
203 


204 L. M. HOSKINS: THE STRAIN OF [April 


tional forces due to the strain are assumed to be of the same order as the dis- 
turbing forces. This accords with the facts in the case of the actual tidal and 
centrifugal forces acting upon the earth. 

Before the action of the disturbing forces the body is assumed to be in 
equilibrium under the action of the mutual gravitation of its parts without sur- 
face stress. The stress-condition at any interior point need not be specified 
more definitely ; it may be hydrostatic equilibrium, or any departure from that 
condition which is consistent with the forces of self-attraction. The stresses 
and strains considered in the following analysis are to be regarded as super- 
posed upon the supposed initial condition, it being assumed that small depar- 
tures from this initial condition follow the laws of elasticity as ordinarily given 
for a homogeneous isotropic solid.* 

When the external disturbing forces come into action, the body assumes a 
new configuration of equilibrium. The gravitational force which now acts upon 
a given element of volume is different from that which originally acted upon the 
same element, for two reasons, — because the density of the attracted element is 
changed, and because the density-distribution of the attracting mass is changed. 
In computing the new value of the gravitational force the new configuration of 
the body may be treated as made up of two parts,—the original configuration, 
and a certain mass-distribution superposed upon it. The total attraction upon 
a volume-element may then be expressed as the resultant of the following parts: 
(1) The attraction of the original mass-configuration upon the original mass of 
the element; (2) the attraction of the original mass-configuration upon the incre- 
ment of mass of the element; (8) the attraction of the increment of mass-distri- 
bution upon the original mass of the element ; and (4) the attraction of the incre- 
ment of mass-distribution upon the increment of mass of the element. Of these 
four forces (1) is balanced by the initial stresses and may be omitted from the 
equations of equilibrium of the element; (2) and (3) are of the same order of 
magnitude as the disturbing forces; while (4) is negligible in comparison with 
(2) and (8). Hence (2) and (8) are the only bodily forces to be considered in 
addition to the external disturbance. 





* Tt has been held by certain writers that the existence of initial stresses of great magnitude 
vitiates the application of the theory of elasticity to a gravitating body comparable in size and 
mass with the earth. As to applications which are sometimes made of the theory, the objection 
appears to be undoubtedly valid. For example, it would be absurd to compute the actual 
stresses within the earth as if they were due to gravitation acting upon a body initially free 
from stress ; even if such an assumption were in harmony with any reasonable supposition as 
to the history of the earth, the strains thus computed would far surpass the limits of elasticity. 
This objection does not, however, appear to hold against such an application of the laws of 
elasticity as is made in the present paper. To assume that a body under great stress, whether 
this is everywhere purely a normal pressure or whether involving also tangential stresses, is 
elastic for small departures from the initial configuration, is not inconsistent with what is known 
regarding bodies under ordinary experimental conditions. It can hardly be doubted that the 
great body of the earth is elastic as regards slight changes of configuration. 
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The original density being called p, the increment of density dp is equal to 
— pA, if A is the cubical expansion. Hence the force (2) is to be expressed as 
the attraction of the undisturbed mass upon a density — pA, while (3) is the 
attraction of a mass-distribution of density — pA upon a density p, together with 
the attraction due to the surface inequality produced by the strain. 

Besides the bodily forces it is necessary to consider the stress-condition at the 
surface. Upon the actual bounding surface it is assumed that the stress remains 
zero ; but if (as is convenient) the equations of interior equilibrium be assumed 
to apply throughout the original spherical volume, the surface of this volume 
must be regarded as sustaining a stress whose value must be properly expressed. 
It is shown below that, to the first order of small quantities, this stress is radial 
and equal to the weight of the surface inequality produced by the strain. 


§ 2. Formation of equations of equilibrium for an element of volume. 


(a) General form of equations in terms of polar coordinates. Let the axis 
of symmetry of the disturbing forces be taken as initial line of a system of polar 
coordinates, the displacements in the three primary directions at a point 
(7, 8, p) being called 


uss Ups es 

while A is the cubical expansion. In the case now under consideration 
th tem ()., 

Let the total bodily force per unit volume have components 


pl’, ply, 
(the d-component being 0). 

In accordance with a common notation, let ~ denote the modulus of distortion 
and A + 2» the bulk-modulus of the material. The equations of equilibrium 
for an elementary volume then assume the following forms: * 


oA ee O OC rug) Cue Ne 
9 aay 2. RES os oe SN flaca at iia 
(1) rete de Or fr = 3a| ( or wo sine | + pl, = 9, 


1 OA vem 0.) / OC tts )\o SCtakate 
y) Be ae SS ee =e () 
(2) We edie 66.7 rsinO =| ( Or we) sin 0 | + pF, =0; 


in which 





il O i a) ; 
(3) A= rain a| op(uesin 0) + a9 (reo sin a) |. 


(6) Assumptions. It is found that by making certain assumptions the equa- 
tions are reduced to a form admitting of solution. It will be well to state these 
*See A. E. H. Love’s A Treatise on the Mathematical Theory of Elasticity, 2d edition (1906), 


pp. 138, 56. The terms representing bodily forces are omitted from the equations as given on 
p. 138. 
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assumptions explicitly, at the same time remarking that their justification is 
the fact that they lead to a solution satisfying all the conditions of the problem. 

(1) The potential of the disturbing forces being proportional to 7’ P,, in 
which P, = } cos’ @ — }, it is assumed that the radial displacement and the 
cubical expansion depend upon @ in the same way as this potential does ; i. e., 
each is assumed to be the product of P, by a function of 7. 

(2) It is assumed that the mean radius of an originally spherical surface is 
unchanged by the strain. 

(c) Linear displacements replaced by ellipticity and maximum angular dis- 
placement. It is found convenient to replace w, and u, in the foregoing equa- 
tions by two quantities e, «, defined as follows: 

The former represents the ellipticity of the surface originally spherical and 
of radius 7; that is, 


(4) u,= — zerP, 


(it being assumed that a positive value of e corresponds to oblateness). 
The quantity « represents the angular displacement of a radius vector for 
which 6 = 45°. It is then found that, for any point (7, @), 


Us 5 
—= asin 20. 
(5) , = osin 
This follows from the assumption that A involves @ only in a factor P,. 


To make the last statement clear, notice that the introduction of e in place of 
u,, reduces (3) to the form 





de 1 0(u, sin @) 
=. 35 | Speen ‘ ; 
3 (2¢ +3 a ate r sin @ 06 


In order that the last term may be equivalent to P, multiplied into a function 
of 7, it is easy to show that we must have 
: B 
Uy = asin 26 + ah 

in which a and 8 are independent of @. Infinite values of w, being excluded, 
8 must be 0.* 

If, now, w, and w, be replaced by e and « by means of (4) and (5), equations 
(1) and (2) take the following forms: 





*It is otherwise evident that, for a given value of 7, ug will have equal values for comple- 
mentary values of 8. This is seen by considering the effect of superposing strains of the same 
type about different axes. Thus the #-displacements in a given meridian plane (say that of az) 
will be annulled by superposing upon the given strain either (a) an exactly similar strain sym- 
metrical about the a-axis, or (b) a strain symmetrical about the z-axis which is just the reverse 
of the given strain. 
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da a de de e 
(6) J400 +H) a — 8m — 38 (A+2h )r ra B(A + 2) 7,4" | P,+pF,=9, 


da da a de Ol ie 


while the value of A becomes 
de 


(8) A= (4a 20— arte) Py 


(d) Hepression of bodily forces. The bodily forces acting upon an element- 
aty volume are (1) the disturbing force (here supposed to be the centrifugal 
force due to a uniform rotation about a fixed axis), (2) the gravitational force 
due to the change of density of the attracted element, (3) the attraction due to 
the change of configuration of the attracting mass. We proceed to get expres- 
sions for these in terms of 7, 6, e and a. 

(1) The disturbing force. 

Representing the angular velocity of the rotation by , the centrifugal forces 
have a potential 
(9) W =— }a’r'P, 


(neglecting a term independent of @). If @ is the radius of the sphere, g the 
value of gravity at the surface, and’c the ratio of equatorial centrifugal force to 
gravity, i. e., 


wa 
10 enemies 
( ) ; g 
we may write 
oo 
(11) W= —_ 3,0 Pe 


The parts of #” and /’, corresponding to this potential are 
OW eg 


ie) came oa) as 
eG 
(13) - ae = 30 sin 20. 


(2) Force due to change of density of attracted element. 
The attraction per unit mass at any point, due to the original homogeneous 
sphere, is a radial force equal to 
x 
aes, g e ~ 
The increment of density of the attracted element being — pA, the force per 
unit volume is 


(—92)(—payag® 
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hence this force is accounted for by adding to the value of p/’ a term 


pyrn rf de 
(14) aA alee 2e — arg.) Pe 


a 





(3) Force due to change of configuration of the attracting mass. 

We have now to express the value of the potential at any point due toa 
mass-distribution of density — pA throughout the original spherical volume, 
together with that due to the surface layer superposed upon this sphere by rea- 
son of the strain. 

Consider a shell of radius 7’, thickness dr’, and density 


de’ 


— pA’ = — p (40 — 2e’ — i oe) Pe 


The potential at a point (7, @) due to this shell is 








le’ \ r? 

(15) — trap ( 40° 2e’ — aT ode P, (ite sea 
] , Wt 

(16) — trp ( 4a — Be! — rT) os do“ P, (if r> 1’). 


Hence the potential at any point (7, @) within the spherical volume of radius a, 
due to the density-distribution — pA, is 


typ. {1 : a Dee (de \ oe 
ee ii aanaa lat (42 — Ee cal ae di 


; ; ,de\ dr 
|| (42 — 2e — 2r 7) | 


(17) 





To this must be added the potential due to the surface inequality. If e, is the 
surface value of e, the thickness of the layer is — 2e,aP,, and the potential due 
to it at a point (7, @) within the body is 


(18) — =. aype,r’ P,. 


The total potential due to the change of mass-distribution may therefore be 
written in the following form, in which g replaces $7ypa, the surface value of 
gravity : 


og Pali fee CLI 
V= = ea laf (4 — 2e' — 3r a)? di 
+ a (40 2e’ — wa) a a ier |. 
By partial integration we find , 


1 : f de’ 4 + ‘ 4 ; 
af 4a’ — Qe’ — 3p er yip dr = 373 { (3a' + e)r dr’ — 37’ e, 
0 0 





(19) 
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; , 2) de Nar 
al (40 — 26 — gr Re) nel (Qi) + H(é—e,), 


so that the expression for V reduces to 


ee v= “£3 = | (30 + 6 )r dr + 8° fer |. 


The forces derived from the potential V are (per unit mass) 


) Lage s ; r 
(21) pe oe ase d iE Jf Gr+e) “f ‘dv rf (20 —e’ “i — ter], 


even so min so) 2 fo.) veel ee Or 
(22) 36 = a | ce [ (22 +e')r dv + 80 [ (24 — ey |. 


(4) Components of total bodily force. 
Combining the foregoing results, we have for the components of the bodily 
force per unit volume at the point (7, @), 


_ PIL, 2ep Z 2, le 
Sap rae : | — ger-+ (4a —4e— Gr) 
‘ dr’ 
tml (8a + ¢)r dr’ ef (2a i Peg 


sin 20 6 eh eT | ane ee 
(24) pF, = poe | ac rt ga | (Be +e )rar 4s Bee 


(ec) Final form of equations of equilibrium for elementary volume. In 
writing the two equations of equilibrium for a volume element in their final form, 
it is convenient to introduce the factor 7 throughout each equation, and then to 
replace r as independent variable by x =r/a. The equations then take the 











(28) 





following forms: 


2 


d jae 
4A +p) 5 — Bua F(X + 2H)a* 5 — H(A + 2n)0S + Ape 


ae ] 
(25) + aga| — jeu? + (da — de — ge 9)? 


CN aaa (20° — 0) |=9, 
2 


d da 
or 1s + Spar —2(82 4 5p)a+ (A+ wes “+ (82+ 5u)e 





(26) 
6 td ; Oy? 1 ] 
+ pgal dou? + 55 (Ba pe altda! 4 f (2a’—e ey |=. 
aoc 5 J. 
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§3. Surface conditions. 


Upon the bounding surface of the strained body the stress is zero. It seems 
most convenient, however, to treat the strained body as extending to or beyond 
the original spherical boundary 7 = a in every direction, 
and to determine what stress must exist upon this sur- 
face in order that the surface r = a(1 — 3e, P,) may 
be free from stress. For this purpose consider the 
layer of matter of density p included between the sur- 
faces r=a, r=a(1—3e,P,). Let equations of 
equilibrium be formed for an elementary portion of this 
layer bounded by a meridian plane and a plane parallel 
to it at an infinitesimal distance 2, and by two radial 
planes perpendicular to the meridian inclined to each other at an infinitesimal 
angle y; the section of such an element by the meridian plane is represented by 
ABBA, (Vig. T). 

We have 





hres 1 


AB= ay, AA’ = —$ae.P., 
7) 
BB = AA' + 6 (— 3ae,P,)= AA’ + ae, sin 26. 


The stresses per unit area at the point A are 


Ou, 
or 


(27) FrR=rA42Qu 





= | x2 — 204 2u)e—3(AXA+ Du oor [Py 


— WU, elect 





(28) . 
=| tax 2004 faye Bre Fe |P, + duaceos 20, 
a Ou u 1 Ou. da\e 
(29) FO u( ny oP ap) =H (e+ 252) sin 28. 


From these expressions values may be found for the total normal and tangential 
forces on the faces AB, AA’, BB of the element, while the total bodily force 
is the weight of the element, which is equal to pg into its volume. By writing 
the two equations of equilibrium for the element, and retaining only terms of 
lowest order in the small quantities e, a, it is found that 


(80) —rr + pg(ZeaP,) = 9, 
(31) r0 = 0. 


The equations to be satisfied at the surface 7 = a are therefore 
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rr 
(32) jaye 4ra — 2(X+ Zu )e— 2(X4+ 2u)a 5° = Spgae, 
rO da 
—) sin 20 =u(etot )=0. 


§ 4. Preliminary discussion of special cases. 


The problem is now reduced to that of solving the simultaneous ordinary 
differential equations (25) and (26), subject to the conditions expressed by (82) 
and (33). Before proceeding to the general solution, it is of interest to note 
the form assumed by the equations in special cases for which the solutions are 
known. Such cases are the following : 

(A) A non-gravitating body acted upon by bodily disturbing forces having a 
potential proportional to Pr’ (or free from bodily forces), and 

(1) With any given surface stresses of type corresponding to the bodily 
forces (i. e., the radial stress proportional to P, and the tangential stress to 
sin 20), or 

(2) With any given surface displacements of the same type (i. e., the radial 
displacement proportional to P, and the tangential to sin 26). 

(B) A gravitating incompressible body with bodily and surface forces and 
surface displacements as in any of the cases under (A). 

Of these cases the complete solution will here be given only for that of a non- 
gravitating body with surface free from stress. The modifications in the 
analysis required by the other cases under (A) are sufficiently obvious, while 
the corresponding case of (Z) is given later on as a limiting case of the general 
solution for a gravitating compressible body. 

It may be remarked, also, that after the general solution has been given it 
will be obvious how it must be modified if the surface conditions are changed. 

(a) Solution for the case of a non-gravitating body acted upon by bodily 
Sorces but free from surface forces. In this case all the terms in equations 
(25) and (26) which represent bodily forces disappear except those representing 
the disturbing forces, and the ca become 


doa. 
(34) F(A +p )e —8yua—2 z(n42n)e S —$(A+ 2u)e 5 < + 4we— 2pgacu’= 0, 


, 2a da 
(85) pa? Te a tae 7 2(BA+5y)a+ (+m) $ “+ (8X+5u)e + 3 spgaca’ = 0. 


The surface conditions (82) and (83) become 


(36) tra —2(0+ fue — 9 (A+ 2u)0 se = 0, e+oe=0 (w==1). 
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It is easily shown that these equations may all be satisfied by values of e and 
a of the forms 


(37) e= A, + A,2*, 
(38) a= yes. a Die 


by properly determining the constants A,, A,, B,, B,. 
To satisfy the differential equations we must have 


(39) B= sayy 
while A, and B, must satisfy the two equations 


8rB, — $(5’ + Tw) A, — zpgac = 0, 


0 


(40) 
— 604, + (6X + Th) A, + Spgac= 0, 


which are seen to be identical. The surface conditions give two additional rela- 
tions among the four constants; these are 


(41) 4n(B, + B,)—2(0 +4 3u)(4, + Ay) — $(0 + 24) A, =O, 
(42) Aad oa obec 


Solving these equations, we have 








Be Oe Ae 
CS 19N 14 a= — 9190 4149 ee 
4N+3u pga PR SXN+ 4m pga 








oT 2(190 Ftc) oe 2 4196 -f14p,) ee 


Hence, finally, the values 








| me! Ce Ss ; A (ese: 
(43) = 3 (19x -£14u) Loan eae (382r + 2) ax? | ae 

Nat C ia 27 PI@ 
(44) aA TON 14) Oe (5X + 4) x? | ca 


which agree with the known solution for this case. 

(6) Non-gravitating body with given surface forces or surface displacements. 
If the two surface stresses are not zero but are known functions of @ of the 
type above specified, the last members of (82) and (88) become known constants. 
If the surface displacements are given and of the type specified, (82) and (33) 
are replaced by equations obtained in an obvious manner. 

(c) Non-gravitating spherical shell. The solution for a spherical shell may 
be obtained by assuming 


(45) 6 = A wr Ale A Ae 
(46) a= BD wee Boe? + Bt Bie. 


1910] A GRAVITATING ELASTIC SPHERE 213 


the constants being determined to satisfy the conditions at the inner and outer 
boundaries. It may in fact be shown that these equations satisfy (84) and (35) 


if A,, B,, A,, B, satisfy (89) and (40), and the remaining coefficients the con- 
ditions 

(47) wA_,— (8X4 54) B_,=0, 

(48) Atop l=. 


There are thus four constants available for satisfying the boundary conditions. 
(2) Incompressible gravitating body. In this case all the gravitational forces 
which are due to changes of density vanish, but the attraction of the surface 
inequality remains. The potential due to this surface layer has already been 
given, being 
2g 


8 22 seek, TEE a2 
if mype,’P, = Ba cl! hae 


This gives in equations (25) and (26) the terms 
— 4pgae, x’ and Zpqae, x”. 
Since e, is a constant, the solution may proceed as in case (a), by assuming 
(49) Cres Av Ao. 
(50) Q='b, +p. 


In satisfying the equations which determine the constants, special reasoning is 
required by the fact that is infinite. This presents no serious difficulty, how- 
ever, and will not be here given, since the case of incompressibility is hereinafter 
treated as a special case of the general problem of a gravitating sphere. To the 
solution of the general problem we now proceed. 


$5. Solution of equations in the general case. 


Inspection of the differential equations (25) and (26), and the form of the 
solution in the special cases above considered, suggest the trial of power series 
for the values of e and «. 

The substitution of 
(51) Grae A a, omen Win gie 


results in the following terms in the two equations: In (26), 


(4a +p)m — 84 jb, —[3(A 4+ 2H) (m? + 8m) — 4) A, ) rae 


2(m? + 8m +6 
(52) + pga| GEE) Naveed LEN uy he 





12 
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In (26), 


([ ue (m? + 3m)—2(8’+5zn)| B+ [(A+ w)m+ (8X + 5u)] A,, ) 2™ 


3 : 
(53) + pga | — n(n +B) (6B, —(m +8) 4, an 


70 


9 
a 5am (2B, re 4,2 | 7 


Notice first that the coefficients of ~? in these two expressions are in a con- 
stant ratio independent of m; hence if m be given a series of values, the coeffi- 
cients of « in the two equations may be made to vanish by a single relation 
among the coefficients. 

Again, notice that terms in «”*? result only from the following terms in the 
values of e and a: 


m m+2 am mM-+-2, 
A,,% a5 AX ? Be wv a Dae ? 


and that the coefficients of «”*? in both equations will vanish if the following 
two equations are satisfied: 


[4(X + u)m+ 8A] B.,—[ F(A 4+ 2u)m(m+7)+ $(6A4+ Th) A, 4, 


(54) 2(m? + 8m + 6) 
maa Ps 3m (m + } ) 


[wm (m + 7)—OrA] Bg + [A+ w)m + A+ TH] A, 





[6B —(m+3)A, ]=9, 


(55) 


[6B —(m+3)A4,]=0. 


m 


3 
— pga m(m-+ 5) it 5) 


Finally, notice that the terms of lowest degree in the series for e and a will 
introduce into the two equations terms of like degree which must vanish identi- 
cally. That is, the terms 

Ase 


of lowest degree must be such that the coefficients of «” in (52) and (58) will 
vanish. The values of m for which this is possible without the vanishing of 
A, and B, are found by equating to zero the determinant of the coefficients of 
A, and G, in these expressions; this determinant reduces to 


3mu(A + 2n)(m— 2)m(m + 3)(m +5). 


The lowest power of x in the two series must therefore be either 


3 


Coa eens Or Py. 


Since negative powers of « are excluded by physical considerations (because the 
solution must apply to the point «= 0), we conclude that the terms available 
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for the solution constitute ascending series of even powers of x beginning with 
the power zero. It is easily found also that we must have * B, = 3A). 
We now assume 


(56) a A, +°A,x’ 4 Ate apvatee, 
(57). a=3A,+ Bw’ + Bot+.-., 


and determine the relations which must hold among the coefficients in order that 
the coefficient of every power of « in each of two equations may vanish 
identically. 

From the above discussion it is evident that if m> 0, the equations to be sat- 
isfied are (54) and (55), while the vanishing of the coefficient of ~? requires that 


12 
(58) 8XB,— $(5. + Tu) A, — gpa 44, ey 


1 


(odd values of m being excluded in the summation). 
The solution of equations (54) and (55) gives 
pm? + 10um — 6(ArA — 2n) 


as ds us Mela 
oso pm(m + 2)(m + 5)(m+T) BES el ape rX + 2p’ 








(~ + p)m + 5rX+ 4yu 











— — Ee AN ane 7 gap 
(60) Bis = pm(m + 2)(m+5)(m+T) Lee ae ee) Ae | ee Dine 
| m+ 6 gap 
ee Lo) Sia — em 5) Lore Wt AW on 


By successive applications of the last equation may be derived the following 
values of the coefficients of «* and higher powers, m having values 0, 1, 2, ---: 


n+3 
T-9..-(2n4 9)’ 





‘ gap n+l NG 
(62) Aga —dy(0B,-5.4,)( — 25.) | 402+7049)—6 | 


gap n-+1 os a n+3 
(63) Beams (6B, — a) | 2n+3)-+(2n+ Ar 9..-(Qn+9) 


so that the values of e and a may be written 





: gap 
e= A, -- Aa + az (6B, — 5A, ) Ack Se 


= r n+3 Gi e\e 
n 2 : a 
xD = J (mn + 1n+9)— 67 | gg) xan”) 


*This is evident algebraically. It is also evident otherwise that if the solution has the 
assumed form, B, must equal 34); for A, and B, are the values of e and a at the center, where 
these quantities will be related as in the case of a homogeneous strain. 





(64) 
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a= 34, + B,2* — 9p (6B, — 54,) vie ant 


24 


(65) 





xX (1 |2(n48) +02 n+T) ers fe Freya eon ey), 


in which A,, A,, B, must satisfy (58) and the surface conditions (32) and (38). 
For substitution in (58) we find (for n = 0, 1, 2, ---) 


2B 6, ye. i! gap AE: 
4+ 2n = (6B, 54,)(— 


r n+3 
x(n +8 +7) 5 


In order to express as concisely as possible the values of e and a and the 
three equations to determine the constants, the following notation may be 








- (66) 




















employed : 
= n+ 3 
(67) yaa ay] 4(nt + int 9) 6 | a9 a 9)? 
n-+8 
(68) Mz = zs (—1)'| 2(n +8) + @n+7)” le ee 
= . n+3 
(69) N(a)= de (- 1) Jno 42 lr [nso 
= n+2)(n+8 
(70) Lz eee 1) | (or + in+9)—6 lh Sata 2048), . 
n+2)(n+3 
CTL) (Zz )=di-|2 (n +38) +(2n+T) * |e a ene a 
gap 
(72) b= Nee 


The solution then takes the following form, the last two of the five equations 
being derived from the surface conditions (82) and (388): 


(A) e= A, + A,x? + (6B, — 5A,) bu! L(ba*), 
(B) = 4A, + Bw? — A, (6B, —5.A,) be! M(ba?), 


140 
4(4,+ 4.) + a5 Gy pB) 4 


iM) 20A/p 


— 8b(A/p + 2) 





+(6B,—54,)(2 —5N(b)) + 4te=0, 
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2 + (= + 2) | (edad (68.5 d) 
(D) 
«|r : | (3% +2 +(¢ in 2)b)(b)+6 * 100) +2( * +2)Z(0)| a 
pw 24 ty be be - 


pee 8d) As (6B, — 5,)|1 = PACE 2m'(b))| tis 


The functions represented by the infinite series may be otherwise expressed, 
depending ultimately upon the exponential integral 


«x 
[ve abx2 Top , 
0 


For the purposes of computation, however, it is doubtful whether they can be 
reduced to expressions more convenient than the series, which converge with 
satisfactory rapidity unless b is relatively large. In applying the results to a 
body comparable in size and mass with the earth, for example, it can hardly be 
supposed that 6 is as great as 2; and for b= 2 it is found that eight or ten 
terms of the series suffice, even in case of the function J’, which is the least 
rapidly convergent of all. 


§6. Modified procedure for solving equations. 


It may be well to point out that by changing the procedure the algebraic 
work involved in the solution of equations (25) and (26) can be somewhat 
abridged. 

The equations of equilibrium of a volume element may be abbreviated by 
introducing the elementary rotations 7, @,, @,. The general forms of these 
equations are given in Part IV of this paper, equations (117), ---,(128). When 
the strain is symmetrical about the initial line of the system of coordinates, 
w, and w, vanish, and the equations reduce to the two following, which are iden- 
tical with (1) and (2); 


2 
~ rsin@ oO 





OA 
(A + 2p) 5, © (wm, sin 8) + pF. =0, 


OA 2m 
(A+ 2q)- 00 ere G & (rary sin 7) + pi, =0. 





If we now write 


As yP 


Trans. Am. Math. Soc. 15 


” =" Bg 
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and introduce everywhere y and z instead of e and a, equations (25) and (26) 
become 


(0+ 2wyaS! o + Gwe 


9 Siar Gans ian Uae 
+ pga 5. af yo" dee -5/ + + ya’ — (ge e+ §o)e? | 


ee 


by oe ae 
“ne eee ‘aa + Ff Ue + (Be, + 4e)at | =0. 


It is easily shown that these are satisfied by series of the following forms : 


(Ap 22 eb be 


y= Coe? + Cnt + ---, z= Dix’ + D,x* + - 


in which the coefficients satisfy the equations 





Ca. yee m soi 6 Ea pga 
C, = m(m+5) X4+2p’ 
Dee wes 1 pga 





Oem (ine) eae 


and an additional relation obtained by equating to 0 the coefficients of x” after 
substituting the values of y and z in the differential equations. One coefficient 
thus remains arbitrary.* ; 

It is now possible to determine e and « from the equations 


de da 
pia 2 — ee yn 2 
4a — 2e av 7 => a(« 2a oe) Ze 


Thus if we assume 

C =e aa eas 
we find 

(m+8)A,—6B,=—3C 


Sol (m at: 2) 8, = BD ns 


from which A, and B, are determined in terms of C’, and D,, (and therefore 
in terms of the one arbitrary constant above mentioned), except in the case + 
m=. In this case we may take A, arbitrarily and make 


Fp Ue 


* Another solution consists of ascending series beginning with C_sr—* and D-sr—* ; but nega- 
tive powers of x are not permissible in the physical problem. 
+ The case m = — 5 is excluded by physical considerations. 
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That is, the values of e and @ contain the same powers of x as the values of y 
and z, together with the absolute terms A, and 4A,. Two arbitrary constants 
remain for satisfying the surface conditions. 

Although this process results in some saving of algebraic work, it does not 
appear to suggest any shortening of the labor involved in numerical computations 
such as those given below. 

It is of some interest to note the form of the differential equation resulting 
from the elimination of z: 


ay dy pga A dy . 
wag + age — y+ Ao, (ge + Gaty ) = 0. 








We obtain also the equation 


dz dz a 
es GY Ad) rpm REST : 
dx? dx ; 


but the complete elimination of y obviously leads to an equation of the fourth 
order in 2. 


§ 7. Haternal potential and inertia-constant. 


One of the quantities which indicates the yielding of the body is the change 
in the external potential, or (what amounts to the same thing) in the difference 
between the principal moments of inertia. 

Let J denote the moment of inertia about a diameter before strain, C’ and A 
the principal moments after strain (the former being taken about the axis of 
symmetry), and let 


(78) aoe 


The value contributed to C’— A by an elementary shell of thickness dr and 
density 


—pA= —p(42— 2e — arg) Ps 
is 
de 
trp ( 4a — 2e— arg, Jan 


while the part contributed by the surface inequality is 


8 Benes 
am AS 
hence 


4 “ 1 
(74) C—Az= = ff (4 — 2e — 3r a) mdr + S.mpa’e,. 
0 


Integrating by parts the term containing de/dr, we obtain 
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(T5) oan f (8a +e) dr =p (3a + e)utdx, 


and 


(76) =F =-2[ (8a teeta: 


This accords with the result already given for the potential due to the change 
of configuration. Thus the external potential is known to have the value 


while it is also represented by the first term of the value of V given in (20) if 
the upper limit of integration be a; i. e., we must have 


—A 4qP, l6zpyP, 
Ue — f{ (ee +¢)r°dr = [ (8ateyrdr, 








which agrees with the result given above. 
Using the values above found for e and a, we may write 








(77) pa >t A,+(6B,—5A [7+ 19 (24(3)-82F(0)) |, 
in which 

= n+3 
(79) G(b) = (1 


$8. Case of incompressibility. 
In the case of incompressibility X= 0,b=0. Putting b’=gap/p, we find 














bL(B) =“, (- or )rg=—W: 
bM(b) = cee (7) ga 
(80) bN(b) = are (Zr ='0, 
vL'(b) = ME ( 6) ag = 
bM’(b) = He (13) aa B 
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Equation (C’) now requires that 


(81) 6B,—5A,=0, 
X 380 35 
(82) este ts) i, 50 | 44,44 (145;,) a+ dH |: 
while (2) and (/) give 
Xr ’ ; 

(83) ie ae ie Jeane) Ax 
(84) 3A,+8A,=0. 
Solving, we obtain 

8b’ 30’ 50’ 
(85) 4,=335 409° fea a aye: 4,=— 9/88 4 40 a 


while all other coefficients in the values of e and a vanish. We thus have 








e b’ is 
a b’ : 
Sel Emr ores 45) nn? 


which agree with the known solution for the case of incompressibility. 


We find also 
5b’c 
(88) = 4, 4, 36 ay" 


which is identical with the surface value of e, as should be the case when 
vX = 0. 


§9. Case of zero rigidity. 


This is the only case in which the solution fails. If » = 0, equations (25) and 
(26) cannot be satisfied unless A = 0; and if A = 0, the surface condition (82) 
cannot be satisfied unless X = oo. 


$10. Numerical results. 


In applying the formulas above found, it is convenient to choose a definite 
value of X/ and make computations for a series of values of 6 or gpa/(X + 2). 
Some of the results thus found are given in the accompanying tables and dia- 
grams,* which for the most part are self-explanatory. The quantities of par- 
ticular interest are the surface values of e and a and f. As an aid to the 





* In all the diagrams it is to be understood that ordinates are multiplied by e. 
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verification of the computations, the values of the functions LZ, JV, etc., are 
included in the tables. 


TaB.E I. Results for the case X/u=1. 


(All numbers below the horizontal line are to be multiplied by ec. Numbers in square 
brackets [ ] obtained by interpolation ; all others computed. ) 























jis aN hed 2 1.8 1.6 1.4 ib? 1 8 .667 
A + 2u 
[gap .167 .185 .208 .238 .278 {88's} Aly .500 
L(b) .8946 .9347 9773 1.0224 1.0703 1.1212 1.1753 ose 
M(b) .4618 .4746 4879 .5018 .5163 .5315 5474 .5585 
N(b) .2579 .2641 .2706 2774 .2844 .2917 .2994 .3026 
I/(b) 1.4000 1.4978 1.6042 1.7194 1.8444 1.9801 a Ir (" 2.2326 
M’(b) .7987 .8319 .8668 -9039 .9434 .9853 1.0298 1.0610 
F(b) .03798 .03880 .03964 -04052 .04142 .04236 .04333 .04400 
G(b) .02999 | [.031] [.033] [.034] [.036] .03758 .03936 .04061 
6B,—5A,| 3.710 2.857 2.141 1.552 1.067 -7004 .4152 .2701 
A5=C 5146 .b251 .5218 .5058 4758 .4327 .8760 | .3303 
A, —.5752 | —.4954 | —.4228 | —.3570 | —.2964 | —.2405 | —.1883 | —.1551 
B, .139 .0633 .0045 | —.0388 | —.0677 | —.0837 | —.0877 | —.0842 
e .216 .230 .238 .241 Pood 225 204 1843 
i 436 -415 .390 .361 Pore .289 246 (213 
Oy Apts 224 .196 .169 .142 salty) .0927 .0767 























TaB.e II. Results for the case A/pm = 2. 


(Numbers below the horizontal line to be multiplied by e. Numbers in square brackets 
obtained by interpolation ; all others computed. ) 






































ga | 
eon 2 1.8 1.6 1.4 she 1 8 .667 
u/ gap 125 .139 .156 179 .208 .250 3125 B75 
L(b) -6667 -7019 -7394 i993 .8218 .8671 .9153 .9493 
M(b) onhlalye ale 7516 7729 - 1952 .8185 .8428 8597 
N(b) .2959 .3029 .3103 3179 .3258 .3341 -3427 3467 
UNGD:) . 9922 1.0771 1.1697 1.2706 1.3806 1.5005 1.6311 1.7367 
M’(b) ILesPal 1.2829 1.3365 | 1.3933 1.4537 1.5179 1.5860 1.6328 
F(b) .03798 | [.0388] | [.0396] | [.0405]| [.0414] | .04236| .04333] .04400 
G(b) .02999 | [.031] | [.033] | [.034] | [.036] .03758 | .03936| .04061 
6B,—5A,| 3.749 2.915 2.209 1.623 1.142 7577 .4596 . 3056 
Ai C5 .5537 .5852 .5984 .5935 .5698 .028 .4666 -4144 
A, —.4655 | —.4309 | —.3938 | —.3542 | —.3118 | —.267 —.2195 | —.1862 
Jap. .2369 .1267 .0400 | —.0247 | —.0695 | —.0962 | —.1063 | —.1042 
ey .2964 .3078 .3135 3131 .3049 .289 .2611 .236 
fa .519 -496 .469 .438 -401 .308 307 .269 
Oy .2914 .259 .228 .199 .170 .142 .1140 | 096 
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Taste III. Results for the case A/w=3. 
(Numbers below the horizontal line to be multiplied by ec. Numbers in square 
brackets obtained by interpolation ; all others computed. ) 
split eas 2 1.8 1.6 1.4 1.2 1 8 .667 
A+ 2u 
[gap 10 slstal 125 .143 Sly .200 250 .300 
L(b) .4388 4691 .5016 .5362 .5733 .6129 .6553 .6853 
M(6b) .9616 .9880 1.0154 1.0441 1.0740 1.1054 1.1381 1.1610 
N(b) .o329 .3417 .3499 .3084 .3672 .3764 .3861 .2906 
L/(b) -5840 .6566 -7354 .8218 .9168 1.0212 1.1349 1.2414 
M’(b) 1.6654 1.7339 1.8060 1.8826 1.9641 2.0505 2.1423 2.2046 
F(b) .03798 .03880 .03964 .04052 | .04142| .04236 .04333 .04400 
G(b) -02999 | [.031] [.033] [.034] [.036 ] -03758 .03936 .04061 
6B,—5A,| 3.910 3.032 2.320 ied 1.224 .823 .497 -343 
ey 545 .598 .643 .654 .642 .605 .532 .489 
A, — .340 — .348 —.351 — .339 —.317 — .285 — .239 —.214 
B, .368 as .094 .0043 |—.0602 |—.1003 | —.1163 | —.1215 
e; .3487 [.365 ] .370 .369 .360 341 [.314] .281 
f .580 .556 .533 .501 .463 417 [.370] .318 
a, ae .290 .258 .226 -195 .164 131 .112 





























In Figs. 2 and 3 are shown curves representing e 


#/ gpa, for certain constant values of A/p. 


1? 


a, and f as functions of 
It is seen that, as X/» increases, 


the curves for e, and f both approach the curve (4) which represents the case 
X¥=0o. Fora given value of « both e, and f increase with X; in other words, 
the effect of compressibility is to decrease both the ellipticity and the external 
potential corresponding to a certain rigidity. This effect is much more impor- 
tant upon e, than upon f. Thus if » = .85pga, a variation of X/w from 1 to 
coo would change f/c only from .279 to .289, while e,/c would range from .221 
to .289. For smaller values of mw the effect of compressibility is greater. An 
interesting feature is the fact that for a given value of X/ there is a maximum 
value of e,; thus if A=p, a decrease of « below about .24pga causes e, to decrease. 

Fig. 3 shows also that the value of a, is increased to an important extent by 
compressibility. 


II. STRAIN OF AN ELASTIC SPHERE COVERED BY A SHALLOW OCEAN. 
$1. Statement of problem. 


In applying the theory of the deformation of a sphere to the case of the earth, 
an important question is the effect of the ocean. Some light on the order of 
magnitude of this effect is thrown by the solution of the following problem : 

To determine the strain of a gravitating elastic sphere, the surface of which 
is covered by a shallow ocean in equilibrium. 

The solution above given may without difficulty be extended to this case, as 
follows. 
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§ 2. Forces due to ocean inequality. 


Let c’p = density of ocean, 


e = ellipticity of ocean surface. 


Then there must be introduced into the solution the forces due to an ocean 
layer of thickness 


-60 


00 


40 


30 


ey 
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Fig. 2. Curves showing effect of compressibility upon surface ellipticity. 


These forces will be (a) the bodily force due to the attraction of the layer, and 
(b) the surface pressure due to the weight of the layer. 
(a) The attraction is given by the potential 


2 
(89) V' =— &rycp(e—e,)r’P, = — zee (e —e,)rP,, 
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which adds to (23) and (24) the terms 


OV’ gp , 
fart ae Biro (e—¢,)rP,, 
poV’ _3gp , 





ws ma teen 
Penh ba © Ae e,)7 sin 26, 


eae 


(a1) 


10 ae 
(@)) 
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Fig. 3. Curves showing effect of compressibility upon angular displacement 
and external potential. 


and therefore to (25) and (26) the terms 
(90) — $gpac'(e —e,)a’, 


(91) 3gpac'(e — e,) x". 
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(b) The weight of the ocean inequality per unit area is 
— 2c'pga(e—e,)P,, 
hence there must be added to the second member of (82) the term 
(92) Zpgac'(e —e,). 
§ 3. Value of ellipticity of ocean surface. 


The value of e (the ellipticity of a surface which is level under the action of 
gravity and the disturbing forces) may be expressed in terms of /, e, and c, as 
follows : 

For the solid sphere the value of C’— A is Jf, while for the ocean inequal- 
ity it is Jc’(e —e,). Hence by a familiar result in the theory of potential, 








(98) ILf+e'(e —e,)] = 3Ma'(e — 3c). 
Or, since for a sphere of uniform density 7 = ?Ma’, we have 
(94) fto(e—e)=§(e—e), 
whence 

6f — 6c'e, + 5c 
Oe) ieeal 0. Ocoee 
and 

6f— 10e, + 5e 

ae) mamas Se GEG 


The terms to be added to (25), (26) and (82) thus become 











6f— 10e, + 5e 
pes CG! ae 02 
(97) aga| 9s Wiens GS |, 
6f— 10e, + 5c 
3 ie ge 1 ne 
(98) pga fe 10 = 6" =| 
, Of — 10e, + 5e 
(99) pga | ae EZR | : 


§ 4. Statement of solution. 


The values of e and a for this case are expressed by the same equations (A) 
and (B) as before, but two of the three equations (C’), (D) and (/) which 
determine the constants must be changed as follows. 

In (C) replace 4,°¢ by [50c + 6c (6f— 10e,)]/[3(5 — 8¢)]. 

Add to the first member of (D): 


Gaye 





TO 60 ; 
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Equation (Z') remains unchanged. 
Equations (C’) and (D) are thus replaced by the following: 


140 
(A/m + 2) 
202 /p 


(G) + (6B, —54,)(2 gp 7h gy — UN(3) ) 








120! 200! 50 
fear a ts aa Came 


2 +(*+2)5|4,+ |o + (+ 2). Aten te Bb 4.5 
(Dy x {7 —aa| (82+ 2 +(%4 2)b)z(b) 4 6M) +2(7-+2)Z/(b) |} 


3c 5c 5c 
+(° +2)0( 5 Se iu "We P96 85°) =? 


When / and e, are replaced by their values 
(100) e,- = A,+ A, + 5 (65,—54,)dL(b), 


hoa r 
(101) f=A,+ A, 4+ (6B,- 5.4,)| 7+ 13 (2602) _ 37 P(e), 
the equations become 


140 


20(1 
* 35(a/u + 2) 


aes 
Bete (4, 4.) 





AL (0p 2 


20 4c’ 
(C’) deere bN(b)+5— “so(#+ 4b GW)—y, bF'(b)— 35 LL ()) | 


50 ay, 
eee Chase) a2 





|2+ (7.+2)0° aye |( A, + A,) + 44, — (6B, —54,) 





xi 94 al (at 2+(s +2)b)0L(b)+600M(0)+2(* +2) 07 (0) | 
(D") 
- (7 +2)35* ge [$+ 2G (D) — OF (2) — hy 51 (b)|| 


r 5c 
- 9) et Es ee 
+ (3+) bate anyon? 
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To these we add equation (/’) unchanged : 

b 
(E£’) 3(4,+4,)+54,+(6B,—54 [1+ (Z(2)-2m'(2)) |=0. 
These three equations determine the constants A,, A,, B,. 


§ 5. Value of inertia-constant for combined sphere and ocean. 


Let f’ represent the value of (C’— A)/J for the whole system, then 


S=Hfte(e—e), 
which by (96) reduces to 


5c’ 5c 
(102) esi eG a 
$6. Case of incompressibility. 


If X = 00, equations (A) and (BL) hold, and equations (C’) and (D’) require 
that 


(103) 65,—5A,=0. 
Also, on writing 

Xr 
(104) eh BAe yee CU 


(C’), (D’) and (E") become 


(105) CTA, "5g BA, + Ay) 7g — gee 9 


(106) o-44,- (2+ 7S 20)(4,+-4,)- Teste 





(107) 3(A4,+ A,)+54,=0. 
The solution of these equations gives 


20(1 —c')b' 


Ay Op aBe aa LOL yh oe 





he 15(1—¢')b 
a > 38 (pean 20 (lee yo 





(108) aA 


25(1—c')B' 


ee 76(5— 8c) + 40(1— Jb" 





If c’ = 0, these reduce to (85), as of course they should. 
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§ 7. Numerical results. 


For the purpose of showing the order of importance of the ocean effect, com- 
putations have been made with a value of c’ equal to the ratio of the density of 
sea-water to the mean density of the earth. This value is taken as 5/27. 

The computations made cover the two cases X/u=1, X/u = 00, and the 
results are shown in the accompanying table and diagrams. 

For the case of incompressibility 











vate 22, 
(109) A, = c= C A,=—iA Bate 
14 ’ 2 Seat 2 igo: 
itay Ib Ae see nuah| 
e€ ee 
(110) = (1 — $e"), 
Lites aay iE 
GPa 
(111) 2 Al Seto 2S Qed 
cite — ee 11 
hee ie a 5 
(112) ar ey 4s) are in 


The last expression is written in a form for comparison with the value without 
ocean effect: 





(113) ots ee 
ag 4 
gpa 


From (102), 
(114) f= the, + dee. 
Values of e,, f and /f’ for this case, also corresponding values without ocean 
effect, are given in Table IV, while the same results are shown graphically in 
Fig. 4. 

For \ = », computations have been made by means of equations (A’), (5’), 
(C"), (D), (Z’), with the results given in Table V and shown graphically in Fig. 5. 

Inspection of the curves shows that the effect of the ocean on the strain of 
the sphere is quite appreciable even in the case of incompressibility, and is very 
considerable in the case X= w. A fact of equal importance in the interpreta- 
tion of observational results as to the yielding of the earth is shown by the 
curves representing /’. These are nearly identical for the two cases \ = 0, 
X = p (Figs. 4 and 5), and in both cases are very considerably above the curves 
representing f. It thus appears that an important part of the change of 
external potential is due to the ocean—a result which will be referred to again 
in the following discussion of the yielding of the earth. 
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Fig. 4. Curves showing effect of ocean in case A= oo, (Fp and F, with ocean, F' without. ) 
TaBLe IV. Effect of ocean in case X = 0. 





























Without ocean. With ocean. 
be 
gpa a4 Zee) a4 aN f 

¢ c Cc c c c c 
0 .375 1.250 .375 1.250 1.250 
.05 .204 .848 -247 .823 .858 
.10 -193 .642 .184 .613 .666 
15 .155 .516 .146 .488 .551 
.20 .129 .431 .122 .407 AT7 
.20 sitilt .o70 .104 .348 .423 
.30 .097 .325 .091 .304 .383 
.35 .087 .289 .081 .270 .352 
.40 .078 .260 .073 .243 coed 
.45 O71 .200 .066 .221 .307 
.50 .065 PA .061 .202 .289 
.55 .060 .201 .056 .187 .275 
.60 .056 .187 .052 LTS .263 
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Fic. 5. Curves showing effect of ocean in case 7 =p. 
F, with ocean. ) 
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TaBLE V. Effect of ocean in caseXN =p. 
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Without ocean. 


With ocean. 



































gpa a4 e1 uy a4 a1 Ai he 
Cc Cc c ce c Cc c 
.167 1253 .216 .436 257 .119 .379 .505 
.185 224 .230 415 .229 145 .365 485 
.208 .196 .238 .390 .198 163 «B45 .458 
.238 .169 6241 £361 .170 176 .322 .429 
.278 .142 £237 327 143 .181 .294 .397 
.333 117 1225 .289 .118 179 .263 363 
417 .093 .204 .246 .094 .167 225 322 
.500 .077 .184 .213 077 151 £194 £291 
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III. EFrect OF COMPRESSIBILITY UPON ESTIMATES OF THE 
RIGIDITY OF THE EARTH. 


The estimates of the rigidity of the earth, made originally by Lorp KELVIN 
and since by others, are based upon a comparison-of what is known regarding 
the actual yielding of the earth under known disturbing forces with the computed 
yielding of an ideal body under like forces. This ideal body is a homogeneous, ~ 
elastic, incompressible sphere of mass and size equal to those of the earth. It 
is, of course, not to be expected that such a comparison can lead to anything 
more than a rough average value of the modulus of rigidity of the material of 
the earth, since the actual earth is certainly far from uniform in density, and 
probably far from uniform in elastic properties. It is, however, a matter of some 
interest to notice in what way these estimates are modified when compressibility 
is taken into account. In answering this question it is needful to refer briefly 
to the present status of the evidence regarding the actual yielding of the earth.* 


1. Nature of evidence of yielding of the earth. 
) 7] J Q 


Evidence regarding the actual yielding of the earth relates to the two quanti- 
ties above represented by e, and f. The former is the surface ellipticity due to 
strain, the latter measures the change in the gravitational potential at the earth’s 
surface due to the strain. The number / is, in fact, the value of (C — 4)/I 
due to the strain. It may be remarked that for a homogeneous incompressible 
body e, and f are equal, but for a compressible body f depends upon the values 
of both e and a throughout the body. 

There are three lines of evidence of yielding of the earth to tidal or centrifugal 
forces: (a) Tidal observations, (b) experiments with the horizontal pendulum, (c) 
the movement of the axis of rotation within the earth as determined by latitude 
observations. 

(a) Nature of evidence from tidal observations. The height of an equilib- 
rium-tide at any locality can be computed on the assumption that the solid earth 
is unyielding, also on the assumption that f and e, have any definite values. A 
comparison of these results with the observed tidal oscillation gives evidence as 
to the actual values of f and e,. It may, in fact, be shown without difficulty 
that if the attraction of the ocean itself be neglected, the ratio of the actual 
fluctuation of the water relative to the solid ground to the fluctuation on the 
assumption of no yielding of the solid earth is 


* A clear and non-technical summary of this evidence is given by G. H. DARWIN in a paper 
entitled ‘‘ The Rigidity of the Earth,’? in Rivista di Scienza, vol. 5 (1909). See also a paper 
by A. E. H. Love entitled ‘‘ The Yielding of the Earth to Disturbing Forces,’’ in the Proceed- 
ings of the Royal Society, Series A, Vol. 84. 
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Cc C 


e+ f— 2¢, a ua =o e, 
Cc 


iy 


It is here assumed that the tide has its equilibrium value, an assumption which can 
reasonably be made only in the case of tides of long period. It is therefore only 
the fortnightly and monthly tides that have been available for this comparison. 

It should be said also that for full generality the term f/c must be multiplied 
by 37/Ma’. For a homogeneous sphere the value of this is 6/5, but for the 
earth it is very nearly 1. It is the actual value for the earth that must be used 
in the application made below in § 2. 

(b) Nature of the evidence from experiments with the horizontal pendulum. 
If the change in the direction of apparent gravity relative to the earth at any 
locality due to tidal forces can be measured, a comparison of this effect with the 
effect computed on the assumption of absolute rigidity of the earth will give 
evidence as to the actual yielding of the earth. The actual effect is so minute 
that it must be greatly magnified in order to become measurable. This magni- 
fication has been accomplished by means of the horizontal pendulum. It is not 
difficult to show that the actual deflection of such a pendulum due to tidal forces 
bears the same ratio to the deflection that would occur if the earth did not yield 
as the amplitude of an equilibrium tide bears to the amplitude it would have 
if the earth were unyielding. The quantity determined from horizontal pendu- 
lum observations is therefore identical with that inferred from tidal observations. 

(c) Nature of the evidence from the periodical variation of latitudes. The 
periodic motion of the axis of rotation within the earth furnishes evidence as to 
the yielding of the earth to centrifugal forces. This evidence is of a different 
character from that obtained from the tides or the horizontal pendulum, in that 
it leads to an estimate of the value of //c instead of to a relation between //c 
and e,/c. The change in the value of (C— A)/J due to the yielding of the 
earth to given centrifugal forces may be inferred directly from a comparison of 
the actual period of the free nutation of the earth’s axis with the period com- 
puted for an unyielding body having the earth’s actual figure. It may, in fact, 
be shown that the actual nutation period is to a close approximation the same 
as that of an unyielding body having the figure which the earth would assume 
if centrifugal forces were annulled.* 


*This was shown by S. S. HouaH (Philosophical Transactions of the Royal 
Society, ser. A, 1896) for the case of a homogeneous, incompressible elastic spheroid, and has 
been proved by J. LARMOR and others to hold without other restriction as to the character of the 
body than that its density and elastic properties have approximate spherical symmetry. A proof 
of this was given by the present writer in a paper presented to the American Mathematical 
Society, San Francisco Section, Dec. 20, 1902, of which only an abstract was published, 
Bulletin of this Society, Vol. 9 (1903), p. 299. The reasoning employed was identical with 
that published by LARMoR, Proceedings of the Royal Society, ser. A, vol. 82 (1909). 
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§ 2. Numerical results expressing actual yielding of the earth. 


The actual value of (C'— A)/Z for the earth is 1/306, so that the period of 
free nutation if it were absolutely rigid would be 306 sidereal days. The period 
of the movement of the axis about its mean position, as inferred from the obser- 
vations of the International Latitude Service carried on systematically since 
1899, has varied from 427 days to 442 days. The former gives 


= .00098 ; 
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the latter, 
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Since the ratio of equatorial hes force to gravity is ce = 1/289, the cor- 
responding values of f/c are .269 and .289. The former of these values has 
hitherto usually been accepted. It is nearly equal to 4/15. 

The first analysis of tidal observations, with reference to the question of the 
yielding of the earth, was made by G. H. Darwin, the data and results being 
given in Thomson and Tait’s Natural Philosophy. From all the data then 
available which were regarded as trustworthy, the value found for the ratio of the 
actual tidal amplitude to that computed on the assumption of an absolutely rigid 
earth was .676 + .076; but a separate analysis of the more consistent observa- 
tions gave .9381 + .056. The result was not regarded by the author as conclu- 
sive.* Analyses since made by others have been confirmatory of the former of 
these values, and about the same result is inferred from observations with the 


= 
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horizontal pendulum. + 
If this result be accepted, we have (very nearly) 


a é, 2 
(115) 1+ ae 
And if in this we substitute 
iho y Mes 
(cum oe 
there results 
€ 
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§ 8. Comparison of actual yielding with that of an ideal elastic solid. 


It is pointed out by Lovey that the above values of f/c and e,/c cannot 
coexist in the case of a homogeneous, incompressible elastic solid having the 
earth’s size and mass, and it is easily seen from the results found in the first 





* ““ We thus see that the more consistent observations seem to bring out the tides more nearly 
to their theoretical equilibrium values with no elastic yielding of the solid.”” G. H. DARWIN, 
in Thomson and Tait’s Natural Philosophy, Part II, p. 460 (edition of 1890). 

+ W. SCHWEYDAR, Beitrige zur Geophysik, vol. 9 (1908) ; O. HECKER, Veréffentlichung 
des Kgl. Preussischen Geoddtischen Institutes, No. 32, Berlin (1907). 

{ Loe. cit. 
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part of this paper that the discrepancy is increased rather than diminished if 
the effect of compressibility is considered. This is shown clearly by Fig. 6, in 
which the curves represent the relation between e,/c and f/c for several values 
of X/“, while the straight line AB represents equation (115), or 
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Fic. 6. Curves showing relation between e, and f for several values of 1/1. 


As /p increases, the curves approach the limiting line e, =f; and until A/u 
reaches a value considerably greater than 3, the curves will fail to intersect AB. 
It is obvious that if X/ be taken great enough so that (116) can be satisfied , 
the value of //c will be greater than ;4,; being in fact } for \ = 00, and greater 
than 4 for any finite value of A/p. 

It may be remarked that the discrepancy between 
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is after all not remarkably great, considering the great delicacy of the observa- 
tions upon which equation (116) is based. It may perhaps be still open to 
question whether the accepted values are so thoroughly reliable as to exclude the 
possibility of errors of the magnitude of these discrepancies.* 

It may be noted, also, that a value of 1+ //c¢ —2e,/c much less than the 
greater of Darwin’s results would remove the discrepancy. Thus the following 
values would be consistent for the ideal homogeneous sphere : 


























A | z ey ies Toten 
mn ¢ ¢ c é 
(oe) .270 .270 -730 

3 .270 .245 -780 

2 .270 .235 .800 

1 .270 . 220 .830 





Although the value of the surface ellipticity accepted as most reliable is more 
nearly consistent with the computed value for an incompressible than for a compres- 
sible sphere, it can hardly be supposed that this furnishes any important evidence 
as to the actual compressibility of the materials composing the earth. As stated 
above, only aroughly approximate agreement is to be expected between the behavior 
of the actual earth and that of an ideal body assumed to be uniform in density and 
elastic properties. Moreover, there are certain questions not generally considered 
wnicn appear to require attention in any complete study of the theoretical basis 
of the comparison. One of these questions relates to the effect of the ocean. 





*The most elaborate and apparently the most trustworthy series of observations heretofore 
made with the horizontal pendulum are those of HECKER (loe. cit.). A remarkable feature of 
the results obtained for the lunar effect upon the yielding of the earth is the variation of this 
effect with the azimuth of the moon. The value found for the ratio of the actual deflection of 
gravity to the deflection computed for a rigid earth is a minimum when the moon is on the 
meridian, and increases continually with the azimuth. The minimum value of the ratio is about 
0.36, for azimuth 45° it is about 0.50, and for azimuth 67° about 0.90; and although as the 
azimuth approaches 90° the ratio becomes indeterminate, it appears to approach unity. No 
satisfactory explanation of this variation seems to have been suggested. If it is accepted as 
proving that the yielding of the earth varies greatly with the azimuth of the disturbing body, it 
appears to render of little value conclusions based upon the ordinary theory which assumes that 
the yielding is symmetrical about the axis of symmetry of the disturbing forces. At all events 
these results can hardly be regarded as establishing any definite value of the ratio of yielding. 
[The above numerical values of the ratio for different azimuths were obtained by measurement 
from the diagram given by HECKER showiug the observed lunar effect and the effect computed 
for a rigid earth; assuming that the deflection of apparent gravity always agrees in azimuth with 
the moon.] HECKER’s results are discussed by G. H. DARWIN in the paper already cited. This 
paper was received too late to permit here any quotation of suggestive comments. 
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$4. Hffect of the ocean on estimates of the yielding of the earth. 


The question as to the effect of the ocean involves two parts, — the first, what 
effect has the ocean on the actual yielding of the solid earth, and the second, 
what direct effect has the ocean on the observational results? 

While no exact answer can be given to either of these questions, something 
can be inferred as to the degree of importance of the ocean effect from the 
results reached in Part II of this paper, and shown in Tables IV and V, and in 
Figs. 4 and 5. These results apply to the two cases X = oo andA/w=1. It 
appears that the effect of the ocean upon the strain of the sphere is quite appreci- 
able in both cases, and in the case X = uw becomes of considerable importance. 
Although the angular displacement a, is affected but slightly, both e, and f are 
very considerably changed by the influence of the ocean. 

Moreover, while these quantities are both materially decreased, the total exter- 
nal potential due to the solid sphere and ocean is considerably greater than the 
potential when the ocean is absent. This is true both for X= wu and for X= 0, 
as is seen from the values of f’/c. (It is of interest to note that the curves 
showing the relation between /’/c and u«/gpa are nearly identical for the two 
cases. ) 

In estimating the value of » from the value of (C — A)/Z inferred from the 
prolongation of the period of free nutation, it is therefore important to know 
whether the quantity determined applies to the solid earth alone or to the com- 
bined solid earth and ocean. ‘Thus if it applies to the solid earth alone, the 
value f/c = 0.27 would correspond to 


Lf =about 0.37, 
gpa 


while if 0.27 is the value of /’/c, we find 


ee about 0:67) 
gpa 


The former would give » = 1.8010", while the latter would give w=2~ 10”. 
These values are in C. G. S. units (dynes per square centimeter), the value of 
gpa in these units being taken as 3.5 x 10”. 

Whether the change in the value of (C — A)/JZ due to centrifugal forces, as 
inferred from the nutation period, applies to the solid earth alone, or whether 
an important part of it is due to the change in configuration of the ocean, is a 
question which must be answered in the light of the theory of the effect of 
yielding upon the nutation period. It seems a reasonable assumption that, for 
a disturbance for so long a period as 427 days, the ocean always has its equi- 
librium figure. If this be assumed in applying the equation of angular momen- 
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tum,* it is difficult to avoid the conclusion that the change in the value of 
(C'— A)/TZ inferred from the prolongation of the nutation period includes the 
yielding of the ocean; in other words, that the number 4/16 is the value of 
J /e rather than of f/c. 

What effect the ocean may have upon observations with the horizontal pendu- 
lum is a more difficult question, because the equilibrium theory must be dis- 
carded in dealing with tides of short period. 


IV. STRAIN OF A COMPRESSIBLE, GRAVITATING ELASTIC SPHERE DUE TO 
DISTURBING FORCES OF WHICH THE POTENTIAL IS A SPHERICAL 
HARMONIC OF ANY DEGREE NOT LESS THAN THE SECOND. 


The following solution of this problem follows the general lines of the solu- 
tion already given for the case in which the degree of the harmonic is 2. It in 
fact includes that as a special case. In comparing the algebraic results it must 
be noted that there is a slight change in the notation; the quantities e and a as 
used below must be multiplied by the factor — 3 in order to agree with e and 
in the solution given above. 


§ 1. Physical analysis of the problem. 
The physical analysis is identical with that already given in the special case, 
and need not be repeated. 
§ 2. Formation of the equations of equilibrium of an element of volume. 


(a) General form of equations in polar coérdinates. The polar coordinates 
being 7, 0, ¢, let the corresponding displacements be 


Uys Ups Ups 


the cubical expansion A, and the three components of rotation w,, @,, @,. 
Also let the components of total bodily force (per unit volume) be p/”,, p/’,, pL’,. 
Then the equations of equilibrium for a volume element are the following : + 


OA PATS 1x6 ; Ow 
(117) (A+ 2m) a Bere oy | 50 (™ sin 0) — a =— pf’, 








104 2 [dw 
”) a t. 
(118) (A+ 2n)— = | 


0 : 
6° rsin@| od — §,(rm,sin@) | =— ph, 


Ll oA eels Ow, 
a) st BH 606 | s(r) 7; 2 | orp ing 


* In the manner employed by LARMOR in the paper cited above. 
{See Love, Treatise on the Mathematical Theory of Elasticity, 2d edition (1906), p. 138, for the 
first members of these equations ; p. 56, for the values of A; W;, We, Wo. 
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while the cubical expansion and the components of rotation are given by the 
following equations : 


TEM ee es ce 0 @ 

(120) As PY mae u, sin @) + a9 (Mo sin 6) + ad (rg) |. 

1 7) 
(121) AOE alae parma, | p(s sin 0) — 5, (ru) | 

1 Ou O : 
(122) 20, = ray EB a. (ru, sin 0) | ; 

His Ou 

(123) 20, ae | saree) — Se" | 


b) Assumptions. The potential of the disturbing forces, being a spherical 
7 I g § a 8} 
solid harmonic of degree 7, is proportional to 


S.r', 
v 


in which S, is a spherical surface harmonic, and therefore satisfies the partial 
differential equation 





eee Oe Se tL bls aye ghcy rn 
(124) pie ces + = 720 (sin 0-4) +i(¢+1)S,=0. 
It will be assumed that 
(125) i ==. WIS. 
OS, 
(126) Ug =U aH» 
Ty Ous: 
(127) 6 = © Fin 0 Od’ 


in which w and v are ae rudone of 9 and ¢. These assumptions give by 
virtue of (124) 





if oe 
(128) , a= [5G ists, 
(129) In, = 0, 
1 d(rv)] 1 0S, 
1) a= 5| u— dr lame Op ” 





di 20 ; 
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240 L. M. HOSKINS: THE STRAIN OF [April 


and reduce (117), (118) and (119) to the following: 
1 l d 
asm [aren ’ (L800 geen?) s4e4078( 4») Jann 


assy (ota, + ae )-+pa( “a —*) [aa=—0F 


oso [ossn} (809 cn?) 422 (AO) )].8 2h oem 


(c) Bodily forces. We now proceed to express the values of (1) the dis- 
turbing forces, (2) the gravitational force due to the change of density of the 
attracted element, (3) the attraction due to the change of configuration of 























the attracting mass. 
(1) Disturbing forces. Let the potential of the disturbing forces be 


a 


a’ S33 


2 
(1385) W,=- 3; C94 


then the terms in pl”, p/’,, p/, representing these forces are 








2 OW, yl 
(136) P ane = — CPU aes 
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(2) Attraction of original mass-configuration upon increment of mass of ele- 
ment. The attraction of the original mass-configuration per unit mass upon an 
element distant 7 from the center is 





- 
— g i 4 
The increment of density is 
Neem ay te v 


Hence the attraction per unit volume, due to the increment of density of the 
attracted element, is 


(—97)(-pa) = 92 |, 





Gis ye] s 





(140) 
= gpa =| Get 2~ —i(i+1)- > | &. 
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(3) Attraction due to increment of density of attracting mass. The potential 
at a point (7, 0, ¢) due toa shell of density D’S,, radius r’ and thickness dr’ is 


n+ 


4 5 

(141) aia a D'S,dr' (r>9) 
dry 

(142) rae 1 Sar (r <r). 


On replacing D'S, by 


ey v’ 1 d(r°u 
— pA =eli(i+1) 5-5 oe | 8, 





the potential due to the change of density of the sphere is given by the expres- 
sion 
398, LES (tee Naan lad Ci ates 
(i+ 1ja | =a f (i: dias) eee ) ab 


+r (i(i+1))— : Oe 


To this must be added the aioe due to the surface inequality of density p 
and thickness w, S,: 
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Adding (148) and (144), and reducing by integrating by parts the last term in 
each definite integral, we see that the total potential may be expressed in the 
form 
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The components of bodily force due to this potential are (per unit volume) 
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(4) Components of total bodily force. Combining all the bodily forces, we 
find 
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while pf’, differs from p/’, only in the substitution of 1/sin 0-0 S,/0d for 
OS,/00. These values substituted in (182), (188) and (134) give the three 
equations of equilibrium for a volume element. It is seen that the factors 
involving @ and ¢ cancel, also that the second and third equations are iden- 
tical. Hence the problem is reduced to the solution of two simultaneous ordi- 
nary differential equations for determining ~ and »v in terms of 7. 

(d) Final form of equations of interior equilibrium. We now get the equa- 
tions in final form by substituting in (132) and (133) the above values of p/’, 
and p#’,. In writing the equations we shall replace uw and v by new functions 
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and introduce as independent variable = 7r/a. The equations then take the 
following forms : 
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d*a da 
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+(i41)x f (ide) = =) |= 0. 


$3. Surface conditions. 





The stress upon the surface of the actual strained body is assumed to be 0. 
This is equivalent to assuming the body to extend to or beyond the original 
boundary 7 = a@ in every direction, and assuming the stress on this spherical 
surface to be a normal stress equal to the weight of the surface inequality of 
thickness w, S, or e,aS,, e, being the surface value of e. 

That Pita is correct to the first order of small quantities may be shown by the 
reasoning outlined above in the solution of the case i = 2, which need not be 
here repeated. Assuming its correctness, the boundary conditions are the 
following : 





r? = — pgae, S, 

(154) r0 = 0 when «= 1. 

rh = 0 
In these we must put 
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By means of (125), (126), (127) and (151) these take the forms, 
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so that the three equations (154) reduce to the two equations, 
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(157) (A+ 2u)w Se + (BX 4 Qu)e—i(é-+1)ra= — pgae, 
d 


(158) wo +e=0, 


which must be satisfied for «= 1. 

[It is easy to see what equations must replace these if different surface con- 
ditions are given; for example, if there are known surface stresses proportional 
to S,, 0S,/00, 1/sin 0-0 8,/0d, or given surface displacements of a similar 


type. | 
§ 4. Solution of equations. 
A solution of (152) and (153) satisfying (157) and (158) is obtained by 


assuming 


(159) C= Aloe, ee 6 aes 
The substitution of A, «”, Bx” for e and a yields in (152) the terms 


| [(A+ 2p4)(m?+3m)—pi(i+1)] A, —i(i4+1)[Atp)m—2p]B,, } on 


(160) ~ pga\[(m+6)A, ~i(i+ 1)B, on 








sea A,+(i+1)B A,—iB Amaia i] 


at m mp,m+2_ sm Sa i 
21+1 m+i+3 m= 4 m—it2 


and in (153) the terms 


| [A+ H)m+(8rA+5z)] A+ [e(m?+38m)—(t(¢+1)A4+2(?+71—-1)p)] B,, ty 
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Notice first that the terms in «' in these two expressions are in the same ratio 
as the original terms of degree 7 in (152) and (158); therefore, the terms of 
degree i in both equations can be made to vanish by a single relation among the 
coefficients in the assumed series (159). 

Again, for the terms of lowest degree, the coefficients of x” in (160) and (161) 
must vanish, and this is possible without the vanishing of A, and B,, only if 
the determinant of the coefficients of A, and B vanishes. The value of this 
determinant is found to be 


(162) (A + 2u)u(m —7i)(m—714+2)(m+i4+1)(m+i4+838). 
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The four values of m for which this vanishes, with the corresponding values of 
B_,/A,,, are as follows : 
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Negative powers of x being excluded by physical considerations, the series may 
start with terms of degree i — 2, provided i is not less than 2. If i is positive 
and less than 2, the lowest degree available would be 7. 
We here assume 7 equal to or greater than 2, and let the series (159) take 
the forms 
e= A, a? + Ajai + A, at? +---, 


(163) 1 
a= 7A, ye + B.xi + Bvt? +.++. 


From (160) and (161) it is seen that (excluding the terms of degree 7) the 
coefficients of «”*? resulting from the substitution of (163) in (152) and (153) 
will vanish if the following equations are satisfied : 

[(+21)(m-+2)(m-+5)—pi(i-+1)]A,, 9-H +1) [+ 1)(m42)—24] Bye 
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(165) 





i 2) [((m+3)A,—i(i+1)B,]=0- 


By means of these equations the coefficients A;,,, A;.,,---» Bis; ds py oe 
may be expressed in terms of A,, B&,, leaving thus far arbitrary the three con- 
atante A ,, A,, B:. 


It remains only to equate to zero the coefficients of «', which as already 
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remarked requires but a single equation. The two differential equations will 
thus be satisfied by values of e and a of the assumed form, containing two 
arbitrary constants, provided the series thus determined prove to be convergent. 
The two arbitrary constants suffice for the satisfaction of the surface conditions. 


The solution of (164) and (165) gives 

















paras ras 
(186) m+2~_ Ree 2b 

5 Le ee ieee (A+2p)][(m+3)A,—i(i+1)B, ] 

(m—i+2)(m+ i+5)(m—i+4)( m+its3)u ; 
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By means of these equations the values of all coefficients after the first two in 
each of the assumed series (163) may be expressed in terms of A, and B,. 
These values may be expressed as follows, n taking values 0, 1, 2, ---: 
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Ageans=("| +1) 42i(641)—(i4 2n+-4)i+2n46)| 





te, (t+4)(¢+6)---@+4+2n+4)[i7é+1)B,—(+8)4,] 
tay oe 4...(2n+4)][(21+38)(21+5)..-(2i+2n+5)]’ 
Be voneg=(— uy] (+2045) * +7442 2n+4| 
(170) 
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The coefficient of a may be found by substituting in (160) or (161) succes- 
sively m=i—2,i,i+ 2,.--, remembering that 1B_, = A,., and that, as 
already pointed out, a single equation causes the vanishing of the coefficients of — 
x' in both (152) and (153). This equation may be written in the following 


form, after dividing through by \ + 2m and writing 6 for gpa/(X + 2u): 


By +p 2 3b in+ (i—2)u 3ib 
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_ Also, from (169) and (170), 
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by means of which (171) is reduced to a relation among the three constants 
Meee As 5D. 

The differential equations (152) and (153) are thus satisfied by (163), pro- 
vided the coefficients satisfy (169), (170), (171) and (172); and two of the 
coefficients still remain arbitrary. By properly assigning these, the surface con- 
ditions (157) and (158) may be satisfied. The solution may be expressed in 
fairly compact form by means of the following functions: 


L (2 )=d(-1)'[ai41)) +2i(1+1)—(742 


(1+4)(i+6)---(i+2n+4) 
* GH4)L 2-4. -(2n44)] [(2i-+3)(2i45)--- (BF In45)]~ 





M(a)=D(—1)'| (i+ 2045) i+ 2n +4 


(i+ 4)(¢+6)---(i+ 2n4 4) 
X pa) [D E(u $-4)] [(BEFE) (HS) (2i42n+5)]~ 





Me)=D(—1)"| i + 814 2(n +8)| 
ey (tari (4-0): (t+ 2n 4+ 4) 
x (G44)[2-4...(Qn+4)] [(2i48)(24+5)---QitIn+5)] ~ 





psy = (- 1y iene 


(i+ 2n+2)[(¢+4)(44+6)---(6+ 2n44)] 
> (ea) (224s -(2n+4)][( 2148) ( 2i4+5)-.- (214 In+5)]™ 





M'(2)= (1p | (i + 2n + 5) it ant 


(i+ 2n+2)[(4+4)(¢4+6)---(¢+ 2n + 4)] 
X ($4) [2-4---(2n44)] [( 243) (BiH) (BF In+5)]” 








The values of e and a, and the three equations for determining A, ,, A, and B,, 
may then be written as follows, the third equation being equivalent to (171), 
the fourth to (157), and the fifth to (158): 
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(A) e=A, wv? 4 Axi + [(i4+8)A,—i(é +1) B,] bot? L (dn), 
1 








(B) a= FA, ,a* + Bel +[(i + 8) A,— i(i +1) Bde? M(b22), 
3ib (4646)p 
Pec Goes i 


ee i in+(i—2) yu 3ib 3i(i+1),, 
+ ((i48)4, 41) B)( oa —3@%41)* ort PN) —¥e=0, 





jo(+2) +212 |(4,.4 4) +44,4[(4 8)A,—iG + 1a 
(D) x [5+ (E42 )ou@)+ (32 +2)s2@) 
= (=+ 2) BL(b) —i(¢ +1) 20m) | = 


. (#-1)(4, + 4,) + (2414, +5 [6 48)4,— 1 + 1) By] 


xf[—14+(14+1)bL(6)+(14+1)bM(b)] =9. 
These correspond to equations (A),(B),(C),(D), (£) obtained in Part 
I of this paper, and reduce to them wheni=2. It must be noted, however, 


that the notation is slightly different, e, a and the functions (173) differing 
by constant factors from the corresponding functions in Part I. 





DIE NATURLICHEN GLEICHUNGEN DER ANALYTISCHEN CURVEN 
IM EUKLIDISCHEN RAUME* 


VON 
EK. STUDY 


Die Grundformeln der gewohnlichen Differentialgeometrie (und nicht minder 
zum Beispiel auch die der Differentialgeometrie im Nicht-Euklidischen Raume) 
haben sammtlich ihre Quelle in einigen wenigen algebraischen Identititen, 
Determinantenrelationen, die sich im Voraus erschopfend angeben lassen. 
Indem man diesen Gedanken, der in alteren Darstellungen wohl noch nie zu 
seinem Rechte gekommen ist, sich deutlich vor Augen hilt, kommt man zu einer 
neuen Behandlungsweise des Stoffes, die der Verfasser, zuniichst allerdings nur 
an dem Beispiele der Curven, vor kurzem auseinandergesetzt hat. + 

Die gegenwartige Arbeit enthalt eine erste Fortsetzung der genannten Unter- 
suchung. Fir den besonders wichtigen Fall, dass der Bogen (oder, bei den 
Minimalcurven der nattirliche Parameter, d. h. einer dieser Parameter) die 
unabhingige Veriinderliche ist, werden vollstindige Systeme von Differential- 
invarianten aufgestellt ($2 und §5). Als Anwendung dieser kleinen ganz 
‘ elementaren Theorie ergiebt sich die Thatsache, dass das Integrationsproblem 
der nattirlichen Gleichungen einer regularen Curve dquivalent ist mit dem 
Problem der Integration gewisser linearer Differentialgleichungen, deren Theorie 
demgemiiss vollstiindig und mit einfachen Hiilfsmitteln entwickelt wird (§6-§8). 
Im Besonderen folgt hieraus, dass man die natiirlichen Gleichungen aller der 
regularen Curven kennzeichnen und durch Quadraturen auflosen kann, deren 
Tangenten parallel sind zu den Erzeugenden irgend eines Kegels zweiter 
Ordnung. Die bekannte Theorie der durch die Gleichung &: 7 = const. 
charakterisierten Schraubenlinien (die Rotationskegeln entsprechen) ist hiervon 
ein besonderer Fall. 

Ausserdem enthalt die Arbeit eine Integrationsmethode fiir die natiirlichen 
Gleichungen selbst (in §1 und § 8, die fur sich ein abgeschlossenes Ganzes 
bilden.) Diese unsre Methode ist von der sonst tiblichen vollig verschieden, 
wenn auch, wie natiirlich, der Charakter der integrierenden Hilfsgleichungen 
derselbe bleibt. Sie besteht darin, dass der allgemeine Fall zuriickgefiihrt 





* Presented to the Society, February 26, 1910. 
{+ Zur Differentialgeometrie der analytischen Curven—weiterhin mit A. C. citiers—Transac- 
tions of the American Mathematical Society, vol. 10 (1909). 
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wird auf das entsprechende Problem fiir Curven auf gegebenem Minimalkegel. 
Diese Aufgabe wiederum verlangt die Integration einer Schwarz’schen Diffe- 
rentialgleichung (oder einer /?iccati’schen Gleichung). Gelegentlich ergiebt: 
sich hierbei eine geometrische Deutung des Schwarz’schen Differentialausdrucks 
(§ 1, 

Wegen der ebenen singularen Curven, die hier ausgeschlossen bleiben, ver- 
weisen wir auf die citierte Abhandlung (A. C., § 5). 


Sal; 
Die Curven auf gegebenem Minimalkegel und die Minimalcurven. 
Wir werden zunachst krumme Linien betrachten, die auf dem Minimalkegel 
A+t+Y+y;,=9 


liegen. Um zu einer zweckdienlichen Parameterdarstellung dieses Kegels zu 
gelangen, fassen wir ihn als Grenzfall einer Kugel 


Wty + y= IW 


von nicht verschwindendem Radius auf. Die letzte Gleichung nun, die wir 
kiirzer auch so schreiben konnen: (y|y) = Jt’, kann nach bekanntem (unsres 
Wissens in allem Wesentlichen von Darboux herrtihrendem) Verfahren, iden- 
tisch befriedigt werden durch die Substitutionen 


[tear af if iG 
e) WwERE Ey RS, 











= Si 

S tl 
Y pear 
wobei die uneigentlichen Punkte der Kugel und ausserdem die eigentlichen 

inet eae 5 sii 

Punkte von zwei Erzeugenden { y, — iy, = 9, y¥; —1=0} zuniachst ausge- 
schlossen bleiben. In den Parametern s, ¢ werden dann die automorphen Bewe- 
gungen der Kugel, nimlich die Drehungen um deren Mittelpunkt, dargestellt 
durch irgend zwei mit einander identische lineare Transformationen. Diese 
lassen sich in der Form 


(a, — ta,)s — (a, — 7a,) » (4 —%a,)t— (a,— ia,) 


an Tat a 
(a, + ta,)8 + (a + 4a, ) (a, + ta,)t + (a, + ia, ) 


* 








schreiben. Die Verhiltnissgréssen a,:a,:0,:%,, deren Quadratsumme nicht 
verschwinden darf, sind die Euler’schen Parameter der ausgeftuhrten Drehung. 
Ist diese insbesondere reell, so diirfen auch die Parameter a als reell ange- 
nommen werden, und umgekehrt entsprechen reelle Parameter einer reellen 
Drehung. 

Wir fuhren jetzt einen Grenziibergang aus, indem wir den Quotienten 
(s—t):% durch einen neuen Parameter 2¢, ersetzen, und dann zur Grenze 
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=s, t= 0 tibergehen. So entstehen, wenn fiir ¢, wieder ¢ geschrieben wird, 
die Formeln 
1— :? 1+3 2s 
(1) CE baer BOR: ean pai? Deg EAE 


Diese Gleichungen dienen also zur Parameterdarstellung einer Kugel vom 
Radius Null, nimlich des Minimalkegels 


(2) ytyty;=9, 


wobei jedoch der Scheitel dieses Kegels (¢ = 20) und iiberhaupt alle Punkte 
einer Erzeugenden { y, — iy, =9, y,=9} in die Parameterdarstellung nicht 
(nicht unmittelbar) einbezogen sind. 


Aus (1) folgt noch 


es = ss ese, hae 
Ys Yiiae ty,” Y, — Ye Y; 


Fur die Parameter s und ¢ erhalten wir jetzt — durch den gleichen Grenziiber- 
gang — die Transformationsgleichungen 








. (a, — ia,)s — (a, — 24, ) * an a + a, + a; 
ee te ie 
(a, + ta, )s + (a, + ta, ) {(@, + ta,)s + (a, + ia,)} 


die zur Darstellung der Drehungen umn den Scheitel des Kegels dienen, soweit 
geeignete Punkte des Kegels selbst in Frage kommen. Die Formeln (4) aber 
setzen folgenden Lehrsatz in Evidenz: 

Bei geeigneter Coordinatenwahl vertauscht die Gruppe der automorphen 
Bewegungen eines Minimalkegels dessen Punkte durch die erste Lie’ sche 
Erweiterung der Gruppe aller linearen Transformationen eines bindren 
Gebietes. 

Das heisst, denkt man sich s als Function eines Parameters p, so zeigt die 
Transformationsgleichung fiir ¢, wie der Differentialquotient ds: dp transfor- 
miert wird. Der Satz ist hier deshalb von Bedeutung, 
unseres Grenziiberganges vervollstindigt. Er zeigt, warum es unter Umstiinden 


weil er die Motivierung 


unzweckmissig sein kann, an Stelle des Zeichens ¢ ein Zeichen fiir 1:¢ zu 
gebrauchen, was bei anderer Art der Exposition naher liegen wiirde. Insbe- 
sondere ftihrt unsere Bezeichnung noch zu einer bemerkenswerthen Zusammen- 
fassung der beiden Gleichungen (4) in eine einzige (“ duale”’) Gleichung : 


rt (a, — ia, )(s 25 et ) nae (%, — 1%) 
(a, + ia,)(s + 6) + (a, + ta, ) 





(5) s* + et” See 


Nach diesen Vorbereitungen konnen wir nun jede krumme analytische Linie 





* Vol. des Verfassers Geometrie der Dynamen (Leipzig, 1903), II, § 23, und A. C., S. 40, 41, wo 
umfassendere Formeln angegeben werden. 
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auf dem Minimalkegel, oder doch ein Stiick einer solechen Linie, dadurch aus- 
driicken, dass wir s und ¢ als analytische Functionen eines Parameters p dar- 
stellen, als Functionen, die natiirlich einen gemeinsamen Existenzbereich haben 
miissen und von denen iibrigens s nicht constant sein darf. Unter allen Para- 
meterdarstellungen einer solchen Curve giebt es aber eine, und von einer unwe- 
sentlichen Willkiir abgesehen, auch nur eine ausgezeichnete, die durch den 
natiirlichen Parameter der Curve. Um auszudriicken, dass p ein “natiir- 
licher”’ Parameter sei, genigt nicht eine einzige Differentialgleichung, sondern 
es sind —wie A. C., 8. 34 gezeigt worden ist — deren zwei erforderlich, 





(YY), = le) eee 


die natiirlich mit einander vertraglich sein miissen und es thatsachlich auch sind. 
Man hat nun in unserem Falle, wo 7 durch Vermittelung von s und ¢ von pabhangt, 





/ / rs : , a”, as . 
via (2) eee 
also 
_ds 
(6) Soir 


Die auf den nunmehr naturlichen Parameter p bezogene Curve wird 
mithin durch folgende Formeln dargestellt : 


.L—s(p) lle (ro _ , 28(p) 


Se @y? US ar) ae 





Die natiirliche Gleichung der Curve auf dem Minimalkegel (2) aber giebt 
das Quadrat der Krummung als Function von p (A. C., Nr. 39, 8. 35): 


, “uh vt a 

ny _. 28,8, — 88, 8, 
¥ ibs ail 8’ 8’ 
Pee P. 





i 
(8) b(p) = a = (y" 





Man hat also zur Bestimmung der Curve aus ihrer natiirlichen Gleichung 
die Schwarz’sche Differentialgleichung (8) oder die mit dieser dquivalente, 
durch die Substitution 





8 — 
Dah: 
entstehende Ficcati’ sche Gleichung 
ots: 
(9) dp Sarid +o 


aufzulosen. 
Wir erinnern daran, dass durch drei verschiedene Losungen der Riccati’schen 
Gleichung eine Losung der Schwarz’schen Gleichung auf die einfachste Weise 
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ausgedriickt werden kann: 


@®, —@® 
Fe Ree 
@, — @, 


3 x 





Zugleich ist bewiesen : 
Zu jeder Schwarz’ schen Differentialgleichung 


Beg ORS, 
{s, p} =o = —49(p) (Nr. 8) 


gehort eine Classe unter einander congruenter krummer Linien, die auf dem 
Minimalkegel y? + y;+ y;=9 liegen, und zu jeder einzelnen Losung der 
Gleichung eine bestimmte unter diesen Curven. p (allgemein p + const) ist ein 
zugehoriger natiirlicher Parameter, @ die in der gemeinsamen natiirlichen 
Gleichung jener Curven auftretende Function, also }( p) das Quadrat ihrer 
Kriimmung an den zu dem Werthe p gehorigen Stellen. 

Ks ist natiirlich nicht ausgeschlossen, dass eine und dieselbe Curve mehreren, 
auch unendlich vielen Losungen der Schwarz’schen Gleichung entspricht. Es 
existiert dann eine Gruppe automorpher Bewegungen der Curve. Continuier- 
lich ist diese Gruppe nur im Falle der Kreise, namlich der parabolischen 
(singuliren) {f = 0} und reguliaren Kreise {¢ = const., + 0}. 

Zu beachten ist, dass in obigem Satze der natiirliche Parameter nicht durch 
den (zu zweiwerthigem Differential gehorigen) Curvenbogen ersetzt werden kann. 
Giebt man den Werth ¢ als Function des Bogens, so ist damit die zugehorige 
Curve nur bis auf Bewegungen und Umlegungen bestimmt. 


Die Gleichung 
1 
pe = P(P) 


fungiert auch als natiirliche Gleichung fiir die Minimalcurven, die die 
Curve auf dem Minimalkegel zum spharischen Bilde, oder zum Bestandtheil 
ihres sphiirischen Bildes haben. (Siehe dariiber A. C., § 6, insbes. S. 37.) 

Um also eine (krumme) Minimallinie aus ihrer natirlichen Gleichung zu 
bestimmen, hat man nach Integration der Gleichung (8), die mit der Gleichung 
{A. C., (51)} identisch ist, noch die in der Formel i xdp zusammengefassten 
drei Quadraturen auszufihren. 


§ 2. 
Erliuterungen. Differentialinvarianten der Minimalcurven. 


Durch das Vorgetragene wird die Frage nach der Bestimmung einer krummen 
Minimallinie aus ihrer natiirlichen Gleichung auf die wohl einfachste Weise 





*Der Zusammenhang beider Gleichungen wird eingehend untersucht in der Abhandlung 
Uber Riceati’sche und Schwarz’sche Differentialgleichungen, Archiy der Mathematik und 
Physik, 1910, die weiterhin mit R. Gl. citirt wird. 
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beantwortet. Man kann sich indessen die Frage vorlegen, wie diese Methode 
mit mehreren anderen zusammenhangt, die sich ebenfalls darbieten. 

Wir beginnen mit der Aufstellung eines in gewissem Sinne vollstindigen 
Systems von Differentialinvarianten einer krummen Minimallinie. Ein solches 
wird gebildet von der Function ¢ mit ihren Differentialquotienten nach p: 

Benutzt man zur Darstellung einer krummen Minimallinie « = x(p) einen 
natirlichen Parameter, so werden alle auf diesen bezogenen Semiinvarianten 
(1|k) und (ikl) ganze rationale Functionen der Function $¢ und ihrer 
Differentialquotienten, und zwar kommen in diesen Ausdriicken die Diffe- 
rentialquotienten von p hochstens in der (n—38)ten Ordnung vor, wenn 
i,k, l=n sind. 

Mit Coefficienten von gleicher Beschaffenheit lassen sich die Semicovarianten 
(eo) und (x aw) linear ausdriicken durch (x'|o), (#2 |), (2 |@). 

Wir gehen zunichst so weit, wie es die Anwendungen in der Regel erfordern 
werden, namlich bis zu dem Werthe n = 4: 


(1|1) =9, * ‘ * A * : 
(1/2)=0, (2/2) 

(1[8)=1, (2/8)=0 , (8/3)=¢, : 
(1/4)=0, (2/4) =—¢, (8/4) =236, (4/4) =—¢ 





—1l, ; 3) ’ 


(1) 


tt 


(128) =—1, (124)=0  , 
(184)=¢ , (234) = —44/,* 


Man sieht, dass, wenn der Satz fur den Werth n — 1(= 4) als richtig ange- 
nommen wird, er auch fiir den Werth n gelten muss. In der That erhalt man 
aus den Semiinvarianten (7|/) fiir 7, k=n — 1 die Semiinvarianten (/|) fiir 
k <n durch je einmalige Differentiation. Durch diese Grossen lassen sich 
sodann die Semiinvarianten (ikn){i<k <n} ganz und rational ausdricken, 
wie man durch Bildung des Productes — (123)(ikn) erkennt. Durch Entwicke- 
lung des Productes — (123)(n|m) erhalt man sodann den Werth der noch 
fehlenden Semiinvariante (n|n). Entsprechend beweist man den Satz tiber 
die Semicovarianten, von denen wir nur einige wenige anfihren wollen : 


(2) (120) = —(1|w), (180)= —(2|o), (280)=¢-(1|o) —(8|o); 
(3) (4[o) = 39 -(1lo) + $-(2|o). 


Die wichtigsten unter diesen Gleichungen sind die erste unter (2) und die 
Gleichung (8). Diese letzte ist offenbar mit der natiirlichen Gleichung der 





* Diese Tafel ergiebt sich aus den Formeln A. C., Nr. 36, 37, wenn man linker Hand jeden 
Differentiationsindex durch den nichsthoheren ersetzt. 
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Minimalcurve aiquivalent, da man ihr die Function ¢(p) entnehmen kann. Sie 
zeigt, dass die Coordinaten y, = dx,/dp des Differentialvectors y = x) Losungen 
einer linearen Differentialgleichung 3. Ordnung sind, die, wegen der ersten 
Gleichung unter (2), mit ihrer Adjungierten zusammenfallt. Diese Differen- 
. tialgleichung 


(4) y —>o(p)-y —4¢(p)-y=9 


ist aber (bekanntlich) die allgemeinste vom zweiten Gliede befreite lineare 
Gleichung 3. Ordnung, bei der zwischen je drei linear-unabhingigen Losungen 
eine homogene quadratische Gleichung besteht. Man kann daher die Theorie 
der krummen Linien auf Minimalkegeln und weiterhin die Theorie der krummen 
Minimallinien auch als eine Anwendung der Theorie dieser speciellen linearen 
Differentialgleichungen 3. Ordnung behandeln. Wie dieser Gedanke weiter 
auszufuhren ist, liegt auf der Hand. Wir verweisen auf die citierte Arbeit 
(R. Gl., §12), wo insbesondere auch der Zusammenhang der angedeuteten 
Methode mit der zuvor angewendeten dargelegt ist. 

Als eine weitere Folgerung unserer Theorie heben wir hervor: 

Wie zu den regularen Curven, so gehort auch zu den Minimalecurven im 
Allgemeinen ein System von orthogonalen Triedern, ein die Curve begleitendes 
Axenkreuz, und entsprechend ein System von Formeln, die den WSerret- 
Frenet schen Gleichungen analog sind. 

Der hier zu Grunde liegende Gedanke ist ganz selbstverstandlich, es scheint 
uns aber nothig, die correkte Form eines derartigen Satzes festzustellen. 

Das angedeutete System von drei zu einander senkrechten Axen (und 
Hinheitsvectoren) existiert an allen den Stellen reguldren Verhaltens einer 
Minimaleurve, wo das Kriimmungsmaass ihres sphirischen Bildes nicht 
verschwindet (b+0). Hs ewistiert also iiberhaupt nicht im Falle der 
Minimaleurven 3. Ordnung (wo ¢ = 0 ist). 

Nennen wir 1/# und 1/7 die Kriimmung und die Torsion des sphirischen 
Bildes unserer Curve, so haben wir, wie bereits abgeleitet (A. C., S. 34), 


1 se 
(5) Rp=Vds mat = os 


Dem Bogen des spharischen Bildes kann irgend einer der in der Formel 


(6) s =/—1 p { + const.} 


zusammengefassten Werthe beigelegt werden. Fir die Einheitsvectoren a, 8, y, 
die zu Tangente, Hauptnormale und Binormale des spharischen Bildes gehoren, 
—derart, dass 


(aBy) =1, (Bye) =(a\@), (yaw) =(B|@), (aBe) = (7\0) 


256 E, STUDY: DIE NATURLICHEN GLEICHUNGEN [July 
wird —ergeben sich sodann die Ausdriicke 
(alo)=—V—1(2"|o), (B|o)=— B(a” 
(y|o) = V—1-R (22 o : 





@), 


(7) 


wobei die Differentiationen sich, wie zuvor, auf den natiirlichen Parameter p 
beziehen. An den Stellen, wo die Vectoren a, 8, y existieren, kann man dann 


alle Differentialvectoren a, «”, «”, ---, linear durch sie ausdriicken, zum 
Beispiel : 
f ak ” | ” ii 


(8) 1 re a 
we" meV Lat G (8+ 19). 


Die Frenet’schen Gleichungen fiir das spharische Bild nehmen jetzt die Form an: 


2 oo oF aw dR dy V—1 dR 





Man sieht, dass alle diese Formeln dort illusorisch werden, wo die Function ¢ 
verschwindet, nicht aber an anderen Stellen regularen Verhaltens von ¢, oder 
—was dasselbe ist—nicht an anderen Stellen reguliren Verhaltens der Curve. 
Man mag diese letzten Stellen (¢ + 0) etwa solche gewédhnlichen Verhaltens 
nennen. Freilich bestehen dann die Minimalecurven 3. Ordnung aus lauter 
Stellen nicht “ gewohnlichen ”’ Verhaltens. * 

Die Gleichungen (9) konnen schliesslich nach der bei regularen Curven 
ublichen Methode behandelt werden. Damit hatten wir einen dritten Ansatz 
zur Bestimmung der durch die Ungleichung ¢(p) + 0 charakterisierten 
Minimaleurven aus einer natiirlichen Gleichung. Die angedeutete Methode 
besteht darin, dass man fiir irgend drei gleichnamige Coordinaten a,, 8,, y, der 
Einheitsvectoren a, 8, y der Reihe nach Ausdriicke der Form 





1 —o,7, 1 sLce Deen e CUATE 


9 9 
T, — Tb. Derg Crate 


setzt. Die Grossen o,, 7, gentigen dann ftir «=1, 2, 3 simmtlich der Ric- 
eati’schen Gleichung 


(10) 





I 


dO 1 {dh Ge ee 
dp oR dp t29- Gy 
deren vollstandige Losung, wie bekannt, die der Gleichungen (9) nach sich 
zieht, und damit, nach (8), auch y=) und dann durch drei Quadraturen « 


liefert. 
* Man kann tbrigens bemerken, dass an Stelle der Gleichungen (7) noch etwas einfachere 


treten, wenn man anstatt p als Parameter das Integral iiber den Contingenzwinkel /—1dp: R 
des sphirischen Bildes einfiihrt. 
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Aber die skizzierte Methode steht hinter unserer ersten zuriick, und auch bei 
Erhaltung ihres Grundgedankens lisst sie sich durch: eine einfachere ersetzen. 

Der Vortheil, den die Einfiihrung des beweglichen orthogonalen Trieders 
bietet, beruht zum Theil darauf, dass alle solechen Trieder zu einander congruent 
sind. Der gleichen EKigenschaft erfreuen sich aber auch Trieder, und zugehorige 
Tripel gewisser Vectoren a, b, c, die den folgenden Gleichungen geniigen : 


(ala)=0, (86) —1, (ele) = 9, 
(11) (le)=0, (cla) —1, (al) =0, 
(abc) = 1, 
und fiir die dann weiter auch die Gleichungen gelten : 
(12) (bcw) = — (clo), (caw) = — (dla), (abo) = — (alo). 


Ein derartiges Tripel von Vectoren, deren zwei die Lange Null haben, setzen 
wir jetzt an Stelle der drei Einheitsvectoren a, 8, y, namlich dieses: 

b = y = on’ 

’ its 
(18) Pp ¥ 


/ my 
=id vx—2@. 


Die Formeln zeigen, dass dieses neue System linear-unabhangiger Vectoren, 
abweichend von dem vorigen, an allen requliren WStellen der betrachteten 
Minimalcurve existiert, und dass also auch die Minimalcurven 8. Ordnung 
und ihre spharischen Bilder hier nicht mehr ausgeschlossen zu werden brauchen. 
An Stelle der Frenet’schen Gleichungen (9) treten jetzt andere, die insofern 
einen noch etwas einfacheren Bau haben, als in ihnen die zur Bestimmung von 
F dienende Quadratwurzel und der Differentialquotient der Function ¢ nicht 
vorkommen : 


da db de 
Ss —_ = ld. a3 me, pk 
(14) es b, =i¢-a—c, ae 16-6. 
Bilden wir nun das Product (abc)-(@|w), so erhalten wir 


(aw) = — 2(alo) (clo) — (bla)?s 


es gentigen also je drei gleichnamige Coordinaten a,, b,,¢, der Vectoren a, b,c 


der Gleichung 
24,0, + b= —1 (eo 1,2, 3). 


Diese Gleichung wird identisch befriedigt, wenn wir fur die drei genannten 
Coordinaten der Reihe nach Ausdriicke der Form 
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einsetzen. Die Gleichungen (14) gehen dann iiber in die Gleichungen 


d dv 
(15) hea Gte, ae 
und v sind also in jedem der drei Fille («k=1,2,3) Losungen eben der 
Riccati’schen Gleichung ($1, Nr. 9), die wir zuvor auf anderem Wege 
gewonnen hatten. Man kann daher, wie zuvor, nach vollstaindiger Losung der 
Gleichung (9) in $1 die Coordinaten des gesuchten Vectors y = « unmittelbar 
hinschreiben. — 

Aus unserer Darlegung geht hervor, dass in dem Bereiche (f + 0),in dem 
die Gleichungen ($1, Nr. 9) und (§2, Nr. 10) zugleich Greltung haben, sie 
mit einander Gquivalent sein miissen. In der That lassen sie sich auch in 
einander transformieren. 

Zunichst wird der Zusammenhang zwischen den Vectorentripeln a, 0, c und 
a, 8, y gefunden: 

(16) a=-—VY —18, B=—R{om—el, eV =1R loi te}: 
Setzen wir zum Beispiel / — 1 = i, so ergiebt sich der Zusammenhang zwischen 
den mit o, 7 und uw, v bezeichneten Grossen in jedem Falle (« =1, 2,8) in 
der Form 

_ 2hy,—1 _ 2hv,—1 


(17) Te Riutrate Les Ope eae 





Daher wird jeder Lisung w der Gleichung 





do _ : mat 
rr =| 
eme Losung © der Gleichung 
dQ 1 (dk Ole 
dp 2R\| dp menos 


zugeordnet, und umgekehrt, durch die Substitutionen 


_ 2Ro—1 — 1140 
(8) = 2 Roca ena. 

Aber dieser leicht zu verificierende Satz hat zur selbstverstandlichen Voraus- 
setzung, dass ¢ nicht verschwindet. Die durch @ und () vermittelten Losungen 
des Problems der natiirlichen Gleichungen diirfen daher, wenn man genau sein 


will, nicht schlechthin “ aquivalent’’ genannt werden. 


1910] DER ANALYTISCHEN CURVEN IM EUKLIDISCHEN RAUME 259 


§ 3. Die regularen Curven. 


Das Problem der Bestimmung einer regulairen Curve aus ihren natiirlichen 
Gleichungen 
(1) b= P(s), SVs) (® = 0) 


lasst sich auf die in § 1 behandelte Aufgabe zurtckfuhren. 

Wie wir wissen, gehoren zu jedem Punkte « allgemeiner Lage (A. C., S. 20) 
der Curve (a) zwei Punkte, von denen aus der zugehorige Kriimmungskreis 
durch Minimalkegel projiciert wird, die beiden Scheitel des Punktes x 
(A. C.,S. 47,48). Nennen wir diese Punkte # + € und w + 7, und denken wir 
uns die Vectoren &, 7 mit ihren Anfangspunkten am Anfangspunkte der Coordi- 
naten angeheftet, so erhalten wir zwei neue auf dem zugehorigen Minimalkegel 
gelegene Curven € = &(s), 7 = (8). Diese (die in ihrer ganzen Erstreckung 
betrachtet, nicht nothwendig von einander verschieden sind) wollen wir die bei- 
den Begleiter der reguliren Curve nennen. Es besteht nun der Satz: 

Sind die natiirlichen Gleichungen einer reqularen Curve bekannt, so lasst 
sich die nattirliche Gleichung eines jeden ihrer Begleiter explicite angeben. 
Nach Integration einer dieser beiden Gleichungen findet man die Curve selbst 
durch Quadratur uber ein Vectordifferential. 

Wir construieren zunichst, unter Benutzung des Bogens als Parameter, das 
die regulire Curve begleitende System von drei Einheitsvectoren (A. C., 5. 21, 


Nr. 6): 


(a|o) = (a'|o) = (y|o), (Blo) = R(x" |o) = Ryo), 


(2) 2 seen : 
(yo) = R(a'x"o) = R(yy'o). 





Dann gelten die Lrenet-Serret’schen Gileichungen, 
da_ 8B ae mean dy 28 


8) Pineda int) ends) 
Die beiden Begleiter werden jetzt gegeben durch die Formeln 


(4) E=R(B+iy), n=R(B—iy). 


Hieraus folgt, wenn 





digR i Lilid® oer 
=| Thoma ~5{aa +}: 
5 
©) digh: i L{jild® ., 
Naor p= — 5 | ae |: 
gesetzt wird, 
dé dn 
(6) qe = 7+ HE, ds= tt 
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und 
aM 
ae ee aes a 
dy » aN 
(7) (&o)=—i(E|@), (no) =i(nlo); 
(EE Eo) =, 
(8) aN ee cea ters 
(7 |n') = 1, (nn'n") = —1; 


also, wenn die natiirlichen Parameter der beiden Begleiter » und g gennant 
werden, 





ee iC Se es) me CCM 
alps Ae =—i(A.C., Nr. 35), 
(9) p = 1s (+ const. ), q = — is (+ const.). 


Nennen wir ferner ¢(s) und wW(s) die quadrierten Kriimmungsmaasse der 
beiden begleitenden Curven, so folgt 


dM 
(sy Cet eee rs Fe M? , 

dN 
Wr(s) = Gyo laaila a3 (appa he V2, 


Mithin erhalten wir nach Losung der beiden Schwarz’schen Gleichungen 





(11) {7,8} =36(s), {7,8} =3W(s) 
(Vgl. Nr. 9 und §1, Nr. 8) die beiden Begleiter : 
1—o 1—7 
ei Bey: 2 De hres re 
eee. Sik ee 
(12) &= Dae ee I = tas 
20 27 
: Ome? 


(Die Differentiationen beziehen sich auf s, nicht auf die natiirlichen Parameter 
p, 7). Die Formeln Nr. (6) zeigen nunmehr, dass man von den beiden 
Schwarz’schen Gleichungen (11) nur eine zu losen nothig hat, um den Vector 
a zu finden. Schliesslich erhalt man durch Quadratur tiber « den Punkt «: 


(13) —£+ {[M§ds=x=—7n+ [Nnds. 


1910] DER ANALYTISCHEN CURVEN IM EUKLIDISCHEN RAUME 261 


Hiermit ist die Aufgabe vollstindig gelost. Die beiden Vectorintegrale liefern 
offenbar die zur gesuchten Curve gehorigen Minimalevoluten, oder, falls diese 
‘nicht existieren, die sie vertretenden Punkte (A. C., S. 48). 

Angemerkt zu werden verdient vielleicht noch der Ausdruck 


(14) R= RLR-T-VUN 


fiir den Radius der Schmiegungskugel. 


§ 4. Andere Ableitung des in § 3 gefundenen Resultates. 


Erlauterungen. 


Da die Minimalvectoren &, 7 zu dem Einheitsvector a senkrecht sind, so kén- 
nen die Parameter o, 7 nicht wesentlich verschieden sein von den symmetrischen 
Coordinaten des Punktes a der Einheitskugel. Uberdies zeigt der in § 1 
ausgeftihrte Grenziibergang, dass beide Arten von Grossen vollkommen identisch 
sind. Die Umkehrung dieses Gedankenganges muss offenbar zu einer zweiten 
Herleitung der in § 3 erhaltenen Formeln ftihren, und auch diese scheint uns 
Interesse zu bieten. 

Wir befriedigen also jetzt die Gleichung 


(1) yt+yt+y=1, 


in der wir die Coordinaten y, mit denen des Vectors a identifizieren (y = a) 
identisch durch die Substitutionen 


; oe 
(2) Sve 5 a, = 


~L+oT o+T 
‘—— a 


1 
CTL 3 — 7 





o—T 
wobei nur die Punkte von zwei geradlinigen Erzeugenden der Einheitskugel 
ausgeschlossen bleiben (§ 1). 

Bei Berechnung der Coordinaten des zweiten Einheitsvectors 8B = R da/ds 
ist zu berticksichtigen, dass sich 

ds\*  4dadrt 
(y= 
ergiebt ; es folgt daher 





Wire ‘as 2o 
eet ee Io! t 
1 o il o ih oO 
Bea oR » =O7 » =oR 
Leer? aie Ir 
Te 7 ae Y Be 
on 1+0o? 20 
if TVR: | 1 20° | “peeas 
Sot: 77 h=o7R POW 
1-7 eee 27 
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Die Formeln (3) und (4) zeigen, dass die Verbindungen 
(5) E= R(f + iy), n = (8B — iy) 


nur von je einer der Grodssen o, 7 abhiingen: man erhalt eben die Formeln (12) 
des vorigen Paragraphen. Man wird also die Functionen o und 7 einzeln zu 
bestimmen suchen. Damit kommt man, nach § 1, wieder zu den Formeln (10) 
und (11) des § 3. Da auch die Gleichungen (6) in § 3 zur Verfigung stehen, 
so hat man auch auf diese Art die vollstandige Losung des Problems. 

Man kann auch so zu Werke gehen, dass man nach Bestimmung etwa des 
Vectors & zunachst den Vector 7 sucht. Der Vector a, auf den es ankommt, 
ergiebt sich dann aus der evidenten Gleichung 


(6) (Eno) = — 2h’ -(alo), 


die, im vorigen § angewendet, unmittelbar die Gleichungen (1) geliefert haben 
wiirde. Der Vector 7 aber ergiebt sich, wenn &€ bekannt ist, ohne Weiteres, da 


offenbar 

Ei 8 poy 0 dE | yale, dy 
(7) Spe PES 5 a Mea Ab as Aiken 
ist. 


Ferner muss, wenn eine Losung o(s) oder 7(s) einer der beiden Schwarz’schen 
Gleichungen bekannt ist, die entsprechende Losung 7(s) oder o(s) der anderen 
eindeutig sich bestimmen lassen. Man erhalt, wenn man in irgend eine der 
Gleichungen (2) die Werthe der Coordinaten a, aus der Gleichung (6) in § 3, 
und dann die Werthe der Coordinaten &, oder », aus (12) eintragt, unmittelbar 
die gesuchten Formeln : 


P ay Qa'a’ in 277 
(8) TS 0 — arg eae 
Die Losungen 

ao’ ” 
9 = 57 = 
(9) y= Oa" amor 


der beiden Riccati’schen Gleichungen 


du 5 dv 
oY: prom icr =: Let 


die den betrachteten Schwarz’schen Gleichungen zugeordnet sind, hangen durch 
eine lineare Substitution zusammen, die ebenfalls leicht zu berechnen ist. Man 
hat namlich, nach (8) : 

2c" ag 27’ T 


On aT o T—O Ti 








Da ausserdem 


4o'7' = BD -(o —T)? (Nr. 2), 
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so folgt 
(12) (r+) (+5 )+ 050, 
oder 
1 1/d®\’ 
3 / — 3 a = ———— — 
(13) dun + 2Np + 2M + G2 | & +W +4( a) [=o 


Die Discriminante dieser Gleichung ist, wie es sein muss, nicht identisch 
gleich Null. 

Durch das Gesagte ist auch schon die Aufgabe gelost, die Functionen ®, VY zu 
finden, wenn die Functionen ¢, W gegeben sind. Nach vollstindiger Lésung 
der beiden Gleichungen (10) oder der entsprechenden Schwarz’schen Glei- 
chungen kennt man o, 7, JZ, V, und man hat 


4o'r 


(14) @ = oS UN = v= 50 (M— WN). 


CAE 
Ungleich der Function © konnen dabei die Functionen ¢, ganz beliebig 
(mit gemeinsamem Existenzbereich) angenommen werden. Nur konnen selbstver- 
stindlich, im Falle sie identisch sind, nicht auch identische Losungen o, 7 der 
dann einzigen Schwarz’schen Gleichung benutzt werden. 

Die zu gegebenen Functionen ¢, Ww gehorigen Curven sind natiirlich nicht alle 
unter einander congruent. Vielmehr stehen je zwei unter ihnen in der Bezie- 
hung, dass ihre Tangentenindicatrices zu einander eigentlich-kreisverwandt sind. 
Congruent sind alle die Curven, die erhalten werden, wenn man die Grossen o, 
tT derselben linearen Transformation unterwirft ($1). 

Die Gleichung ¢ =wW kennzeichnet die Familie der reguldren Schrauben- 
linien, der Curven namlich, fiir die 2: 7 einen constanten Werth hat, also die 
krummen geoditischen Linien auf unebenen Cylinderflaichen, oder die Curven, 
deren Tangentenindicatrices (regulare oder parabolische) Kreise sind: Dass diese 
Curven durch Quadraturen bestimmt werden kénnen, ergiebt sich hier aus der 
Thatsache, dass aus jeder Losung der zugehorigen Riccati’schen Gleichung durch 
die Transformation (18) eine zweite abgeleitet werden kann. (R. Gl., §6). 
Doch wird man hier, wie auch in anderen Fallen, naiher liegende und elemen- 
tarere Methoden vorziehen (vgl. § 8). Die Gleichung JJ — N= const. kenn- 
zeichnet die Curven constanter Torsion, insbesondere die Gleichung JJ — V = 0 
die regularen ebenen Curven—die zugleich Schraubenlinien sind—; die Glei- 
chung 1+ NV = const. ist charakteristisch fiir die Curven constanter Kriim- 
mung. 

Ist die betrachtete regulare Curve re//e, so sind ihre Begleiter conjugiert- 
complex, und die Gleichungen $= $(s), = (8s) driicken dieselbe analy- 
tische Abhangigkeit aus: Dieses ist die Bedingung dafur, dass unter den zu 
$, Y gehorigen reguliren Curven sich reelle finden. Ist tiberdies ein reeller 
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Zug vorhanden, und ist {s =} ein entsprechendes Werthgebiet des reellen 
Bogens, so miissen die Functionen ¢ und y, nach Potenzen von s — s, = 3 — 8, 
entwickelt, conjugiert-complexe Coefficienten haben. 


§ 5. Differentialinvarianten der regularen Curven. 


Wie im Falle der Minimaleurven, so hingt auch im Falle der regularen Curven 
das Problem der natiirlichen Gleichungen mit der Theorie gewisser linearer Dif- 
ferentialgleichungen zusammen. Line solche von der dritten Ordnung wird 
namlich geliefert durch die lineare Relation, die immer zwischen den Vectoren 
oe, a”, «,”, »” stattfinden muss. Um ihre Coefficienten zu bestimmen, hat man 
die auf den Bogen bezogenen Semiinvarianten (234), (841), (412), (123), — 
die eben dadurch in Invarianten ubergegangen sind — auszudricken durch die 
Functionen ®, V und ihre Differentialquotienten. So entsteht, ahnlich wie in 
§ 2, eine allgemeinere Frage, die durch den folgenden Lehrsatz beantwortet wird : 

Benutzt man bei einer regularen Curve den Bogen als Parameter, so gehen 
dadurch die Semiinvarianten (i|«) und (ikl) fiir i, «, L=n in rationale 
Functionen von 


, ” =o) , yy r= 3 
®, o’," P rea es oe # ys SA NY here) Nie 
uber und zwar treten in den Nennern dieser Ausdriicke lediglich Potenzen der 
absoluten Invariante B auf. 
Mit ebenso beschaffenen Coefficienten lassen sich alle Semicovarianten («|@) 
und (ixkw) — fiir i << kK =n —linear ausdriicken durch 


(oa @), Gx 


Wir gehen wieder zunichst bis zam Werthe n = 4 und erhalten dann, wenn 


Lee 


@), (xu @). 








wir neben den Zeichen 
® = (2/2), WV = (1238), 


noch die Abktirzung 
i eke ie 
dancoeet 3 2 2 Sere 
(1) Keg P+ves(G,) | 


gebrauchen, die folgende Tabelle, die die fur die Anwendungen wichtigsten 
Formeln umfasst : 


(1 | 1) => ak *, *, 

(1|2) = 0, (2|2) = ®, *, 

(1/3) =— 4, (2|3) = 40, (3|3) =X, 
(2) (1|4) = —30, (2|4) = }b”— X, (3/4) = dX, 


ee 
(4/4) = Z[fO@'O'4 VV’ + (Jo"— XJ, 
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; 1 (@’W’_ vo" 
(123)=W, (184)= 5 5 


(124)= WV, (234) = 1 {20W'_ 3V0’}. 


1) + vx}, 


Wir ersetzen jetzt n(=4) durch m — 1, und nehmen fiir diesen Werth den 
Satz als richtig an. Wir erhalten dann durch Differentiation alle Semiinvarianten 
der Form (i|n) fiir i <n, also alle bilinearen Semiinvarianten mit Ausnahme 
von (n|n). Ebenso entstehen durch Differentiation alle Semiinvarianten (i«n), 
woi<« <n, mit Ausnahme derer, fur die «= n—1 ist. Durch Bildung der 
Producte (1|1)(i, n —1, n) fur i = 2, 8, .--, m — 2 erkennt man sodann, dass 
alle diese Grodssen sich als ganze Functionen der schon berechneten Ausdriicke 
und der einen Semiinvariante (1, n—1, n) darstellén lassen. Die gleiche 
Eigenschaft aber hat das Product dieses letzten Differentialausdrucks mit 
® = (2|2). Die noch fehlende Semiinvariante (”|n) erhalt man schliesslich, 
gleichfalls in der behaupteten Form, durch Bildung des Quadrates (127 )’. 

Der zweite Theil des aufgestellten Satzes ergiebt sich am einfachsten durch 
Bildung des Productes (127 )(120): 


(3) ®-(n|o) = ®-(1|n)-(1|@) + (2|n)-(2|@) + (12m) -(120). 
(4) P(mnw) = B -(1mn) -(1| @) + (2mn) -(2|@)+(12| mn) (120). (m<n). 


Wie die Herleitung zeigt, bilden die gefundenen Groéssen ein in gewissem 
Sinne vollstindiges System absoluter—in ihrer Gesammtheit nicht rationaler 
— Differentialinvarianten und Differentialcovarianten der betrachteten regu- 
laren Curve. | 

Zum Beispiel wird die Bedingung dafiir, dass eine regulare Curve im weiteren 
Sinne des Wortes spharisch ist (uneben-sphiarisch oder eben), allgemein aus- 
gedriickt durch die Gleichung 


Idd’ WV’ 4 (b'@! — 200" 4 47) =0. 
(Vgl. A. C., Nv. 60). 


Auf dem hier vorgezeichneten Wege wird man, unter Anderem, auch die 
Bedingung dafiir ermitteln konnen, dass die Tangentenindicatrix einer reguliren 
Curve ein spharischer Kegelschnitt oder wenigstens ein Sttick einer solchen 
Curve ist. Die Differentialgleichung der Kegelschnitte ist in der hierftir 
nothigen allgemeinen Form vom Verfasser aufgestellt worden.* Man hat 
darnach die in der Gleichung 


9-(123)?- {(126) + 10 -( 284) + 5-(185)} — 
— 45 -(128)-(124)- {2 -(184) + (125)} + 40 -(124)° = 0 
vorkommenden Differentialinvarianten durch ®, V und die Differentialquotienten 


* Leipziger Berichte, Bd. 53, (1901) S. 349. 
Trans. Am. Math. Soc. 18 
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dieser Functionen (bis zu denen dritter Ordnung) auszudriicken. 

Die auszufiihrende Rechnung ist natiirlich umstidndlich. Im nachsten § 
werden wir deshalb die gesuchte Bedingung auf einem anderen Wege, und 
zwar mit ganz kurzer Rechnung ableiten. (0 =0). 


$6. Uber gewisse lineare Differentialgleichungen 3. Ordnung. 


Die Formel (8) in § 5 zeigt, dass im Falle einer ebenen regularen Curve der 
Differentialvector y = «’ der linearen Differentialgleichung 2. Ordnung 


/ 
” 


Loe 
Ue tsi cr Dy = 0 
gentigt, deren allgemeine Losung in der Form 
C, COs i V@® ds + c, sin f V @ds 


enthalten ist. Wir schliessen diesen Fall von der ferneren Betrachtung aus, 
nehmen also an, dass die niederste lineare Differentialgleichung, der der Vector 
y gentigt, von der dritten Ordnung ist, 


(1) y’ + 38Ay’ +38By + Cy=0 (Y +0). 


Die Werthe der Coefficienten A, B, C konnen dann den Formeln des 
vorigen § entnommen werden : 


1 (124 a ES a 
A=—5 ie 








8 (108 pene 
i118 ee ev oo” 
B= 3 (193)"50|* + 2 V2 1, 
(2) 
meer 4 i v 


1 LifaPy\7 
Ge, 22 3 2 ar 
xX = | + +3(3) . 


Wie die Ableitung zeigt, ist in dieser Form jede beliebige lineare homogene 
Differentialgleichung 3. Ordnung enthalten, bei der (mindestens) eine aus drei 
linear-unabhangigen Losungen gebildete quadratische Form von nicht ver- 
schwindender Discriminante einen von Null verschiedenen constanten Werth 
hat. 

Man wird dann namlich drei solehe Losungen y,, y,, y, derart auswahlen 
konnen, dass 


(3) Yityw+y=l1 


wird: Diese Functionen y,, y,, y, der una bhangigen Veranderlichen s konne 
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sonach als die Coordinaten der Tangentenindicatrix einer reguliren wnebenen 
Curve aufgefasst werden. 

Es entsteht nunmehr die Frage, durch was fiir Besonderheiten die Coeffi- 
cienten A, B, C der hier auftretenden linearen Differentialgleichungen 3. 
Ordnung gekennzeichnet sind; wie man diese Coefficienten in die Form (2) 
setzen, und wie man schliesslich die Auflésung einer gegebenen Gleichung der 
Art bewirken kann. 

Wir nehmen also an, dass die Gleichungen (2) bestehen. Aus den Glei- 
chungen fiir A und C folgt dann 


W=—3AV, PD’ =2C— 2A, 

O” = 20" —$AC4 2{2A4*— AO; 
durch Substitution dieser Werthe in die Gleichung fiir B ergiebt sich 

C?—3{C +3AC}®@ + 9{ A’ 4+ 2A?— 3B} 8’? + 9{G? + WV} =0, 
und hieraus, durch nochmalige Differentiation und Elimination von ®’, W’: 
2AC?4+{C" 4+ AC —A’'C412BC—144°C}® 
—3{A"—3B'4 204 12AB— 8A*} OO’ + 18A{O? + VW} =0. 

Aus den beiden letzten Gleichungen kann nunmehr die Summe 


C? + 9f@* + W"} 
eliminiert werden. 
Wir setzen zur Abkirzung 


(4) f= A'+2A’?— 3B, G=C+3AC, 
so dass obige Gleichung die Form 
(5) C?— 34.084 9F@’? + 9( GF 4 VW} =0 


annimmt, ferner 
@= A" +644’ 4+ 44'-— 3’ —6AB 4 20d, 
His O74 7A-C + {— A’+ 44*+ 128} - OC, 


oder 
dF 

eer 
(6) O@= 7, + 24F + 20, 

oot dG y; 
(7) H=7,+44G—4CF, 
und erhalten, als Eliminationsresultat, die Gleichung : 
(8) 300 —H=0. 


Aus der abgeleiteten linearen Differentialgleichung fiir ® ergiebt sich schliess- 
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lich eine Gleichung fur © und H: 
(9) @H’ — HO’ = 20 { CO— AH}. 


Dieser, die in den Differentialquotienten von A, B, C bis zur dritten 
Ordnung ansteigt, miissen also die Functionen A, B, C jedenfalls geniigen. 
Das ist indessen nicht hinreichend. Damit der eingeschlagene Weg auch in 
umgekehrter Richtung gangbar sei, muss sich vielmehr ein nicht identisch ver- 
schwindender Werth von ®, und hierauf —durch Losung einer reinen qua- 
dratischen Gleichung — ein ebenfalls nicht identisch verschwindender Werth 
von VW berechnen lassen. Es muss also, wie die Gleichung (8) zeigt, 


entweder 0+0,H+0 oder ©) = 0.-H a0 
sein. 

Im ersten Fall kann man ® bestimmen: Es kommt also nur noch die weitere 
Einsehrankung hinzu, dass der dann zu berechnende Werth von YW nicht iden- 
tisch gleich Null wird. 

Machen wir die zweite Annahme, so folgt aus © = 0, dass eine quadratische 
Form von y,, 7/,, 7, identisch verschwindet,* und dass folglich a/Ze quadratischen 
Formen von y,, Y,, 3, die einem gewissen Buschel angehoren, constante Werthe 
haben. Umgekehrt liegt auch, wenn das eintritt, immer der zweite Fall vor. 
Es kann dann das genannte Biischel das Quadrat einer linearen Form enthalten, 
deren Werth natiirlich ebenfalls constant sein muss. Die Bedingung hierfiir ist 
C= 0. 

Wir werden hiernach, in der Theorie der hier in Betracht kommenden 
speciellen linearen Differentialgleichungen drei Hauptfalle unterscheiden, deren 
einige dann noch weiter zu gliedern sein werden. Auf diese Unterscheidung 
bezieht sich der folgende Lehrsatz, der durch das Vorgetragene begriindet ist : 

Wenn zwischen drei passend gewdhlten linear-unabhangigen Losungen 
einer linearen homogenen Differentialgleichung 3. Ordnung eine Gleichung 
der Form (8) besteht, so liegen folgende Moglichkeiten vor : 

I. E's verschwindet keine quadratische Form von y,, y,,Y, identisch. Der 
Ort des Punktes y ist dann eine spharische Curve oder Stiick einer solchen,t 
die uneben und auch verschieden ist von einem spharischen Kegelschnitt. 

Il. L's verschwindet eine derartige Form, die vorgelegte Gleichung hat aber 
keine constante Losung. Der Ort des Punktes y ist dann ein unebener 
spharischer Kegelschnitt, oder Stiick eines solchen. 





* Siehe z. B. PICARD, Traité d’analyse, t. III, p. 556, oder R. Gl., Nr. 42. 

yt Auch in der Theorie der linearen Differentialgleichungen ist es nicht tiblich, die Begriffe 
Curve und Curvenstiick zu unterscheiden. Man kann aber zuweilen Aussagen tiber den ganzen 
Verlauf, oder nahezu tiber den ganzen Verlauf einer Curve machen, und wir wiinschen, wo dies 
der Fall ist, es hervortreten zu lassen. So entziehen sich der Parameterdarstellung «= a#(s) 
héchstens isolierte Stellen, wahrend auf der Curve ( y ) der Parameter s sehr wohl eine natiirliche 
Grenze haben kann. Deshalb sagen wir im Texte ‘‘Curve oder Curvenstiick,’’ nicht einfach 
““Curve.’’ Freilich ist auch diese Terminologie noch nicht ganz zufriedenstellend. 
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III. Die vorgelegte Gleichung hat eine constante Loésung. Der Ort des 
Punktes y ist dann ein (reqularer oder parabolischer) Kreis, oder Stiick eines 
solchen Kreises (der jedoch immer von einem. Hauptkreis verschieden ist). 

Durch das Vorhergehende schon erledigt ist die erste dieser Annahmen : 

Damit der Fall I eintrete, ist nothwendig und hinreichend, dass die Func- 
tionen @, H der Gleichung (9) geniigen, aber nicht identisch verschwinden, 
und dass ausserdem der Ausdruck 


(10) C?@? — G@@"H + F@H? + 4H? 


nicht identisch gleich Null ist. 

Durch Berechnung der Functionen ®, V (Nr. 8, 5) lasst sich dann die 
Integration der vorgelegten Gleichung zuriickfiihren auf die Integration einer 
Schwarz schen Differentialgleichung (§ 3). 

Soviel wird sich erreichen lassen, so lange nicht weitere Besonderheiten 
eintreten.* 


§ 7. Fortsetzung: Lincare Differentialgleichungen 3. Ordnung, die mit der 


Theorie der elliptischen Functionen zusammenhingen. 


Wir wenden uns jetzt zur Betrachtung des zweiten der in § 6 unterschiedenen 
Faille, setzen also nunmehr voraus, dass © = 0, H = 0, aber C+ 0 ist. Dann 
werden sich in dem Buschel quadratischer Formen von y,, ¥,, y,, die constante 
Werthe haben, entweder drei Formen von verschwindender Discriminante finden, 
oder deren zwei, oder eine, und jede von diesen muss einen nicht verschwin- 
denden Werth haben. Die Form, die den Werth Null annimmt, hat eine nicht 
verschwindende Discriminante. Eine zweite Form von nicht verschwindender 
Discriminante kann willkirlich ausgewahlt werden, und sie liefert dann die 
Gleichung der Einheitskugel, bei passender Wahl der Coordinaten in der 
ublichen Form 


(1) ; WAt+Hwt+ys=1. 
Uberdies wird man es erreichen kénnen, dass die hinzutretende zweite Glei- 
chung entweder die Form 
(2a) Ky Yi + ys + Ks; = 0 (My =F hy +E Ky + 0) 
annimmt, oder zweitens die Form | 
Y5(Y. + ty,) = const., besser 
(26) Yit yo + ys + 2Ky,(y, + tys) = 0 (« +0, —1), 


oder arittens die Form y,(y, + iy,) = const., insbesondere z. B. = — 1, wofiir 
wir besser schreiben konnen 


(2c) H+ Yt YE + 2y1(Yot ys) =9. 


* Diese Fille lassen sich bis jetzt nicht erschépfend angeben. R. Gl., Einleitung. 
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Das vorgelegte Problem nimmt also nunmehr eine pricisere Form an: Erstens 
werden Kriterien fiir diese drei Moglichkeiten zu finden sein, und zweitens 
Losungstripel, die je eines der aufgestellten Gleichungspaare befriedigen. Zu- 
gleich hat sich ergeben : 

Im Falle II ist der Ort der Punkte y entweder eine —vollstandige oder 
unvollstindige — sogenannte elliptische Curve 4. Ordnung (a), oder eine 
rationale Curve 4. Ordnung mit Doppelpunkt auf dem absoluten Kegelschnitt 
(b), oder endlich eine Curve 4. Ordnung mit Spitze (c). 

Wir nehmen jetzt an, dass der Fall (a) vorliegt. Dann konnen wir die 
Gleichungen (1) und (2a) identisch befriedigen durch Einfihrung elliptischer 
Coordinaten : 











(8) ¥, = Vk, fk KV 2 —64, 4¥%,= V Ky — KV 2 —6,, ¥,= VK, — KV 2— 6; 
indem wir nimlich drei Constante e,, e,, e, gemass den Bedingungen 
e.+e¢,+¢e=0, 
(x, — Hs) @, + (ks — K, )e, + (x, — K,)e, =—l, 


K, (kK, — K,)e oF K(k, 9 K, ) mF K,(K, = K,)e, = 0 
bestimmen : 
1 Ky (Ks — K,) =F K(k, = K,) 


ae tc.). 
“1 3 (Ky — Ks) (Ky =, Rp fe) Sie? 





Setzen wir dann noch 
(ey — Ke epee (K, — Ke, e; (K, ony Ky) €, @ — a 
so bestehen die Ungleichungen 


und es lassen sich die Verhaltnissgrossen «,:«,:«, wieder durch die Verhalt- 


3 
nissgréssen ¢,: €,: e€,: e, ausdrucken: 


™ (erersey) ey ey) 
(ere. ee ee; es) 


Fuhren wir ferner die Abkiirzung 
Do 


T=v—1-v(e—4,)(¢— €,) (&, — es) 





i= (etc. ). 








ein, so kann eine Abhangigkeit zwischen dieser Quadratwurzel und den Wurzel- 
grossen VK, — Ky, Vk, — K,, VK, — &, wie folgt erklirt werden: 











Il = i é,)(e, — C1) (&, — &) Vy — KV Ky — K, VK, — Key. 


Nunmehr kann man, von den Gleichungen (8) ausgehend, die Functionen ® 
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und VY darstellen 
(5) Dis(y 


/ 


2 
Weve Hea) 











vW=-| 








r 3 
6) V=(y/y" =-| Z — | on, 
( ( ) 2V2—¢,V2—¢6,Vz—@e, 
ferner aber auch die Coefficienten der linearen Differentialgleichung 3. Ord- 
nung, der die Functionen y,, y,, y, geniigen : 


/ 


1 (yyy) d 2 
A= 3 7s = — = log ; 
(yyy ) ds 2V2—¢,V2—6,V2—e, 





























i : 2! aft +3 Pe } 
oor : — - 2 
ds ° 2V 2—e, V2—e, V2—e, @ 2V2—-€,V 2—€,V 2—@, i 
=U ta 3) @ be 
(yyy ) 2 2V2—€,V2—e,V2z—e, 


Diese Gleichungen (7) liefern nun das vollstandige System der Bedingungen, 
denen die Functionen A, B, C zu geniigen haben, und sie lassen sich dann 
auch unschwer nach ¢,, e,, €,, 2 auflosen (die durch die weitere Gleichung 
e, +e,+e,=90 verbunden sind). Am einfachsten geht man wohl so zu 
Werke, dass man zwischen s und z noch eine zur Losung des Integrations- 
problems tibrigens nicht nothige Hulfsveranderliche uw einschiebt —das zu der 
Curve (7) gehorige Integral 1. Gattung * — vermoge der Substitutionen : 

dz 
(8) 2= (x), a, = 0 (u) = —2V2—¢,Vz—¢,V2— 4. 


U 





Die Gleichungen (7), deren System wir sogleich noch etwas erganzen wollen, 
nehmen dann, bei Gebrauch der schon eingefthrten Abktirzungen 


(9) F= A'+2A’?—3B, G=C+43AC 


eine ubersichtlichere Form an: 


” 


U 


pel ies ae WEAY. 
= Ff = 39(u)-(u')’, 


(10) Lu YA te : 
B=-—sg77t a —9(u) (wu), 
C= — $9'(u)-(wy, = — §9"(u)- (wv), 
* Wir entnehmen hier der Theorie der elliptischen Functionen lediglich einige ubliche 
Zeichen. 
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oder also 

Gare Seely e(u) =F Pie oe 

(11) 
F(u)= aC-0/ =. e"(u) = £G.e7 —_ 


Hieraus, und aus den in (8) enthaltenen Gleichungen 


{@'(w)}? = 4{e(u) —e,}{P(u) —e,}{P(u) —@,} 
oder 


{ 9" (u)}? = 49*() — g,0(u) — 9, 
e"(u) = 49"(u)— 3g, 9" (w) = 129(w)9'(w) 


folgen nun wieder die auf anderem Wege schon abgeleiteten Bedingungs- 
gleichungen 


(12) O=F’+2APF+20=0, H = @444G—4C0F2=0; 


Nehmen wir umgekehrt an, dass neben C + 0 diese Identitaten bestehen, so 
erhalten wir aus (10) oder (11) zunachst drei Gleichungen zur Bestimmung von 
@,5 €p» y, namlich : 


é-t+ete=9 
(18) J, = —4{e,e,+ ¢,e, + ee =4(94 @id/* 


2 — 


= 4¢e,¢,e,= — 4 {27° 4+ 8FG + 807} 6/4", 


,= 
Zufolge (12) werden dann diese Grossen constant. Ls liegt aber kein Grund 
dafiir vor, dass e,, ¢,, ¢, von einander verschieden ausfallen sollten. Es ergiebt 


sich also noch eine weitere, eben fiir den behandelten Fall (a) charakteristische 
Bedingung : 


(14) gy {gi 2T yi} oO Am oh (4 (F4 @)(2F48FG+8. 0%) } 0. 


Ist auch diese Voraussetzung erfiillt, so erhalt man schliesslich durch Einsetzen 
der Function 


(15) 2s pe /4* 


in die Wurzelgréssen / z — e, drei linear-unabhingige Lisungen der gegebenen 
Gleichung. Es ist namlich, wie aus 0 =0, d. h. #” 4+ 247’ = — 2C und 
C + 0 folgt, die aus (15) berechnete Function z nicht constant. Wie dann, 
nach Annahme einer passend gewahlten Constanten e,, die verlangten Particu- 
larlosungen y,, ¥,, ¥, gefunden werden konnen, wurde schon oben gezeigt. 
Aber die in der Formel (15) noch vorkommende Quadratur ist tberfliissig. 


Wir denken uns in dem Integral ff Ads der unteren Grenze einen bestimmten | 
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Werth s, beigelegt, und schreiben gleichzeitig die Constante e, etwas anders : 


S..' Ads 
[Ads = [ Aas, OS ae ee: 
80 


Dann leuchtet ein, dass bei Verschiebung von s, die Functionen 
Grr Ci anc; 3 6, uDd 2 


alle denselben constanten Factor annehmen, so dass yj, v3, y; ganz ungedndert 
bleiben und y,, y,, y, ebenfalls ungeandert bleiben konnen. 

Die gefundenen Formeln enthalten daher, entsprechend dem Umstande, dass 
nach Festlegung der Einheitskugel in dem mehrfach genannten Biischel das 
System der Functionen y{, y>, y; eindeutig bestimmt sein muss, nur einen 
wesentlichen Parameter e}. Insbesondere ergiebt sich, dass man, je nach 
Umstanden, eine der drei Constanten g,:9,, 9,, g, willkurlich vorschreiben und 
so die in (15) vorkommende Exponentialgrosse bestimmen kann. Man hat dazu 
entweder die Gleichung 





a fads _ ay LAC ian: G) Gs 
a) eo“ = — 8754 BFE +80? g,’ 
oder, wenn namlich 


2F3 + 3FG+3C?7=0, g,= 9 
ist, die Gleichung 


(16, 6) el Ads 1 2 |_892 os 





oder endlich, wenn #” + G = 0, g, = 0 ist, die Gleichung 








2 [Ads 3 29. 
(18, 9) ae Nor +8F'G 430 
zu benutzen. 

Der Fall Ia) liegt also dann vor, wenn zu den Bedingungen C# 0, @0= 0, 
H = 0 die Ungleichung (14) tritt. Die Auflisung der gegebenen Gileichung 
erfordert dann lediglich algebraische Operationen. 

Dass von den eingefiihrten Wurzelgrossen keine durch einen rationalen Aus- 
druck ersetzt werden kann, so lange nicht weitere (in unseren Voraussetzungen 
nicht enthaltene) Besonderheiten vorliegen, lasst sich unschwer einsehen. 

Zur Bestimmung des auf der Curve (vy) uberall endlichen Integrals 


(17) w= fds-e/* 


braucht man nach dem Vorgetragenen nur die Differentialgleichung fiir y zu 
kennen, und man erhalt dann diese Function durch Quadratur tber gewisse 
W urzelgrossen. 
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In der vorausgehenden Darlegung haben wir darauf Ricksicht genommen, 
die den Formeln innewohnenden Symmetrie-Kigenschaften hervortreten zu lassen. 
Will man vielmehr auf den Fall reeller Curven und namentlich derer mit 
reellen Ziigen besondere Riicksicht nehmen, so sind einige der getroffenen 
Festsetzungen entsprechend zu andern. 

Etliche der abgeleiteten Formeln lassen sich noch etwas weiter entwickeln, 
wenn man e,= (wv) setzt (v +0, ,, @,, o, modd. 20,, 2,) und dann zu 
S- oder ©-Functionen tibergeht. 


§8. Fortsetzung: Grenzfalle. 


Die Betrachtung der Falle II) und IIc) wird wesentlich erleichtert durch 
die Bemerkung, dass im vorigen § die mit den Formeln (5) einsetzende Entwicke- 
lung grossentheils unabhangig davon ist, ob die Grossen e,, e,, e, von einander 
verschieden sind, oder nicht. Nur bleiben die auf diese Art ermittelten Losungen 
in den Grenzfallen nicht linear-unabhangig. Die fehlenden Losungen aber kann 
man unschwer durch Grenztibergange erhalten. 


Im Faile 11b), der durch die Bedingungen C= 0,0 =0,H =0 und 
Gh 4(#°+ G)?— (24% 4 38FG+43C’)’=0, i?4+G+0 
gekennzeichnet wird, setzen wir e, = e,, und dem entsprechend 


2 
€, = 20, 6, = 9), = 1 eee 


3 


Wir erhalten dann, wenn ¢ aus der Gleichung 


2F(F? + G) 
ALE W Teese Ne” 





1 2 [Ads 
2 =—-=,—-F 
(2) 4 Bn € 
bestimmt wird, fiir ¢ einen nicht constanten Werth (da /’= 0 und auch schon 
i” + 2AF =0, ebenso wie G =0, das Verschwinden von C zur Folge haben 
wurden). Die Ausdrticke 


(3) ($—2)8, (S418, (+1)% 


stellen dann ein System von drei linear-unabhingigen Losungen dar. Dieses 
wird leicht durch ein System y,, y,, y, von der verlangten Form ($7, Nr. 26) 
ersetzt : 

i 1 ; ee, et | il 
Lime P ay ame 1 wei |AVEFT + 5h , 


=raVC—2, no 
a ; Vecd 





r= 4/ Pree | 
hae hic 


Im Falle IIc) treten zu den Bedingungen C$ 0, O=0, H=0O die 





1910] DER ANALYTISCHEN CURVEN IM EUKLIDISCHEN RAUME 215 


Gleichungen . 
fe 4G=0, 2h? 3hG+307=0. 


Diese ziehen aber die Gleichungen © = 0, H =0 nach sich. In der That 
ist jetzt nothwendig /’ += 0, G + 0; man kann daher 


setzen, woraus 
lee) 3 
C 


und 8 =0,H=0 folgt. Die Bedingungen dieses Falles sind also 
(6) C#0, #°4+6¢=0, #?-3C’=0; 


man kann alle hierher gehorigen linearen Differentialgleichungen 3. Ordnung 
mit Hiilfe einer nicht constanten, sonst aber vollig willktrlichen Function 2 (s ) 


bilden. 


Wird, entsprechend den Entwickelungen des vorigen Paragraphen, 


2 presse, und Z=Vz 


gesetzt, so folgt 


(7) Z =eS *4, 
und man erhalt in den Ausdriicken 
(8) Re Dine Fite 


ein System von drei linear-unabhiingigen Losungen der vorgelegten Gleichung. 
Die in (7) vorkommende Quadratur ist nicht zu entbehren, so lange die willkiir- 
liche Function 2(s) nicht specialisiert wird. Ein System von drei Lésungen 
Yrs Yos Ys» die der in §7 aufgestellten Forderung (2c) oder also den Gleichungen 


(9) Ji +(Y+iYs)(H—t¥s)=1, %w(%+ y,)=—-1, 
genigen, ist 

ii i Toya 1 ree ey 
By i 9.7: n=5|2-7-aa}> n=9\2+ z+ ap} 


Man kann aber jetzt die Forderung (9) offenbar auf unendlich viele Weisen 
erfiillen. 


Es hat sich also ergeben : 
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Im Falle 1b) erfordert die Lésung der vorgelegten Gleichung nur alge- 
braische Operationen, im Falle IIc) (héchstens und in der Regel) eine 
Quadratur. 

Wichtiger als diese stets imaginiren Grenzfille sind die der Annahme C =0 
entsprechenden. 

Setzen wir also jetzt voraus, dass C = 0, © = 0, sei— woraus H = 0 folgt 
—so ergiebt die Gleichung C'= 0, dass 


(11) © = 2’, WV = xz’ («—=const., + 0) 
gesetzt werden kann. Es folgt dann 
Asa) Fe Cee ene 


| = Sas ae 
Bes|- =+3(= “y+ tee; 


man kann wieder alle hierher gehorigen Gleichungen mit Hiilfe einer nicht 
identisch verschwindenden, aber sonst willkurlichen Function 2 (s) bilden. 
Sind die Coefficienten A, B gegeben, so sind zwei Falle zu unterscheiden : 


180° C=0, @=0, F#0), 
( 
(186) C=0, F=H0. 


Im ersten Falle kann man der Constanten « einen geeigneten Werth nach 
Belieben beilegen, und dann & bestimmen : 


1 ee eT =. 
Weir aye 


Ein System von drei linear-unabhingigen Losungen, die den hier etwa zu stel- 
lenden Forderungen 


(14a) =| («+0, i, —i). 








(15a) yityze+y3=1, y, =const. (const. +0, 1, —1) 
gentigen, ist gegeben durch die Formeln 
K 1 
= Vows 
a doves ae Vink 008 f 
(16a) 
1 
= see sinh — i de 
Ys Vise il 


Die geometrische Bedeutung dieses Formelsystems und die Unentbehrlich- 
keit der ausgefiibrten Quadratur sind evident. Ftir die zugehdrigen Curven 
C= if} yds hat man 


(17a) wate (x0, ¢, =i); 
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diese Curven sind Schraubenlinien, die auf gewohnlichen unebenen Cylindern 
geodatische Linien sind. ; 
Ist dagegen /’= 0, so folgt e«=+i, und & wird durch Quadratur ermittelt : 


(148) Shei oh 


Man kann dann auf unendlich viele Arten—deren einzelne noch von zwei 
willkiirlichen Parametern abhangt—ein System von Losungen y,, y,, y, her- 
stellen, die den Forderungen 


(150) Wtywty=l, Ywtiy,=1 


gentigen. Man kommt zu derartigen Formeln am schnellsten, wenn man unter 
den auf der Einheitskugel verlaufenden parabolischen Kreisen—die alle zu 
einander schon vermoge automorpher Bewegungen der Hinheitskugel congruent 
sind —einen geeigneten auswahlt, 


A=, y,=1lt+ap’, y=5P": 


und dann die Veranderliche p, die fiir den parabolischen Kreis ein naturlicher 
Parameter ist (A. C., § 5), als eine zu suchende Function von s behandelt. Man 
erhalt 


p=if ds = i fds ees 


s Tie |? 
(160) y= | Eds, n=1—5| {Eds}, Y,=— | {Bal 


Die zugehorigen Schraubenlinien v7 = fF yds entsprechen der Gleichung 
(17d) ed, 


Sie sind also geodatische Linien auf (unebenen) Cylindern mit Minimalgera- 
den als Erzeugenden. 

Die Annahme A = 0 kennzeichnet in beiden Fallen (a), (b) die (unebenen) 
gemeinen Schraubenlinien, die entweder (a) transcendent oder (6) rational, 
sogenannte Lion’sche Curven (dritter Ordnung) sind. 

Es hat sich also ergeben : 

In den durch die Bedingungen (18) gekennzeichneten Fallen Ula) und 
IIIb) verlangt die Integration der vorgelegten Gleichung hochstens eine (a) 
oder zwei (b) Quadraturen. 

Dass diese auch im Falle (6) nicht entbehrlich sind, so lange nicht noch 
weitere Annahmen hinzukommen, ist evident. 

Das in §6 gestellte Problem ist hiermit vollstindig gelost. Damit zugleich 
sind die natiirlichen Gleichungen der regularen Curven hergestellt worden, 
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deren Tangentenindicatrix ein spharischer Kegelschnitt ist; es sind die 
Bedingungen ermittelt, unter denen eine durch ihre natiirlichen G'leichungen 
gegebene Curve dieser Familie angehort, und es ist ferner auch die Integration 
dieser Gleichungen geleistet. 

Leicht lassen sich nunmehr auch, mit gleichartigem Ergebniss, die nattir- 
lichen Gleichungen der reguliren Curven behandeln, deren Haupt- oder 
Binormalenindicatrix ein sparischer Kegelschnitt ist. Wir gehen hierauf nicht 
mehr ein. 


Schlussbemerkungen. 


Die in §6-$8 behandelten linearen Differentialgleichungen gehoren zu 
denen, auf die die von Herrn E. Vessiot begriindete Integrationstheorie Anwen- 
dung findet.* In der That stimmen die von uns ausgeftihrten Operationen der 
Art nach genau iiberein mit denen, die sich bei Anwendung der Grundsiitze des 
genannten Autors ergeben wiirden. Wir haben indessen von dieser schénen 
Theorie mit Absicht keinen Gebrauch gemacht. Einmal wollten wir die an den 
Leser zu stellenden Anforderungen nicht hoher spannen, als eben nothig war. 
Dann aber wird eine moglichst zweckmissige Fiihrung der Rechnungen im con- 
creten Falle durch die allgemeine Theorie noch nicht gewahrleistet. Endlich 
hat Herr Vessiot den Gegenstand gar nicht bertihrt, der im Mittelpunkte unserer 
Untersuchung steht: den Zusammenhang gewisser linearer Differentialglei- 
chungen mit der Theorie der natiirlichen Gleichungen analytischer Curven, und 
die Zuriickfiihrung des einen Integrationsproblems auf das andere. In den hier 
betrachteten besonderen Fallen hat daher unsere elementare Methode den 
reicheren Inhalt. 


Wir erwihnen schliesslich noch, dass der bekannte Zusammenhang der in § 2 
gelegentlich betrachteten linearen Differentialgleichungen 3. Ordnung mit der 
Theorie der linearen Differentialgleichungen 2. Ordnung (R. Gl., § 12) unschwer 
auf die Gleichungen 

y+ 8Ay’ + 8By +Cy=90 
des in § 6-$ 8 betrachteten Typus ausgedehnt werden kann, wenn auch das 
Resultat minder einfach zu sein scheint. 

Nachdem namlich auf die beschriebene Art die Functionen ®, VY und aus 
diesen die Functionen ¢, ~ bestimmt worden sind, kann man die mit o(s), 
T(s) bezeichneten Functionen in die Form 


cS 


Vo 


a 


q 
Il 
| 


5 FE 


2) 


S 


1 


setzen, wo v,, w, und v,, w, passend gewihlte Losungen von je einer der 





* Annales de 1’Ecole Normale Supérieure, ser. III, t. 9 (1892). 
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Gleichungen 
p Vy 


utZuy=9, Uy + Zu, = 0 
sind. (R. Gl., § 10). Wie die Gleichungen (2) in § 4 zeigen, hat man dann 
in den Quotienten 
Vv) Ve Ww, We VY, W, hy Vs w, 
VW, — VW,’ VW, —V,W," UW, — VW, 


drei linear-unabhangige Losungen der vorgelegten Gleichung 3. Ordnung. 
Ob zwischen der Riccati’schen Gleichung 


dQ  iz{1l 9 Oo 
Ost akg lane cee Pa 
zu der die classische Theorie der natiirlichen Gleichungen fiihrt, und den von 
uns benutzten unter einander aquivalenten Gleichungen 
CE Die ee dv : 
ae ee eae 
ds 4 ds" 4 
ein ahnlich-einfacher Zusammenhang stattfindet, wie der, den wir in §2 in 
einem Grenzfall nachgewiesen hatten, das wissen wir nicht zu sagen. 
NeaPEL, 5. Nov. 1909. 





TWO-DIMENSIONAL CHAINS AND THE ASSOCIATED COLLINEATIONS 


IN A COMPLEX PLANE* 
BY; 
JOHN WESLEY YOUNG 


Introduction. 


The recognition of the abstract identity of geometry and analysis, which 
results from the notion of coordinates on the one hand and from the classical 
work of VON StTauDT f on the algebra of throws on the other, and which recent 
work on the foundations of geometry has fully established, has brought with it 
a broader conception of the content of geometry. It has meant not only the 
introduction of imaginary elements and the resulting conception of a complex 
space (of any number of dimensions), but it has also led to the consideration of 
geometries with respect to any number-system (finite or infinite), i. e., of spaces 
the elements of which may be determined by sets of numbers (coordinates) belong- 
ing toa given number-system.{ An important result of the recognition of the 
identity referred to is the emphasis it places on the possibility of using geometric 
or synthetic methods in the solution of analytic problems. It seems likely that the 
fact that such methods have received comparatively little attention hitherto has 
resulted in a loss of power. The present paper, it is hoped, will tend to sub- 
stantiate this assertion. 

We are here concerned with certain fundamental problems in the projective 
geometry on a complex plane, i. e., a plane the points of which are deter- 
mined by sets of homogeneous coordinates (x,, x,, #,), where the », are any 
ordinary complex numbers. not all zero. ‘Though the investigation is essen- 
tially geometric and the results are susceptible of immediate application to 
problems of importance in geometry, these results are of even greater interest 
in the theory of functions of two complex variables. 

To make this clear we shall glance briefly at the corresponding problems on 
a complex line, the results of which are well-known in the theory of functions 





* Presented to the Society, April 25, 1908, under a slightly different title. 

T VON STAUDT, Beitrdge zur Geometrie der Lage, Nurnberg, 1856-60, Heft 2, p. 261. 

{Cf., e. g., 22 of the paper by Professor VEBLEN and myself cited below ; and for the finite 
cases, O. VEBLEN and W. H. BussEy, Finite projective geometries, Transactions of the 
American Mathematical Society, vol. 7 (1906), pp. 241-59. 
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of one complex variable and which I have recently considered from the point of 
view of projective geometry.* The notion of a dinear (or one-dimensional) 
chain on a complex line was introduced by von STaupT} in connection with 
his introduction of imaginary elements into geometry and has since been 
made fundamental in recent work on the foundations of geometry.t Such 
a chain may be defined as any class of points on a line which is projective 
with the class of real points on a line. There is on a line one and only 
one chain containing any three distinct points of the line.§ The place of this 
notion in the theory of functions of a complex variable becomes apparent, if we 
adopt the usual representation of complex numbers (i. e., of the points of our 
line) by the real points of a plane or sphere. ‘The chains on the line are then 
represented by the real circles (and straight lines) of the plane or sphere, and the 
study of the projectivities on the line (i. e., of the linear fractional transforma- 
tions on the complex variable) with reference to their behavior toward the chains 
on the line is fundamental in the projective geometry on the line as well as in 
the theory of functions. This study leads to the classification of the projec- 
tivities into hyperbolic, elliptic, parabolic and loxodromic and to the well- 
known systems of chains (circles) associated with the first three of these types 
of projectivities. 

In the present paper we are concerned with the corresponding problems in 
the plane. Here the notion of a planar (or two-dimensional) chain is funda- 
mental. A planar chain may be conveniently described as any class of points 
and lines in the plane which may be obtained from the class of real points and 
lines by a projective collineation. A planar chain is then a two-dimensional 
spread of points and lines within the four-dimensional spread of all points and 
lines in our complex plane.||_ It follows readily from the description given that 
there is one and only one planar chain through any four points of the plane, no 
three of which are collinear.{{ The notion of a planar chain was first introduced 





* J. W. YounNG, The geometry of chains on a complex line, Annals of Mathematics, series 2, 
vol. 11 (1909), No. 1, pp. 33-48. This paper is referred to in the sequel by the letter A. 

t+ Von STauptT, loc. cit., p. 137. 

{Cf Prer1, Nuovi principii di geometria projettiva complessa, Memorie della R. Accal- 
demia delle Scienze di Torino, series II, vol. 45 (1905), pp. 189-235, in which the chain is 
chosen as one of the primitive notions ; also O. VEBLEN and J. W. YOUNG, A set of assumptions 
for projective geometry, American Journal of Mathematics, vol. 30 (1908), pp. 347-380, 
where the chain is defined in terms of order and continuity relations. 

§ The coérdinate system on a line is determined as soon as 0, 1, 00 are assigned to three distinct 
points of the line, which are entirely arbitrary. The chain determined by the three points is 
then simply the class of all points on the line that have real codrdinates. 

|| In this paper we use the word ‘‘dimension’’ throughout in the sense of real dimension, i. e., 
a spread of n dimensions is one whose elements may be made to depend on n independent real 
parameters. The plane is, of course, a spread of two complex dimensions, but we shall not use 
the word here in this sense. 

{ We may indeed establish a codrdinate system in the plane by choosing any three points 
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by JuEL and SEGRE* in connection with their study of anti-projective transfor- 
mations. + These planar chains are of value in those problems in the plane in 
which the distinction is maintained between real and imaginary elements. The 
projective point of view, however, emphasizes the fact that this distinction is 
relative, since any planar chain may be taken as the real planar chain; the 
points and lines not belonging to this chain are then “imaginary ”’ with reference 
to the points and lines of the chain. 

In § 1 below we define a planar chain geometrically in terms of the notion of 
a linear chain and derive certain properties of these chains which are needed in 
the later developments. In § 2 we determine necessary and sufficient conditions 
that a collineation in the plane leave a planar chain invariant ; this is equivalent 
to the determination of the conditions that a collineation may be represented 
(transformed into one) with real coefficients. We are thus led to certain char- 
acteristic systems of planar chains which form a generalization of the sys- 
tems of circles referred to above. In the Conclusion these systems are briefly 
considered and reference is made to certain immediate applications of the 
results obtained. Here also is outlined the important problem of the order rela- 
tions in a complex plane, to which I expect to return on a future occasion. 


$1. Definition and fundamental properties of planar chains. 


We assume the theorems of alignment in the ordinary complex projective 
geometry of the plane. All points and lines considered are coplanar. We 
assume further the notion and fundamental properties of (linear) chains on a 
line. We then define a planar chain as follows : 





(which are not collinear) as the vertices of the triangle of reference and assigning to any fourth 
point which is not on a side of this triangle the codrdinates (1, 1,1). The planar chain deter- 
mined by these four points then consists of all points aud lines the ratios of whose codrdinates 
are real numbers. 

* JuEL, Uber einige Grundgebilde der projectiven Geometrie, Acta Mathematica, vol. 14 
(1890), pp. 1-30; SEGRE, Un nuovo campo di ricerche geometriche, Atti della R. Accademia 
delle Scienze di Torino, vol. 25 (1890), pp. 276-301, 430-457 ; vol. 26 (1890), pp. 35-71, 
592-612. Though closely related in subject matter, the present paper has little direct contact 
with either of the two papers cited. 

{+ The term ‘‘anti-projective’’ is due to SEGRE and seems to have been generally adopted. 
JUEL calls the anti-projective transformations in the plane ‘‘Symmetralititen.’’ He describesa 
planar chain in his introduction substantially as we havedescribed it above (though in his descrip- 
tion the planar chain consists of a class of points only). SEGRE on the other hand obtains them 
as the class of invariant elements of certain anti-projective transformations. It may be noted in 
passing that the property of a planar chain to the effect that the point of intersection of two lines 
joining two pairs of points of the chain is a point of the chain, which JUEL apparently takes as 
his definition of a planar chain (loc. cit., p. 3) is not sufficient to characterize it. The property 
is characteristic of any planar field, i. e., of any set of points and lines in a plane whose coordi- 
nates are numbers of a given field. The notion of a general field in a geometry of any number 
of dimensions I defined in a paper presented to the Society (Chicago section), January 2, 1909. 

+Our developments are subject, e. g., to Assumptions 4, H, H, C and I of the paper by 
Professor VEBLEN and myself quoted above. 
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DeriniTIon. Given two linear chains ©,, ©,, on distinct lines and having 
a point O in common, a point is said to be linearly related to ©,, ©,, if it is the 
intersection of two lines, each of which joins a point of ©, to a distinct point of 
©,. <A line is said to be linearly related to ©,, ©,, if it joins two points lin- 
early related to ©,, ©,. The class of all points and lines linearly related to 
€,, ©, is called the two dimensional chain or the planar chain determined by 
G,, &,. 

If a scale * be established on the line of ©, by choosing the point O as 0 and 
any other two distinct points of ©, as 1 and oo respectively, the points of ©, 
correspond to the set of all ordinary real numbers (and oo) and only these. If 
then a scale be established in a similar manner on the line of ©,, the coordinate 
system in the plane determined by these two scales will assign to every point (or 
line) of the planar chain ©’ determined by ©,, ©, a set of real coordinates ; 
and, conversely, to every set of real coordinates will correspond a point (or line) 
of ©. Since a projective collineation in the plane is equivalent to a change in 
the system of coordinates, this justifies the analytic definition suggested in the 
introduction : 

Any class of points and lines which can be obtained from the real points 
and lines of the plane by a projective collineation is a planar chain. 

Since a projective transformation transforms linear chains into linear chains, 
it follows at once from the definition given above (and also from the analytic 
characterization just obtained), that 

I. Any class of points and lines of a plane which is projective with a 
planar chain is a planar chain. t 

The following fundamental internal properties of a planar chain ©? may be 
deduced readily (they are simply properties of the points and lines of a real 
projective plane): 

II. There is one and only one planar chain containing four points (lines) 
of a plane no three of which are collinear (concurrent). 

Ill. Any two lines of a planar chain meet in a point of the chain. 

IV. Any line of a planar chain has the points of a linear chain in common 
with the planar chain, and only these. 

We should note also the principle of duality in a planar chain, where the 
elements “ point’ and “linear chain” are dual elements. 

The following external properties are of fundamental importance : 

VI. Hvery line of the plane which is not a line of a planar chain ©? in the 
plane has one and only one point in common with ©’. 

This theorem is most readily proved analytically. Let a system of homo- 


* VEBLEN and YOUNG, loc. cit., 32, p. 353. 

{In this theorem the projective transformation may be either a collineation or a reciprocity. 
The theorem is still true, moreover, if the transformation in question is anti-projective (cf. SEGRE, 
Un nuovo campo etc., loc. cit. ). 
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geneous coordinates be established in such a way that the points of ©? correspond 
to real ratios x,:%,:«, of the coordinates. The equation of any line in the 
plane which is not a Hne of @ is then u,x, + u,”, + u,@, = 9, where the ratios 
w,:u,:u, are not all real. Placing w,= w, + iw; (j= 1, 2, 35 w,, w; real) the 
equations 


/ 4 / hen ”t ” 
U0, + U0, + U0, = 0, U,%, +U,e, +u,e,= 0, 


’ 


determine a real point w,:«,:«@, of the line. The line cannot have more than 
one point in common with ©’, for otherwise it would be a line of @’. 

The argument dual to this gives at once: 

VIL. Through every point of the plane which is not a point of a planar 
chain ©? in the plane passes one and only one line of ©’. 

These theorems lead at once to the notion of pairs of points (lines) inverse or 
conjugate with respect to a planar chain. Let P be any point not on a given 
planar chain © and let 7 be the line of ©’ through P (VII). This line 7 has 
a linear chain in common with ©’ (IV); the point P which is the inverse of P 
with respect to this linear chain is called the inverse or conjugate of P with 
respect to the planar chain @?; P, P form a pair of conjugate points with 
respect to G@’. The latter phrase is justified by the evident fact that either of 
two such points is the conjugate of the other. Analytically two conjugate points 
with respect to the planar chain all of whose elements have real coordinates are 
determined by coordinates of which one set consists of the conjugate complex 
numbers of those forming the other set. Every point of a planar chain @? is, 
by definition, its own conjugate with respect to @’.* 

The process dual to the one described gives rise to the notion of pairs of con- 
jugate lines with respect to a planar chain. It follows further that the line 
joining two points conjugate with respect to a planar chain © is a line of 
©; and the point of intersection of two lines conjugate with respect to ©’ is a 
point of ©’. It is then at once evident analytically that 

VIL The line joining two points A, B is conjugate with respect to a 
planar chain with the line joining the two points A, B which are conjugate 
with A, B respectively ; and every point on a line l is conjugate with a point 
on the line conjugate with l. 

Theorems I—VIII just given are sufficient to derive the fundamental properties 
of the geometry of chainsina plane. In preparation for the application of these 
properties to the classification of collineations in the plane with reference to their 
behavior toward the planar chains of the plane and the derivation of the result- 
ing characteristic systems of planar chains, we call attention to a few general 
results of importance. 





*The transformation obtained by replacing each point of the plane by its conjugate with 
respect to a planar chain (wherein the points of the planar chain are self-conjugate) is called by 
SEGRE (loc. cit.) an antinvolution with double elements. Cf. the footnote, p. 282. 
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We note first, that a triangle in the plane determines an infinite system of 
chains containing the vertices and sides of this triangle ; there is, in fact, through 
every point of the plane which is not on a side of the triangle one and only one 
chain of this system, and one and only one through every line which does not 
meet one of the vertices (II). In general, two planar chains of this system have 
only the vertices and sides of the triangle in common; certain pairs of chains, 
however, have more than these elements in common, as the following considera- 
tions will show. A linear chain © of points and a point not on © determine an 
infinite system of planar chains each of which contains P and the points of ©; 
viz., there is one such chain through any point (distinct from P and not in ©) 
of a line joining P to any point of ©. For there are thus determined two linear 
chains (© and one on the line through P and containing ?) which determine a 
planar chain (Definition). Z'wo distinct planar chains, however, can not have 
more points in common than a linear chain © of points and a point P not on 
©. For, let @ be another common point ; there exist then under the hypothesis 
two points A, 6 of © such that no three of the points A, B, P, Q are collinear. 
Hence, the two planar chains would coincide (II).* In other words two planar 
chains which have the points of a linear chain and two other points in common 
coincide. 

It should be noted, however, that a linear chain of points and two points not 
on this chain do not in general determine a planar chain in which they lie. 
They will determine a planar chain only if the line joining the two points meets 
the linear chain in question (IV). 

Another important system of chains is determined as follows: 

DeriniTion. Any planar chain is said to be about two points B, C, if 
B, Care conjugate points with respect to the planar chain. 

Now let A, B, C be the vertices of a triangle. The class of all planar 
chains through A and about B, Cis the system in question. There is one and 
only one chain of this system through any point not on a side of the triangle 
ABC. For, let P be such a point; the line AP meets the line BC in a 
point Q. Let © be the linear chain through @ and about B, C. The chain 
€ and the two points P, A determine a unique planar chain with the specified 
property. Two chains of this system have in general only the point A and the 
line BC in common; certain pairs of these chains have, however, also a linear 
chain of points on BC and a linear chain of lines through A in common. 





* Two distinct chains through the points of a linear chain Cand a point P not on C have also 
a linear chain of lines through P in common (the linear chains of points on these lines are, of 
course, different for the two planar chains). 
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§ 2. Collineations with invariant planar chains. 


We now seek necessary and sufficient conditions that a collineation in the 
plane leave a planar chain invariant.* Suppose 7 is a collineation leaving a 
planar chain G’ invariant, and let a system of homogeneous coordinates be 
determined so that the elements of © are determined by real ratios of the coor- 
dinates. It is then clear that a necessary and sufficient condition that 7 
leave ©” invariant is that when 7 is represented analytically by equations 


w, = Lax, (i, j=1, 2, 8), 


the coefficients @,, shall be real numbers (or at least that they may be rendered 
real by multiplication with a suitably chosen factor of proportionality). We 
seek, however, a simpler and geometric condition. The five well-known types of 
collineations in the plane will be treated successively. 

Type I. Three (and only three) double points. I the collineation be repre- 
sented analytically as described above, the characteristic equation will have real 
coefficients and three distinct roots. There are then two cases to consider : 

h) The roots of the characteristic equation are all real ; 

e) One of the roots is real and the other two conjugate complex. 

Type Ih. If the roots of the characteristic equation are all real the double 
points are all real. In other words, any invariant planar chain ©? contains all 
three double points, 4, B,C. Each of the sides of the triangle ABC then 
has a linear chain in common with ©’ (IV) and, since these lines are invariant, 
these linear chains are invariant under the projectivities on the invariant lines. 
Since these linear chains contain the (distinct) double points of the projectivities 
mentioned, the projectivities on the sides of the invariant triangle must all be 
hyperbolic.t_ This necessary condition is also sufficient. For let 7 be any 
collineation of Type I such that the projectivities on two sides AB and BC of 
the invariant triangle are hyperbolic, and let ©’ be any planar chain through 
A, B,C. The linear chains €,, ©, on AB, BC respectively are then 
invariant, since a hyperbolic projectivity on a line leaves every chain through 
the double points invariant (A, Theorem 14). Since © is determined by 
C,, ©,, it follows that ©’ is invariant. That the linear chain of ©’ on CA is 
likewise invariant then follows almost immediately. Hence, 





* That such collineations exist is obvious. Let A, B, C, D be the vertices of any quadrangle, 
and let ©@* be the planar chain determined by A, B, C, D. Let A’, B’, C’, D’ be any other 
four points of ©? no three of which are collinear. The collineation determined by the homo- 
logous pairs A, A’; B, B’; OC, C’; D, D’ then clearly leaves G? invariant, since it transforms ©? 
into the planar chain determined by A’, B’, C’, D’, which is identical with ©? (II). 

t These two cases are also readily obtained by a purely synthetic argument. Cf. footnote 
on next page. 

t In accordance with the definition given in A, p. 42, the involutions are to be considered as 
both hyperbolic and elliptic. 


1910] AND THEIR ASSOCIATED COLLINEATIONS 287 


THeorEM 1. A necessary and sufficient condition that a collineation of 
Type I leave a planar chain through the double points invariant is that the 
projectivities on two sides of the invariant triangle be hyperbolic. The pro- 
jectivity on the third side is then likewise hyperbolic, and the collineation 
leaves every planar chain through the double points invariant. 

A collineation satisfying the conditions of this theorem we will call hyperbolic 
of Type I, or of Type Lh. 

Moreover, a hyperbolic collineation of Type I leaves invariant no other 
planar chains than those mentioned in the theorem. For, if A is a double 
point, there is at least one line through A which meets a given invariant planar 
chain in a linear chain ©, (VIL). If this linear chain is invariant, A must be 
a point of C’, and hence of the planar chain, since the projectivity in this chain 
is hyperbolic. If ©, is not invariant, it is transformed into another linear chain 
of the invariant planar chain, and the lines of these two linear chains determine 
A as a point of the invariant planar chain. Hence, 

THEOREM 2. The system of invariant planar chains of a hyperbolic col- 
lineation of Type I consists of all the planar chains through the double points 
and only these. There is one chain of the system, and only one, through every 
point of the plane which is not on a side of the invariant triangle. 

Type Ie. If one of the roots of the characteristic equation is real and the 
other two are conjugate complex, any invariant planar chain ©? contains one 
double point, say A, and the other two double points B, Care conjugate with 
respect to the planar chain.* The line BC is then a line of the planar chain (it 
also contains one invariant line, therefore; so that the invariant figure is self- 
dual within the planar chain) and has an invariant linear chain ©, in common 
with the invariant planar chain (IV). Since ©, does not contain the double 
points of the projectivity on BC, this projectivity must be elliptic. 

This condition is not, however, sufficient. A necessary and sufficient con- 
dition is readily obtained by considering the projectivities on the two conjugate 
lines AB and AC. If P is any point of ©’ not on a side of the invariant tri- 
angle, and the line PC meets AB in a point M, the line PB meets AC ina 
point VV which is the conjugate of JZ with respect to ©’; for the line conjugate 
with JZC passes through B (the conjugate of C) and P, and must contain the 
conjugate of MZ which is on AC’ (VIII). Let P’ be the point homologous with 
P and let the points JZ’, V’ on AB, AC be constructed. If © is invariant, 

* That any invariant planar chain of a collineation of Type I either passes through all the 
double points or passes through one and about the other two may be seen synthetically as follows. 
Suppose an invariant planar chain ©? does not contain the double point B. Through B passes a 
line 7 of ©. The line 7 must then be invariant; for otherwise B would be the intersection of 
two lines of ©? and would hence be a point of ©*. The invariant linear chain of / is therefore 
about the two double points B and C (say) onl. No other line of ©? can pass through B or C. 


Through the third double point 4A, however, passes a line of ©’, and since (as just noted) this 
line cannot be invariant, A is a point of @’. 
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the projectivities on AB and AC must then be so related that if a pair of 
points are homologous under the projectivity on AB, their conjugates with 
respect to ©? must be homologous under the projectivity on AC’. Two pro- 
jectivities which are related in this way with respect to a planar chain we will 
call conjugate. A necessary condition that ©? be invariant under a collineation 
with double points A, B, Cis then that the projectivities on AB and AC be 
conjugate with’ respect to ©. But this condition is at once seen to be also 
sufficient. Hence, 

THEOREM 38. A necessary and sufficient condition that a collineation of 
Type I leave a planar chain through one double point A and about the other 
two B, C invariant is that the projectivities on the two conjugate invariant 
lines be conjugate. The projectivity on the third side of the invariant triangle 
is then elliptic. The collineation leaves every planar chain through A and 
about B, C invariant.* 

A collineation satisfying the condition of Theorem 38 we will call elliptic of 
Type I or of Type Ie. The double points on the side of the invariant triangle 
on which the projectivity is elliptic we will call the conjugate double points. 
We then have: 

THeoreM 4. The system of invariant planar chains of an elliptic colline- 
ation of Type I consists of all the planar chains about the conjugate double 
points and through the remaining double point, and only these. There is one 
and only one chain of this system through every point which lies in the plane 
but not on a side of the invariant triangle. 

Type II. Zwo and only two double points. The invariant figure consists 
of two points A, B, the line 7 = AB, anda line /’ through A. The collineation 
is completely determined by the projectivity on the line Z and the parabolic pro- 
jectivity on U’. We note first that the characteristic equation of any collineation 
of this type has a double root, and that hence all the roots of this equation must 
be real. It then follows at once that every invariant planar chain of such a 
collineation must contain the two points A and B and a linear chain of U.+ 

Let © be any invariant planar chain. The linear chain of © on AB is 





3 fr. . - ; - through t ] i 
* The theorem that if a collineation of Type I leaves one planar chain tnrough eae oe Bid 


. . . - through A, B, C - . 
about the other double points B, ¢ tnvartant, it leaves every chain through A'and about B, 0 invariant, may also 
be proved directly as follows: Let 7 be the given collineation and @? a planar chain which it 
leaves invariant. Let P be any point of ©? which is not on aside of the invariant triangle of 
7 and let ?, be any other point in the plane not on a side of this invariant triangle. Let 7, be 
the collineation which has the same invariant triangle as 7 and which transforms Pinto P,. 7, 
then clearly transforms ©? into a planar chain @{ through P,. Moreover, if ©? contains the 
double points 4, B, Cof 7, soalso will ©?; and if ©? is through A and about B, C, so also is 
© ?. Now the transformation 7,77j;1 clearly leaves ©? invariant. But since 7, 7, have the 
same invariant triangle, they are commutative and we have 7,77j1=7; i. e., 7 leaves ©? 
invariant. 

+ This result, as well as the corresponding one under Type III below, may also be established 
readily by a purely synthetic argument. 
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invariant under the projectivity on AB; hence this projectivity must be hyper- 
bolic. Now let P be any point not on 7 or 7’. We show that one and only one 
invariant planar chain of the collineation contains P. Let the line BP meet /' in 
a point @ and let @’ be the point homologous with Q under the parabolic projec- 
tivity on 7’, Any invariant planar chain through P must contain Q (III) and 
hence @. The points P, B, Q’, A determine uniquely a planar chain ; hence, 
there is no more than one invariant planar chain through P. That the planar 
chain thus determined is indeed invariant follows from the fact that it is 
uniquely determined by its two linear chains on the line 7 = AB and I’ (Def.) 
and each of these linear chains is invariant; the one on 7 because it contains 
the two double points of a hyperbolic projectivity (A, Theorem 14), the one on 
U because it contains the double point and one pair of homologous points of a 
parabolic projectivity (4, Theorem 15). We have then the following: 

THEOREM 5. A necessary and sufficient condition that a collineation of 
Type II leave a planar chain invariant is that the projectivity on one of the 
invariant lines be hyperbolic. The collineation then leaves every planar chain 
through the point B and an invariant linear chain on U invariant. 

THEOREM 6. The system of invariant planar chains is determined by the 
point B and the system of invariant chains of the parabolic projectivity on U’. 
There is one and only one chain of this system through any point not on 1 or U’. 

A collineation of Type II satisfying the condition of Theorem 5 may be called 
hyperbolic of Type IT or of Type IIh. 

Type III. One and only one double point. The invariant figure consists of 
a point A and a line / through A. The collineation is completely determined 
when the parabolic projectivity (with double point A) on 7 and one pair of 
homologous points (not on 7) are given. As before, by reference to the charac- 
teristic equation which in this case has a triple root, we see that every invariant 
planar chain of such a collineation must contain A and a linear chain on J. 
Now let P, P’ (not on 7) be any pair of points homologous under the collinea- 
tion in question. The line PP’ then meets / in a point @ distinct from A. 
Let @ be the point homologous with @. Let ©’ be the planar chain deter- 
mined by the linear chain © through A, @, QY’ and the points P,P’. We 
show that ©? is invariant under the collineation. We note first that the chain 
© is invariant (A, Theorem 15). Similarly, the linear chain of lines at A deter- 
mined by the lines 7, AP, AP’ is invariant, since it contains the double line and 
a pair of homologous lines of the parabolic projectivity in the pencil of lines at 
A. The line A?’ is therefore transformed by the collineation into a line AM 
where J is a point of © (III). The point P” which is homologous with P’ is 
now determined as the intersection of the lines P’Q’, A, and is therefore a 
point of @ (III). Hence © is invariant. Clearly also ©’ is the only invariant 
planar chain through P. We have then 
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THeorEM 6. Every collineation of Type IIT leaves invariant one and only 
one planar chain through each point not onl. Every invariant planar chain 
contains an invariant linear chain of the parabolic projectivity on the double 
line; through every invariant linear chain of this parabolic projectivity there 
pass an infinite number of invariant planar chains of the collineation. 

A collineation of Type III may conveniently be called a parabolic collineation. 

Type IV. A point O and every point of aline 1 not through O is invariant. 
A collineation of this type is called a homology, the point O and the line 7 being 
the center and awis respectively of the homology. A homology is completely 
determined when the center, axis, and one pair of homologous points (collinear 
with Q) are given. Any invariant planar chain of a homology contains O and 
a linear chain on 7. For let P, P’ and Q, Q' be any two pairs of homologous 
points on any invariant planar chain (P, P’, @ not collinear). The lines 
PP’, QQ meet in O which is therefore a point of the planar chain (III). The 
dual argument shows similarly that 7 contains two points and hence a linear 
chain of any invariant planar chain. Let © be any planar chain through O 
and a linear chain © on 7. Any line joining O toa point of © has a linear chain 
in common with ©, and this linear chain must be invariant if ©? is invariant. 
Hence, if a homology leaves a planar chain invariant, the projectivities along 
the invariant lines through O are hyperbolic. This necessary condition is also 
clearly sufficient, since the projectivities on all lines through O are hyperbolic, if 
one is, and a hyperbolic projectivity leaves every linear chain through its double 
points invariant. We have then 

THEOREM 7. A necessary and sufficient condition that a homology leave a 
planar chain invariant is that the projectivity on an invariant line through the 
center be hyperbolic. If this condition is satisfied, the homology leaves every 
planar chain through the center and any linear chain on the axis invariant. 

A homology satisfying the condition of this theorem we call a hyperbolic 
homology or a collineation of Type IVh. 

THEOREM 8. The system of invariant chains of a hyperbolic homology 
consists of all planar chains through the center and any linear chain on the axis, 
and of these only. Through any point not on the axis and distinct from the 
center there pass an infinite number of chains of this system. Through any 
two such points not collinear with the center passes one and only one chain of 
this system.* 





*On every line through O there is a projectivity which has the center O and a point on the 
axis / for double points. It is well known, moreover, that any two projectivities on such lines 
are equivalent, i. e., can be transformed into each other (or have the same characteristic cross 
ratio). We may therefore classify homologies with reference to these projectivities into hyper- 
bolic, elliptic, and loxodromic. The hyperbolic homologies alone leave a planar chain invariant. 
The elliptic homologies, however, leave invariant every linear chain about the double points on 
any line through A. The loxodromic homologies leave no planar chain invariant and no linear 
chain on any line except/. The elliptic and loxodromic projectivities leave invariant, however, 
every system of planar chains through A and a linear chain on 1. 
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Type V. All points of a line 1 and all lines through a point O on 1 are in- 
variant. A collineation of this type is called an elation, the line J and point O 
being the axis and center respectively. An elation is completely determined 
when the center, axis, and one pair of homologous points are given. If P, 
P’ and Q, @ are any two pairs of homologous points (not all collinear), 
the lines PP’ and QQ meet in O and the lines PQ and P’ Q’ meet in a point 
of 7. It follows at once that any invariant planar chain must contain O and a 
linear chain on 7 (III). The construction for the elation shows also at once that 
every planar chain containing a pair of homologous points and a linear chain on 
1 through O is invariant. We have then 

THEOREM 9. Livery elation leaves invariant every planar chain containing 
a pair of homologous points and a linear chain on the axis and through the 
center ; and only these. Through any point not on the axis pass an infinite 
number of invariant planar chains ; through two such points not collinear 
with the center passes one and only one. 

We note finally the following theorem which is an immediate consequence of 
the results of the preceding discussion : 

THEOREM 10. Jf a collineation leaves invariant more than one planar chain 
through a point whichis not on a double line it is a perspective collineation, 
i. €., either a homology or an elation. 


§ 8. Conclusion. 


Our discussion has led to the definition of six fundamental systems of planar 
chains in the plane, which form a natural generalization of the three well-known 
systems of linear chains on a line; i. e., of the three systems of circles (in the 
Argand representation of a complex variable) associated with the hyperbolic, 
elliptic, and parabolic transformations (linear fractional) on one complex variable. 
Each of the first four of these six systems, i. e., those associated with a hyper- 
bolic collineation of Type I, an elliptic collineation of Type I, a hyperbolic col- 
lineation of Type II, or a parabolic collineation (Type III), consists of o07* 
planar chains, one and only one through each point which is not a double point 
nor on a double line. Each of the last two systems, i. e., those associated with 
a hyperbolic homology or an elation, consists of oo* planar chains, one and only 
one passing through two points neither of which is a double point and both of 
which are not on the same invariant line. In view of their importance, we shall 
describe these systems independently of the collineations by means of which 
they were obtained. They are as follows: 

System Ih. Such a system is defined by any three points which are not col- 
linear, and consists of ali the planar chains through these points. Associated 





* By oo? is meant that the system may be made to depend on two independent real parameters ; 
similarly for the oo/ in the next sentence, and similar expressions following. 
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with any such system is a two-parameter group of hyperbolic collineations hay- 
ing the three points as double points, each collineation of which leaves every 
chain of the system invariant. 

System Ie. Three such systems are defined by any three points which are 
not collinear; each of these systems consists of all the chains through one of 
the points and about the other two. Associated with any system of this type is 
a two-parameter group of elliptic collineations having the three points as double 
points; each collineation of the group leaves every chain of the associated system 
invariant. 

System II. Such a system consists of all the planar chains through two 
given points A, B and meeting a given line 7’ through A in a system of linear 
chains all mutually tangent at A. Associated with any such system is a two- 
parameter group of hyperbolic collineations, each collineation of which leaves 
every chain of the system invariant. 

System III. Such a system meets a given line in a system of linear chains 
all mutually tangent at a given point A of the line, and meets the pencil of lines 
at A in a system of linear chains (of lines) all mutually tangent at the given 
line. Associated with any such system is a three-parameter group of parabolic 
collineations, each collineation of which leaves every chain of the system 
invariant. 

System IV. Such a system consists of all the planar chains through a given 
line and a given point not on that line. Associated with any such system is a 
one-parameter group of hyperbolic homologies, each homology of which leaves 
every chain of the system invariant. 

System V. Such a system consists of all the planar chains through a given line 
and through a given point not on that line. Associated with any such system 
is a one-parameter group of elations, each elation of which leaves every chain of 
the system invariant. . 

The results of this paper may be applied at once to the enumeration and geo- 
metric definition of al/ the continuous groups of collineations in the plane which 
leave a planar chain invariant. This is equivalent to the enumeration of all 
continuous groups of collineations in the plane which can be represented with 
real coefficients. No complete list of the groups of real collineations in a plane, 
in which the groups are characterized geometrically or in which the finite equa- 
tions of the collineations are given, has ever been published, so far as the writer 
is aware.* The enumeration in both of these forms by the methods developed 
above is very simple, and offers a good example of a problem apparently analytic 
which yields readily to synthetic treatment.+ 





* Lig has given the infinitesimal equations of these groups. Cf. LiE-ENGEL, Theorie der 
Transformationgruppen, Leipzig (1893), vol. 2, pp. 78-109 and pp. 380-384. 

{ The results of this enumeration were presented by the writer to the Society September 11, 
1908, and will be published in the near future. 
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We close with a word regarding the relation of our developments to the theory 
of functions of two complex variables. In the theory of functions of one com- 
plex variable the circles in the Argand plane owe their importance in part to the 
fact that the necessary and sufficient condition that a linear fractional transfor- 
mation on the variable may be transformed into one with real coefficients is that 
it leave a circle invariant. In all analogous problems in the theory of functions 
of two complex variables the planar chains will play a role similar to that of the 
circles (linear chains) in the one-dimensional case. On the other hand, the circles 
owe their importance in the theory of functions of one complex variable also in 
part to the fact that they divide the points of the Argand plane into two regions. 
This aspect of the linear chain does not find its generalization in the planar 
chain, since a two-dimensional spread of points can not divide the four-dimen- 
sional spread of points in the complex plane into two regions. The generaliza- 
tion here in question may be found by combining a system of oo’ planar chains 
(or a system of oo” linear chains) into a spread of three dimensions with the 
desired property. A three-dimensional spread of points dividing the complex 
plane into two regions is obtained very simply, moreover, as the class of all the 
points on the lines of a linear chain of lines. To this aspect of the problem and 
in general to the question of the order relations in a complex plane, I shall return 
on a future occasion. To this problem the present paper forms a preliminary 
investigation. 


THE UNIVERSITY OF ILLINOIS. 





GROUPS OF RATIONAL TRANSFORMATIONS IN A GENERAL FIELD* 


BY 


LEWIS IRVING NEIKIRK 


Introduction. 


Groups of linear transformations of a single variable of both finite and infinite 
orders are well known, but the only known examples of non-linear rational trans- 
formation groups in one variable are those given by the following writers: 
Hermite, Bertt, and others have investigated special quantics, known as substi- 
tution quantics, with coefficients taken with respect to a prime modulus (p), 
which define substitutions on a set of residues (mod p) and generate finite groups 
(mod p). Substitution quanties with coefficients in a Galois field have been in- 
vestigated by Dickson in his dissertation,+ where the reader will find a complete 
bibliography of the subject. 

The object of this paper is to find all non-linear groups of rational transfor- 
mations of a single variable. It is proved in § 1 that these groups of transfor- 
mations define substitution groups on the roots of an equation f(x) = 0. They 
are a two-fold generalization of substitution quantics and form finite groups 
(mod f(a)). Section 2 is devoted to finding these transformations and section 
3 to the conditions for the existence of such transformations in a general field 
f’. The other articles apply and extend these results. 


§1. General developments. 
Consider a group G' of rational integral transformations 
7, = [2+ $,(#)], 
JEM 


$,(@) = DDE ram, (a+ 0), 
4q=0 


where the coefficients «,, are elements of a general field /” and the quantity x 
belongs to a set X, in a field #”’ containing /’. It is assumed that at least one 
m, exceeds unity, so that the group is not linear. 





* Presented to the Society (Chicago), April and December, 1909. 
{+ L. E. Dickson, The analytical representation of substitutions on a power of a prime number of letters, 
etc., Annals of Mathematics, ser. 1., vol. 11 (1896), pp. 65-120, 161-183. 
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Tete, 4.) =e» Chen 
(a) A, = X',, for every 7. 


a 


(0) X, = X, = X, for every i and 7’. 


(a) Since 7% is in G, X% is a subset of X,, and since 77" is in G, X, isa 
subset of X’. Therefore X, = X’. 

(0) X, must be a subset of XY, since 7',7, is in G, and X, must be a subset 
of X, since 7,7, isin G. Therefore X,= X, = X. 


Since 7, of degree m, > 1, has an inverse in G, let T7'= T,. Then 
TD, = [wie] =[0: 6, $)(#)}, 
whence 


(1) $;{ (2%) } Saree 
so that @ satisfies an equation of degree m,m, > 1, the leading coefficient being 
Ain Xo ai 0. 
Therefore the elements of the set X are roots of an equation rational in F’. 
Let X =(«a,, x, %, ---,«@,) be a set whose elements are the roots of an 
equation, 


f(2) = daz" =0, 
¥=0 


with the coefficients in / and having no double root. 
All the transformations reduce (mod f(a )) to degree n — 1 or less.+ 
Let 7, change X according to the scheme 


© Lo H, 
i, Wig i, 


If any root is repeated in the lower line, 7, will not have an inverse in the 
group G. Therefore the lower line is a permutation of the upper line and 7, 
defines a substitution on the roots of f(«)=0. Hence we have proved 

THEOREM I. The only non-linear groups of rational integral transforma- 
tions on one variable are finite groups taken modulo f(x) which define sub- 
stitution groups on the roots of the equation f(x) = 0.4 


§ 2. Determination of the transformation corresponding to a given 
substitution. § 


Given a substitution on the roots of f(~) = 0, 


Ui Leese L 
S. a ete n 
5, Vigr 2 Ui, 

* BURNSIDE ( Theory of Groups, p. 12) makes use of property (a) without explicit mention in 
the proof that if A_i is the inverse of 4, then A is the inverse of 4_1. 

tH. WEBER, Lehrbuch der Algebra, vol. I, p. 170. 

+ The actual existence of these groups will be established in the next two articles. 

23 L. E. Dickson, Dissertation, 1. c. 
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we seek the corresponding transformation Z,. We have the n linear equations 


j=n—1 


©, = b,(%,) = mm Cte ae t= 2, +++, 2) 


j=0 


between the n coefficients as» From these 


a1 n—2 n—j—2 
bey ee fos Oe Oy ee oe 


n—1 an—2 n—j—2 
Ly Ly L;, Wp ee ed 





et Y m2 n—j—2 
A i Ronee ir on robot Sih 


(2) a, = - ee (fj =0,1,2,3,---,n—T) 





where A is the discriminant of f(a), so that 


rot paote 1 
Heyy Eee Dy 


go} oe 7 1 


nm n 


We can also determine 7, by the Lagrangian interpolation formula 


<< @:,f(@) e)=(xve—-nx Coe) ena n tls 
§(0) =D gna  S@)=(@-4)(@=m)--- =a). 


fan] 





The coefficients of ¢, determined by either of these two methods are not 
necessarily contained in the general field 2’. 


§ 38. Condition for transformations with coefficients in F. 


TuHeoreM II. The necessary and sufficient condition for the existence of 
the transformation T with coefficients in the field F’ on the roots of the equation 
J(@) =90 with coefficients in F is that the substitution S be permutable with 
every substitution of the Galois group of f(x) = 9 for Ff. 


Let 
n 
AS ui t= 12 ees . 
ey A 


Determine ¢(«) by means of one of the two methods given in section2. We 
have the equations 


(3) 0.5 = (x, ) (¢=1, 2, 3, °°). 
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(1) Proof that condition is necessary. The coefficients of ¢ are in #’ by 
hypothesis. Hence we may apply to (3) the substitutions # of the Galoisian 
group.* Hence 


“se = P(%p)- 
But, by (3), 


Lins = f (Xz) . 


Hence 2,7; = “sp for every t, and thu RS = SR. 

(2) Proof that the condition is sufficient. By hypothesis, 2S = SR for 
every 2 in the Galoisian group. 

Let w%,=,. Then x2 = %p5= Xs. Hence if & replaces x, by x, it 
replaces x,,by x5. In § 2, 2,5, --+, %,g were denoted by x,,,---,%;. Hence 
if £2 replaces x, by «,,, it replaces «;, by x;. Hence the coefficients of ¢ given 
by equation (2) are unaltered by # and thus belong to 2’. 


§ 4. The representation of substitutions. 


v , cee wv. 
1 2 n 
S.= ( 
Wy, Wy 229 Gy, 


can be represented by the transformation 


The substitution 


PT; = [%,: Xen] 
where 


by ROE ape Eo ee ree n 
Pht 2 FG) S(t) =(¢ 1)(¢ 2) (t ). 


We may also determine the coefficients of 


j=n—1 
$,(t) = yes 7 ad 
j=0 
from the n linear equations 
, b(t) = 7, (t=1, 2,3,---,n). 


The results are 


17-1 1"? ae 1, 17-27 ae 1 1 
Qn-l Qn—2 ame z On—2—-F ee 9 1 


2 


n Wiotgee Meee et) +s OL 
ead +VA C7=0;.1,.2, 3;.°°:, %—1); 


*The theorems used here are known as properties A and B of the Galois group. See 
Dickson, Introduction to the theory of algebraic equations, p. 53. 
Trans. Am, Math. Sec. 20 
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where 
1”! 5 ie eRe if 1 
ese n—l n—2 r=n—1 
as yas © 2 4, 608 9 1 = Tl (eee 
. . . . . . e is ES 
Te He 2 . 








§ 5. Special examples. 


he Let = 3 and 
Th Sa Sia S, = (2). 
en 
f(t) = —6?411t-6, b(t) Apt eee 


$,(t) = 8? — 13446. 


These define the symmetric group on three letters. 
2. Let n= 4 and 


S, = (%,%,0,%,), S, = (0,8) (2), S, = (0,25). 


Then 
f(t) =f — 10P + Bbr eo Upeeess $,(t) = — 28+ 47 — 18¢ + 5, 
o,(t) = — 464 10°—55t4+15, $,(¢t) = 4 —420 + 1244-10. 


These define the symmetric group on four letters. 


§ 6. ational fractional transformations. 


The results of the previous articles can be extended to rational fractional 
transformations. 
Consider a group G of transformations 
T= [w:W4(0)], 
where 


) J=mM 





a,,+ 9,8, + 0, while $,(@) and @,(a@) have no common factor and at least 
one of the degrees m,, n, exceeds unity. 

The coefficients «,, and 8, are elements of a general field #’ and the quantity 
x belongs to a set X in a field #”. As before, these transformations are asso- 
ciative and have the closure property. If Z, and 7, are inverses 


0,0, = (aie) = Cerys ( ve (o)}] 
We {Wy (we) } =x (mini >1). 


and we have 
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This is either (@) an equation of condition, f(x) =, or (b) an identity. 

(a) In this case the transformations reduce [mod f(a) ] to the integral form 
considered in the first part of the paper.* 

(b) In this case, 








gives «= 


therefore to each y there is only one x and therefore $,(#) and 0,() are linear. 
Case (0) is therefore excluded. 


§ 7. Representation of products of substitutions. 


Consider any & substitutions h, of order 7, (j =1, 2, ---, k) on the n roots 


of f(x) = 0. 


Take the products of powers of these substitutions of the form + 


“R wv 4 6) aoe w 

— Py) py ees . = zn 

8,= RORY...RY = | 
: ree By 


The number of these products is 


and i will have the range 1, 2, ---, 7. 
When the basic substitutions 2,(7 = 1,2, ---, &) are given, S, will be deter- 
mined by the exponents y‘”, 7$?, ---, y\”. 
It is possible to represent all these substitutions by the transformations 


7, = [ei $(@i V9. ¥P)I 


where ¢ is determined by the generalized Lagrangian interpolation formula 








, SE a S(e) F445) 
EUR Re it ORE) Fe eae ie Il (y, re yP) 8 (2) 
and 


AOlis Th ma @,(¥p)= Ly, =r 


When any particular set of y’s as (y(”, yf, «++, y\?) are substituted in the 
above it reduces to the regular Lagrangian formula and gives the ¢,(x) used in 
first part of this paper and therefore 7,. The function ¢ is a rational integral 

*H. WEBER, Lehrbuch der Algebra, vol. 1, p. 170. 


No two sets (y, y, ---, y) are alike but no assumption is made concerning the corre- 
y 1 2) ’ k Pp g 
sponding 4;. 
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function of « whose coefficients are rational integral functions of the & param- 
eters ¥,, Y., +++, ¥,- The numerical coefficients will be contained in the field 
# when S, fulfills the conditions in Theorem II for every value of 7. 

Any set of substitutions S, (i =1, 2, ---, 7) where each substitution is char- 
acterized by a particular set of values 7", y{?, ---, y{? of the & parameters 
Yi> Yo. *+*s Y, can be represented by transformations 7’, determined as above. 
It is therefore possible to represent * an entire group of transformations by a 
single formula (4). 

UNIVERSITY OF ILLINOIS, URBANA, ILLINOIS. 


* Some of the transformations may be repeated. 
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ON OSCULATING ELEMENT-BANDS ASSOCIATED WITH LOCI OF 
SURFACE-ELEMENTS* 


BY 


PERCEY F. SMITH 


In a memoir by SCHEFFERS, entitled Jsogonaleurven, Aequitangentialcurven und 
complexe Zahlen, which appeared in volume 60 of the Mathematische 
Annalen (1905), p. 491, a number of theorems were demonstrated concerning 
properties of the osculating circles of certain loci of line-elements in the plane. 
Two of these may be cited here. Given a differential equation of the first order, 


ae J(®, ys p) = 9, 
in which p = dy/dx, and the one-parameter group 
(2) 0 =O, y= Y;, are tan p = are tan p’ +f, 


by which each line-element is turned about its point through the same angle, 
then the transformed elements satisfy the equation 


; te 
p + tan Tt )=0, 


1 — p' tant 


(3) f( ey, 


the integral curves of which are isogonal trajectories of the integral curves of 
the original equation (1). The first theorem in question is now this: The 
osculating circles of all the isogonal trajectories through a fixed point pass also 
through a second fixed point, that is, form a pencil. Furthermore, these circles 
will osculate at the second point another system of isogonal trajectories. 

The second theorem is similar in character if the group (2) is replaced by 

a pt 

eee fo Nee 
which has the effect of sliding each line-element along its line the same 
distance t. ‘The integral curves of the transformed equation 


= t re pt 
(5) of eit oa aa ae p 


are called by SCHEFFERS aequitangential curves of the original system (1). Then 


(4) em et 


* Presented to the Society, September 15, 1909, and February 26, 1910. 
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the theorem holds: The osculating circles of the aequitangential curves which 
touch a given line will touch also a second line. Furthermore, these circles will 
osculate on the second line a second system of aequitangential curves. 

The discussion of the present paper leads to similar theorems for loci of sur- 
face-elements in space. Such loci are regarded as associations of element-bands, 
and either of two species of simple bands — parabolic and cubic — appear in 
the same role as osculating circles in the plane. The investigation is much 
simplified by means of transformations which make the problem depend upon 
projective geometry in space of five dimensions. This method has been employed 
to advantage by EresLaND in a paper referred to below. 

As far as the author is aware, the question of osculating element-bands is 
discussed for the first time in this paper. 


$1. Preliminary Theorems. 


Two united line-elements in the plane determine a unique curvature-element 
(x,y, y,y"). For, given two such elements (x, y, y’) and (w + dx, y + dy, 
y + dy’), where dy = y'dx, then if y” is defined by the equation dy’ = y dx, 
it is clear that the ratios dx: dy: dy’ determine y” uniquely. 

The case is different, however, with two united surface-elements in space. 
For convenience we may adopt the notation (P, H#) for such an element, P 
being the point and EH the plane of the element. Assuming two united ele- 
ments (P, H) and (P’, E’) whose coordinates are (x, y, 2, p, q) and 
(e+dze,y+dy,z+dz, p+dp,q+dq), where dz = pdx + qdy, then of 
the ratios 

dx dy dz dp dq 
(1) a Bl ipa gp aa o amen 





three are independent. On introducing the numbers 7, s and ¢ defined by the 


equations 

(2) dp = rdx + sdy, dq = sdx + tdy, 
or also, from (1), 

(3) d6=ra4+s8, e=sat tf, 


it is obvious that 7, s, ¢ are not determined uniquely when the ratios (1) are given, 
but that, in fact, we have the result: * Two wnited surface-elements in space deter- 
mine cot curvature-elements (%, Y, 2, P5417, 8, t). 

Consider now any surface to which the united elements under discussion 
belong. The curvature of normal sections at P is, by the well-known formula, 


given by 
(4) 1 ik rdx? + 2sdedy + tdy? 
Ro V+ Pp +¢ ds? 
* ENGEL, Die héheren Differentialquotienten, Leipziger Berichte (1893), p. 475. 








1910] ASSOCIATED WITH LOCI OF SURFACE-ELEMENTS 303 


where ds is the linear element. If we substitute + and ¢ in terms of s from (3), 
then (4) becomes 


5 1 a 1 Beda? + aedy” — s( Bda — ady)? 
©) R-Vigpag aids? 


in which of course, for any given value of dw: dy, s is arbitrary. We observe, 

however, that the curvature is the same for al] values of s when the normal sec- 

tion is such that Bd — ady = 0, that is, such that (1) is satisfied. The result 

may be expressed as follows: The co! curvature-elements determined by two united 

surface-elements (.P, E') and (P’, E’) hang together along the direction PP’ in such 

a manner that the curvature at P of all normal sections containing PP’ is the same. 
From equations (3), we readily find that 


(6) a8 (rt — 8’) = —(ad + Be)s + de. 


If, then, a5 + Be + 0, one of the curvature-elements has zero total curvature. 
On the other hand, when a6 + Be = 0, the total curvature of all the oo! curva- 
ture-elements is the same. 





Finally, denoting by dx: dy the direction conjugate to dx: dy on any surface 
containing the pair of elements under consideration, then the usual formula 
rdxdx + s(dudy + dydx) + tdydy = 0 gives by substitution from (3), and on 
solving for dx: dy, 

7 bx a edy + s(Bdx — ady) 
(") dy 8 ddw— s(Bdx — ady)’ 





Hence if Bde — ady = 0, the conjugate direction is the same for all values of 
s, namely, 66x + e6y = 9. In words: On all surfaces containing two united sur- 
face-elements (P, EF) and (P’, EL”) the direction conjugate to PP’ is the same. 

This fact is obvious geometrically. For this common conjugate direction is 
determined by the line of intersection of the planes H' and LE’ of the united 
elements. 

Evidently, if ad + Be = 0, the conjugate direction is identical with PP’, and 
the latter direction is therefore an asymptotic direction. This fact when com- 
bined with the conclusion found in discussing (6) gives the result: Jf the total 
curvature of the co' curvature-elements (8) is the same, the direction along which 
they are united is an asymptotic direction. 


§ 2. Parabolic and Cubic Bands. 


In the Differential Geometry of the plane, the circle plays a conspicuous role. 
This fact, when metric properties are left out of consideration, is explained by 
remarking that a circle is uniquely determined by two of its united elements. 
Plainly, a curve of any family depending upon three parameters will have this 
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last property — vertical parabolas, for example. The point is that we consider 
wnions of line-elements which are determined when two united elements are given. 

An analogous problem for space now arises. We wish to consider unions of 
co’ surface-elements each one of which is determined if two united elements are 
given. Let the term element-band be used for a union of oo' surface-elements. 
Analytically an element-band is defined by 


(1) w=a(t), y=y(t), z=2(t), p=p(t), gq= a(t), 


provided that 2 = pa’ + qy’, where accents indicate derivatives with respect to 
the parameter ¢. 

Two species of element-bands, now to be described, appear in this paper. 
The points of the elements lie on a curve, which may be called the povnt-locus, 
while the planes form a developable, called the plane-locus. The two species of 
element-bands may be respectively named parabolic bands and cubic bands. 

The point-locus of a parabolic band is a parabola whose axis is parallel to the 
Z-axis. The plane-locus is a parabolic cylinder. To conceive such a band we 
may think of such a parabola, which may be called a vertical parabola then 
imagine a line meeting the parabola to generate a cylinder, and finally picture 
to ourselves a narrow band of the cylindrical surface along the parabola. 
Clearly, co” parabolic bands may have a common point-locus or dually, the same 
plane-locus. To dwell for a moment on the last point: — the parabolic cylinders 
in question obviously contain the point at infinity on the Z-axis. Given such a 
cylinder, then any plane through the point referred to determines on the cylinder 
a parabolic band. ; 

The point-locus of a cubic band is a skew cubic. The plane-locus is a quad- 
ric cone whose vertex lies on the cubic. Clearly there are oo! cubic bands with 
a common point-locus. On the other hand, the multiplicity of the system of 
cubic bands belonging to a quadric cone is the same as that of the system of 
skew cubies lying on it, and is of no special importance at this moment. The 
concept of a cubic band is readily visualized if we think of a skew cubic, picture 
any quadric cone standing on it and think of a narrow band of the conical 
surface along the cubie. . 

The fact is now readily established that a parabolic band is determined 
by two of its united elements, (P, H) and (P’, H’). For pass through PP’ 
the plane parallel to the Zaxis. The united line-elements in this plane deter- 
mined by its intersection with / and EH’ determine a vertical parabola. Further, 
the line of intersection of H and EH’ gives an element of the parabolic cylinder. 
The multiplicity of all parabolic bands is obviously seven-fold. For there are 
oo* pairs of united elements and oo! elements determine the same parabolic 
band. The important exceptional case already noted — when K and L’ inter- 
sect along PP’ — leads to a twisted band. Namely, the point-locus is now the 
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line PP’ and the planes of the plane-locus pass through PP’. The points and 
planes of the elements of the band are in a projective relation, such that P and 
E, P’ and E’ are corresponding elements, and moreover, the point at infinity on 
PP’ corresponds to the vertical plane through PP’. 

Turn next to the question of the determination of a cubic band by a pair of 
united surface-elements. From the results of §1, it is clear that the vertex 
of any cone to which the united elements (P, /) and (P’, EH’) belong, must 
lie on the line of intersection of H and EH’. For this direction is conjugate 
to PP’, and for the present we assume these directions are not identical. 
Denote the line of intersection of H and EL” by (£, EH’). Let us now confine 
ourselves to quadric cones. Consider the normal section of such a cone through 
the direction PP’. Then by $1, the curvature of this conic at P is given. 
Consequently three conditions are imposed upon this conic. It is therefore 
clear that oo3 quadric cones may contain the same pair of united elements. 
The cones touch along a common element (/, i’) and in addition, their normal 
sections through PP’ osculate at P. To obtain a unique cone of this system 
we may introduce the three fixed conditions — the cones shall pass through three 
non-collinear fixed points A, Band C. It is easy to see that the required cone 
is now uniquely determined. For, in the first place, its trace c’ on the plane of 
A,B and C is determined. Secondly, the normal section through PP’ now 
has two points given on this trace c’, and hence is a unique conic c’. Only one 
cone with a given element can contain two conics. 

We see, therefore, that a pair of united surface-elements (P, £), (P’, L’) 
will determine a unique quadric cone A standing on three fixed points A, 5, 
C. Let the vertex of this cone be V. Consider the quadrice cone whose vertex 
is A which stands on the five points P, P’, V, B and C. Its intersection 
with the first cone is a skew cubic C, and the element VA. Similarly each of 
the fixed points B and C is the vertex of a quadric cone which will contain the 
same cubic. The cubic band lying on A along C, contains (P, /) and 
(P’, £") and furthermore is uniquely determined by them. 

The multiplicity of skew cubics passing through three non-collinear fixed 
points is six-fold. There are accordingly oo’ cubic bands, oo on each of the 
skew cubics of the system. On the other hand, on each quadric cone standing 
on the fixed points A, B and C lie ©? cubic bands, and the multiplicity of such 
cones is five-fold. 

If the line of intersection of the planes H and L’ is identical with PP’, the 
cubic band is constructed by assuming / as the osculating plane at P, and PP’, 
of course, as the tangent. The cubic satisfying this condition and moreover 
passing through A, B, and Cis unique. The cone XK then has its vertex at P. 
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§ 8. Osculating Bands. 


Two element-bands having in common two united elements may be said to 
osculate. ‘The analytical conditions are easily derived. For given two bands 


w= f,(t), y= 9,(t), z=h(t), p=$,(t), q=x(*); 


then osculation demands the equality of f and f,, g and g,, etc., and their first 
derivatives for some value of ¢. In these conditions, however, the relation 
h’ = h; depends upon the others from the conditions for bands, (1), § 2. 

Geometrically, two element-bands osculate when their point-loci touch and 
their plane-loci are tangent along a common generator. 

The immediate subject of investigation concerns properties of surface-element 
loci with respect to osculating parabolic or cubic bands. It is clear that there 
are oo’ bands of this character associated with any element-band. Further, 
given any surface or union of oo” elements, then oo* osculating parabolic or 
cubic bands are determined. Of particular interest, however, is the case when 
the surface-element locus is defined by a partial differential equation of the first 
order 


(1) S(@s Ys 2, Pr q) =9. 


The oof elements satisfying (1) are arranged on oo? bands, the characteristic 
bands. If the coordinates of two united elements of a characteristic band 
are (wv, y,2, p,q) and (a7+dzx,y+dy,z2+ dz, p+ dp, q+ dq), then these 
coordinates of course satisfy f= 0 and further the well-known equations due 
to Lie, 

9 dex dy dz dp dq 
@) Jo Ta. | Bi iy ees eee) A ee 


Each element satisfying (1) is associated with a united element determined 
by (2) such that the pair of united elements lie on a characteristic band. Now, 
clearly, the parabolic or cubic band determined by this pair of elements will 
osculate the characteristic band. Thus at each element of the locus (1), there 
is determined a parabolic or cubie band which osculates the characteristic band 
containing the given element. There are oo* osculating parabolic or cubic 
bands. If, now, we look upon the locus of (1) not as a set of integral surfaces, 
but as an association of oo* element-bands, the characteristic bands, then the 








properties of osculating parabolic or cubic bands appear a natural subject for 
investigation. The oo* parabolic or cubic bands which osculate the character- 
istic bands of a given differential equation of the first order we shall refer to 
briefly as the osculating parabolic or cubic bands of the locus of the equation. 
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$4. Transformation of the Problem. 


The investigation of the question proposed in the preceding section is greatly 
facilitated by the aid of transformations by which the geometry of surface-ele- 
ments is made to depend upon projective geometry in a space of five dimensions 
R,. Such a transformation has been given by Liz.* A second transformation 
is exhibited in §7 of this paper. The capital point is that parabolic or cubic 
bands correspond by these respective transformations to straight lines in f,. 
To disclose the details, we begin by examining the transformation already 


referred to as due to Lie. This is defined by the equations 


() X=27, X=y, Yi=3p, Y,=3q, 4 


> 
“a 


2 


— Zpe— 39Y;, 
by which identically 
(2) dZ+ X,d¥,—Y,dX,+ X,dY, — Y,dX, = dz — pdx — qdy. 

If we interpret (X,, X,, Y,, Y,, Z) as cartesian point coordinates in R,, 


then clearly united surface-elements in ordinary space /, transform into Jine- 
elements in R, satisfying the equation 


(3) ' dZ4+ X,dY,—Y,dX,+ X,dY,—Y,dX,= 0. 
Now equation (3) is the differential equation of the null-system,t} 
(4) Z—Z4+Y,X,— X,Y, + Y,X,-X,Y,=9, 


that is, of a correlation in A, such that point and corresponding linear WM, are 
incident. 


A line in &,, 

(ogee A A, X= XIAN, YH Vite, W=Votel, 22404, 
whose elements satisfy (8), that is, such that 

(5’) y+ p,X,—2,Y,+ uw, X,—A,¥,=9, 


is a null-line. There are plainly 007 null-lines. 

By this transformation (1), the null-line in £, becomes in F, an element-band. 
This is a parabolic band, as shall now appear. Transforming (5), we obtain for 
the equations of the corresponding band, using (5’), 


(6) ae AOE: y= y+ ryt, z= 2+ (Ap? +A, g" E+ (A My + ALM) Es 
p=p+2ut, g=q +t 2u,t. 
The point-locus of this band is, in the general case, a vertical parabola.{ The 


* LIE-ENGEL, Transformationsgruppen, vol. 2, p. 521. 

+ For details, see EIESLAND, On Null-Systems in Space of Five Dimensions, etc., American 
Journal of Mathematics, vol. 26 (1904), p. 103. 

{ EIESLAND, 1. c., p. 120. 
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plane-locus is the envelope of 
(7) ere BD Ee VOL areas 


in which x, y, 2, p, 7; have the values in (6). On substituting their values in 
(7), the equation takes the form 
(8) (Ayo + AQMP —2 [oy (a! —2") + o,(y —y!) JE +2 —2)— p(x — ar!) — gy —y') = 0. 
The envelope of (8) is clearly, in the general case, a parabolic cylinder. The 
band (6) is accordingly a parabolic band. Certain exceptional cases are neces- 
sary for the following discussion. 

1, If A, =A, = 0, then (6) becomes mag’, y = 4", 2 == 2). hate 
point-locus is a point. The oo' surface-elements now form a hinge, for the planes 
(8) form a pencil. 

2. If A, wm, +A,H, =0 and A, + 0, A, + 0, the point-locus is a line and the 
plane-locus a plane-pencil. The band is now a twisted band, the points and 
planes of the element forming a projective series. 

3. If u, = », = 0, the band just discussed becomes flat, that is, a straight 
band on a plane. 

It is clear from these results that the contact geometry of parabolic bands in 
F, becomes under the transformation (1) the projective geometry of a null-system. 
The group of the latter is easily found to depend upon 21 parameters.* 

In later sections it will be shown that the null-lines (5) are by another trans- 
formation changed into cubic bands, and finally that parabolic and cubic bands 
correspond under a contact transformation. 


§ 5. Theorems on the Null-System in R,. 
Certain theorems regarding the null-system 
(1) Z—-Z'+Y,X'—X,Y,+ Y,X,-— X,Y, =9, 


necessary in the sequel, are discussed in this section. 
The plane in Ff, 


(2) Y,=4, X, +4, X, +s, Y,= DAO, Xo, , Z= 0, X,+¢,X, +0, 


will contain the null-line (5), § 4, if in addition to the obvious conditions that 
the point (X{, AX}, etc.) lies on (2), we have 


(3) By = Gr, + Ags My = br, + byrzs y= 0,A, + GA,- 


On substituting in the condition (5’), § 4, for a null-line, the single condition 
is obtained 


(4) [ie =", + (b, — a, ) 20F ee [eo — 6, + (a,— 6,)X7 JA, = 0: 


* KIESLAND, l. c., p. 142. 
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The following conclusions are now apparent : 
1. Through an arbitrary point in an arbitrary plane in R, there is one null- 
line. 
2. All lines in the plane (2) through the point determined by 
b, — ¢, 


(5) X ¢, — a, 


| ae b] < pee a? 
a, — b, a, — 6, 


0 


Ib 





are null-lines. This point is the null-point of the plane. 

3. If a,=b,, b,=c,, ¢, =a,, then every line in the plane is a null-line. 
The plane (2) is now a null-plane. The conditions obviously demand symmetry 
in the determinant of the right-hand members in (2). Explicitly, the equations 
(2) take the form, if the plane is a null-plane, 


(6) Y,=a,X,+a,X,+4,, Y,=a,X,+6,X,+¢,, Z=a,X,+¢, X,+¢,- 

If we next inquire how many null-planes contain a given null-line, the answer 
is immediate, namely, each null-line is the axis of a pencil of oo’ null-planes. 

Clearly, all planes in f, cannot be represented in the form (2). The two 
exceptional cases are, for null-planes, given by 
(7) FENN A= 0; Z=c,—aY,—bY,, 
and 
(8) X,—aX,+ 6, Y,=cX,—aY,+e, Z=eX,—bY, +h. 

We may, in general, define a null-surface* in R, as one whose tangent planes 
are null-planes. 

Turning now to the locus of one equation 
(9) A MERIC 2D CRN Nr Ay AU 
defining in f, a manifoldness WM, of four dimensions, the linear tangent .1| is 
given as usual by 

Meee) + (XY, — X;) + Fy ( Y=) 
+ Fy,(Y;—Y,)+ F(Z —Z)=0. 


The null-plane (6) will pass through the point of contact (.X,, X,, ete.) and 
lie entirely within the locus of (10) under these conditions: 


(11) a= Y,—a, X,—a, X,, oo Y,—4, X,— 6, X;; c,=Z—a, X,—c, X,, 
(12) Fy +a,Fy,+4,Fy,+4,F,= 09, Fy, +a,Fy,+6,Fy,+¢F,=9. 


(10) 


There is no difficulty in showing that the co’ null-planes satisfying (11) and 
(12) form a pencil whose axis is the null-line for which 


dx, dX, a TE Gg dZ 


O°) F— XP, Fy, — GF Fa VF, FV, F, SXF,’ 


* For a development of this idea, see EIESLAND, l. c., p. 128. 





310 P. F, SMITH: ON OSCULATING ELEMENT-BANDS [July 


the denominator =X /’, containing the four terms corresponding to X,, X,, 
Y,, Y,. We may express this important result as follows : 

At each point of an M, in R, there is a pencil of tangent null-planes whose axis 
is the null-line (18). 

The null-J/{ of P contains every null-plane through ‘P. Hence the result 
just found may be formulated thus : 

The tangent M\ and null-M), of P intersect in a pencil of null-platen 

We shall call the axis of this pencil the tangent null-awis at P. 

The result just stated is fundamental for the sequel. It is clear that the 
tangent null-axis at any point on the locus of (9) is distinguished from all other 
tangent null-lines, of which there are of course oo”. 

Returning to the plane (2), we may represent this for the moment by the 
symbol (abc) of the determinant on the right-hand members. As already 
pointed out, if (abc) is symmetrical, the plane is a null-plane. In the null- 
system (1), let the point (_X,, X,, etc.) describe the plane (abc). Then it 
appears at once that the oo” corresponding JM {’s intersect in a plane whose 
symbol is the conjugate of (abe). Such planes we may call conjugate planes in 
the null-system. Clearly, a null-plane is self-conjugate. 

In the null-system (4), to every point corresponds a linear M,. Dually, to a 
given linear JZ, will correspond a point, the null-point of the M,. This fact 
leads to the determination of the locus of the null-point of the linear tangent M/, 
given by (10). To find this null-point P,(X}, X3, V7, Vj, Z°), we merely 


have to compare equation (10) with the equation of the null-system 
(14) Z—2°+ ¥,X)}— X,Y$'4+ Y,X} — X,Y} =0. 


The result is readily found to be 








f BRS F. RF 
q0r aah 70) Ske 0 = eS 0 a X> 
se iz” - ioe Y= IES ee Fe? 

15 
ie 274 oi tA Es, 
= FF, 


When the point P(X,, X,, 1’, ¥,, 7) describes the locus of (9), the point 
P", which we call the conjugate point, will describe a locus, which may be named 
the conjugate locus. In the general case, the conjugate locus will be of four 
dimensions, say #” = 0. Evidently, from the definition of the conjugate locus, 
it is derived from the original locus by the correlation established in PR, by the 
null-system. In this correlation each null-plane is invariant. Hence the pencil 
of null-planes tangent to /” = 0 at P must have the same relation to the conju- 
gate locus at P°. In other words, the relation between two conjugate loci is 
mutual. The linear tangent MW, and the null-J} at P to = 0 are respectively 


1910] ASSOCIATED WITH LOCI OF SURFACE-ELEMENTS 311 


the null-J/} and linear tangent M, to #°=0 at P’. From the theorem on tan- 
gent null-planes at P, we now derive the important 

THeorEM. Jf the loci of F=0 and F°=0 are conjugate under a null- 
system in R,, and if P and P* are corresponding points on these loci, then the 
00' null-planes tangent to F = 0 at P are tangent also to F°= Oat P®. Further, 
the tangent null-axes at P and P° are identical. 

Analytically, the general case arises when the tangent M/ (10) contains four 
independent parameters. The null-point P, will then describe a four dimen- 
sional locus. If, then, the number of independent parameters in (10) is less 
than four, the locus of P, will be of three dimensions, or of two (a surface) or of 
one (a curve). All these cases will be covered if we consider the “ envelope ”’ of 
the linear J,, 

(17) H=A,X,+ A,X,+ BY,+ B,Y,+ CZ=0, 


in which the coefficients are functions of certain parameters in number less than 
four. For example, consider the case of two parameters u and v. Taking the 
first partial derivatives of (17) with respect to these parameters, 


(18) ie Olvands che 0% 


u 


we see that the tangent null-axes at all the points in the plane H= EL’ = H =0 pass 
through a common point, the null-point of H=0. Thus the o* tangent null- 
axes form in this case oo” bundles. The two other special cases mentioned are 
clearly those in which the tangent null-axes form oo? flat pencils or oo’ three- 
dimensional fascicules. In the former of these two cases, that of three parame- 
ters, the points of tangency of the axes of a pencil lie on a line. 


§6. Geometry of Osculating Parabolic Bands. 


The results found in the previous section are now to be interpreted in space 
of three dimensions by means of Lie’s transformation used in § 4, 


d) X,=2, xX,=Y; Y.=tp, Y,=3q, Z=2z—tpe— ty. 


We obtain first some preliminary theorems. To any line in R, not a null- 
line, will correspond in FR, a surface-element locus, for which 

(a) the point-locus is a vertical parabola, 

(6) the plane-locus is a parabolic cylinder. 

These results follow directly as in § 4, the distinction being that the condition 
for a null-line simply implies that the point-locus is on the plane-locus. 

To any plane in R, [(2), §5] will correspond in R, a locus of co” elements, 
with the properties 

(a) the point-locus is a vertical paraboloid, 

(6) the plane-locus is a second vertical paraboloid. 
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In fact, the plane 
(2) Y, =a, X,+a,X,+4,, Y, = b, X, +b, X,+6,, Z= 0, X, +0, X,+ Cys 
gives under (1) as the point-locus, 


(3) z= ae + (a, +b, ay + by? + (4, +e )e+ (b,4+%)y +6. 


The statement (b) leads to a simple envelope problem. 

The paraboloid (8) is the point-locus of oo? assemblages of oo” surface ele- 
ments, namely, for all such that a, + b,, a, -+¢,, and 6, + ¢, are constant. One 
and only one of these assemblages is a union, namely, when a,=0,, a4,=¢,, 
b,=c,, and in this case, the union consists of the elements of the paraboloid. 
Remarks of like character apply to the plane-locus. 

The theorems 1 and 2 on page 309 enable us to state these properties of the 
point-locus or the plane-locus: The co” surface-elements are arravged in oo' para- 
bolic bands having a common element which belongs to both point-locus and plane- 
locus. The point-locus and the plane-locus touch on this element. Two conjugate 
planes in R, have the same point-loci and the same plane-loci. 

To the null-plane 


(4) FY, =a,X,+0a,X,+4,, Y,=—a,X,+6,X,+¢, Z=a,X,+¢,X,+6, 
correspond the oo” surface-elements of the paraboloid 
(5) z= a,x + 2a,xy + b,y’ + 2a,” + 2c,y + ©,. 

If a,b, = a}, the locus of (5) is a cylinder. That is, the oo” parabolic bands 


of the locus have now the same plane-locus. Obviously, equation (5) gives also 
all planes as a special case. 

The special null-planes (7) and (8) of § 6 yield in R, the following results. 
The null-plane 


(6) At == 0, AG ==. 4=aX,+6X,+¢, 

gives the oo” elements of the point (a, 6,c). To the null-plane 

(1) X,=aX,4+ 6, Y,=cX,—a¥,+e, Z=eX,—bY, +h, 
correspond the oo” elements of the vertical parabola * 

(8) x=ay+b, 2=cy + ley +h. 


The discussion shows that the oo” surface elements of a point or a plane, or of 
a vertical parabola, or of a parabolic cylinder, correspond to the points of a plane 
in £,. Ps 

In the previous section it has been shown that a null-line is the axis of a 
pencil of null-planes. The corresponding result for space of three dimensions is 
this : 


* E1ESLAND, l. ¢., p. 121. 
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A parabolic band lies on c' vertical paraboloids. 

The connection of these facts with the discussion of §1 is simple. The point 
(X,, X,, ete.) in R, gives a surface-element in R,. A consecutive point on a 
null-line in &, gives a united element. Through the point-pair in RP, pass oo! 
null-planes. The point (X,, X,, etc.) and each null-plane determine a curvature- 
element in R,. For clearly, in addition to x, y, 2, p, g determined by (1), we 
now have given in (5), r= }a,, s=4a,, t= 40b,. Thus the oo! null-surface- 
elements in &, having a common null-axis correspond to oo’ curvature-elements 
with a common pair of united surface-elements. 

The null-plane in &, transforms into an element union in #,. More gen- 
erally, any null-surface will transform into an element union — surface or curve. 

The locus of 
(9) 1A (D.C DP Ged Se Vr) 


transforms into the partial differential equation of the first order 
(10) S(@s Ys % Pr q)=9. 
The partial derivatives of (9) transform as follows: 
Py =fet+ the, Peat, t+iah, Pe=f., 
Fy=%,+%f., Fy=%f, + uf. 


Any null-surface lying entirely in (9) transforms into an integral surface of 
(10). 
Now consider the pencil of tangent null-planes to (9) at any point, and the 


(11) 


corresponding null-axis. Each of the oo’ corresponding vertical paraboloids 
will have in common with (10) a curvature-element, and the oo! curvature ele- 
ments thus arising will hang together on two united surface-elements. Hence 
the null-axis transforms into a parabolic band which osculates a characteristic band. 
This result is verified by transformation of the equations (13), §5. For by the 
equations of the transformation (1) and (11) we obtain immediately, 


dx dy tdp 4dq dz 
eg Ole I; pe i ty) 
that is, the equations (2) of § 3. 
We may at once write down the equations of the parabolic band osculating 
the characteristic band of (10) at (w,y,2, p,q). They are ((6), § 4), since 
A> Ay» My» H, now satisfy (13) of § 5, 








eat ft, y¥ =yt+ ft, 
(12) p=p—2(ft+pf)t, d=q-24h+9f)t 
{=a 2(pf, + 9F,)¢—2 LLL + huh, th + 44, )I¢. 


Trans. Am. Math. Soc. 21 
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The exceptional cases noted on page 308 lead to the following results. 

1. If f, =f, = 9, the osculating parabolic bands are hinges. The differential 
equation now contains no partial derivatives and its locus consists of all surface- 
elements of the points of the surface f(w, y, z) = 0. 

2. TfL +h, 5+ 4.( ih, + f,) = 9 by virtue of f = 0, the osculating bands 
are twisted bands. The characteristic curves are now asymptotic lines on all 
integral surfaces of f(x,y, 2, p,q) =9. Im fact, as explained in $1, the 
direction PP’ of the united elements of the band is now an asymptotic direction. 

3. If f,+pf=f,+¢f,= 9, that is, if the differential equation is of the 
form f(z— px — qy, Pp, 7) = 9, the osculating bands are flat. 

Returning to 2, we see that the fact that the osculating bands are twisted 
states a necessary and sufficient condition that the characteristic curves shall be 
asymptotic lines on all integral surfaces. In this case, Lie has shown that the 
point-loci of the oo* bands reduce to oo’ lines, that is, 0o* bands have the same 
point-loci. The general question may be asked :— when do the oo* osculating 
parabolic bands arrange themselves in co° systems of oo' bands having a common 
point-locus ? This general problem includes the case just discussed. 

If we write the equations (12) in the form 


Ot tt) rs 2=cy+ ey +h, 
then 


Sebo thi Sat+F-(Pfi + Wr) 


— : — a J 
a=fi+Jt, b=x—ay, c=— 7? ; 
qd 





(13) 
e=i(pa+q), h=z2z— cy’ — 2ey. 


The oo* elements satisfying f = 0 lead by these formulas to the point-loci of 
the osculating parabolic bands. The analytic question is, therefore, when does 
the elimination of x, y, 2, p, q from (18) and f= 0 lead to more than one equa- 
tion in the a, b,c, e, h? Without answering this question in all generality, it 
is not difficult to show that any one of the following is a sufficient condition : — 

1. Either a or ¢ constant; 

2. A functional relation between a and c. 

An interesting case under 2 arises when 


(13a) c=k( ha"). 


The co* osculating parabolic bands now lie on 00% congruent vertical para- 
bolas. The characteristic curves on all integral surfaces have the property ex- 
pressed by the equation 


(18d) dpdx + dqdy = k(da* + dy’). 


Conversely, the condition (180) is sufficient for the property of the osculating 
vertical bands (18a). Evidently & = 0 gives the case 2. 
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The equations (15) of the previous section become in space of three dimen- 
sions the transformation 


ome 4 22, yay tet, eee oe. 


if 
peg Oe. fan — irda ttady, 


af Air 
Given any element of the locus of f= 0, equations (14) define an element 
(x, y', 2, p', 7), which we call the conjugate element. Elimination of x, y, z, p 
and g from f = 0 by means of (14) will lead to the locus of the conjugate ele- 
ment—called the conjugate locus. In the general case, this elimination will 
give a single equation 


(15) Go ths aera ea 


The theorem of the preceding section now gives the interesting result. 

THEOREM. Given a partial differential equation of the first order. The co 
parabolic bands which osculate the characteristic bands will in general osculate 
also the characteristic bands of a second partial differential equation of the first 
order which may be found by differentiation and elimination. 

The geometric relation between conjugate equations is simply this: The ele- 
ments are grouped in conjugate pairs which belong to a parabolic band oscula- 
ting the characteristic bands of both equations. The given equation may, of 
course, be self-conjugate, that is, f = 0 and f’ = 0 may be identical. The equa- 
tion ff’ = 0, where f= 90 and /’ = 0 are conjugate, offers a case of this kind. 

If the characteristic curves are asymptotic lines on all integral surfaces of 
f= 0, that is, if the osculating parabolic bands are twisted bands, then the 
characteristics of f’ = 0 have the same property. More generally, if the prop- 
erty (15) is possessed by the characteristics of f = 0, it holds also for those of 
f =9. : 

Referring to the equations of the osculating band (12) we see that the conju- 
gate element (14) is obtained by setting the parameter ¢ equal to 1 +f. 

The preceding discussion assumes that f, + 0, that is, that the given equa- 
tion (10) contains z. If this is not the case and if one of the other variables 
2 or y appears in the equation, say «, we merely need to write in (10) 
pH=1l+0u/cz, ¢g= — Ox/Oy + Ox/0z, and then interchange « andz. The 
case when neither x nor y nor z appears is excluded. 

The exceptions to the theorem, p. 311, are readily characterized by the aid of 
the results given at the close of the preceding section. Transforming (16) 
of that section by (1) gives an equation which may be written 


(14) 


(16) Aw + A,y + Bip + Big + C(z — px — day) + D= 0. 
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in which the coefficients A,, A,, ete., are functions of one, two or three param- 
eters. The exceptional differential equations result, then, by forming first 
partial derivatives of (16) with respect to the parameters and then eliminating 
these, using (16). The following properties of the osculating parabolic bands 
characterize these differential equations. 

Three parameters. The oo* parabolic bands osculating the characteristic 
bands form oo? families of oo! each. The oo bands of a family osculate the 
characteristic bands at points lying on a vertical parabola and have a common 
surface-element. The latter, 00° in all, constitute the conjugate locus. 

Two parameters. The oo* osculating parabolic bands now form oo” families 
of oo” each of this sort: the oo” bands of a family have a common surface- 
element and osculate the characteristic bands at points lying on a vertical 
paraboloid. The conjugate locus consists of the co” common surface-elements of 
each family. 

One parameter. The oo* osculating parabolic bands are arranged in oo! 
families of co” each such that all of one family have a common surface-element. 
The conjugate locus is made up of these latter elements, 00° in all. 

The facts here assembled follow at once from the conclusions at the end of 
§ 5 and the results established in the present section. 

An interesting theorem in regard to any locus of 00” surface-elements 


(7) | »=a(t,e), yoyo), ee ee 

is obtained by the following considerations. The corresponding locus in R, is 
a surface S. Consider the tangent plane to this surface S at a point P. 
Through P and the null-point [(5), § 5] P’ of the tangent plane passes a null- 
line. Thus at each point of S we determine a tangent null-line, and hence on 
Sa system of co! null-curves. Each null-curve corresponds to an element band 
satisfying (17). Hence the 

THEOREM. very locus of co” surface-elements in space may be arranged 
in o0' bands. 

The locus of the null-point P’ is a surface S’ (if S is not a developable), 
Moreover, it is easily seen that the osculating plane of the null-curve at P is the 
tangent plane to S’ at P’. Further P is the null-point of this plane. Hence 
the relation between S and S’ is mutual. The oo” null-lines touching the null- 
curves on S touch also the null-curves on S’. This result gives for space the 

THEOREM. (Given an assemblage A of co” surface-elements in space. The 
00' bands in which these may be arranged determine oo” osculating parabolic bands 
which in general osculate also the oo' bands of a second assemblage A’ of co? sur- 
face-elements. 

It appears, then, that assemblages of co” surface-elements in space are arranged 
in conjugate pairs, as the relation of A and A’ may be named. If A is a union, 
then A’ is identical with A. 


ss 
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The equations of A’ are given directly by (17) when we substitute from (17) 
in the right-hand members. An exception to the theorem arises when S is a 
developable. The osculating parabolic bands are now arranged in oo! families 
of co' each, the bands of a family having a common element and osculating the 
bands of the assemblage A in points lying on a vertical parabola. The assem- 
blage A’ consists of a locus of oo’ elements. 

In preparation for certain final theorems in this section we now change the 
surface-element coordinates as follows. Write the equation of the plane of the 
element thus: 


(18) Z=uX+vY—w, 

and take for the new coordinates of (P, EL), u, v, w, a, f, the latter satisfying 
dw —adu— Bdv=0. Then we readily find the relations 

(19) u=p, =, w= 2—pLu—qy; a=—2, B=—y, 


between the old and new element-coordinates. The equations (12) of the para- 
bolic band now become, if we assume that by (19), 


(20) yee, 0 = OU, Os Wut 


as follows: 
w=u-+ 2g 1, v =v + get, 
(21) a =a—2(9,+ a9, )t, B = B—2(9, + Bg,)t, 
w= w+ 2(ag, + Bog )t— 29,9. + I.I8 + Joa + BGp)]P: 


The equations of the osculating parabolic band have, therefore, precisely the 
same form in the new coordinates. Furthermore, the same remark applies to 
equations (17) giving the coordinates of the conjugate element. 

Let us now turn our attention to the question of trajectory-bands of a given 
differential equation 


(22) ees 25 0) =e 
Given a two-parameter group 
v=, es eos ie 5 P= Oty, 2p, 9 : ern ta)? 
T= X(2s Yo 25 Pr G5 bys by), 


by which the element (P, /’) is turned about its point, then substitution in 
(22) leads to the transformed equation 


(23) Tes Vt. 2, 3 t,t.) =0, 


the characteristic bands of which for constant values of ¢, and ¢, may be called 
trajectory-bands of f = 0. 
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The case of interest in this connection is associated with the simple transfor- 
mation of the above form when 


(24) p=Pt+t, q=qtt,. 


Referring to the formulas (14) for the conjugate element, we easily see that 
the conjugate elements of (~, y, z, p, q) and all its transformed elements 
have also a common point (a, 7’, 2’). For the coordinates «’, y’ and 2’ depend 
upon the partial derivatives of f = 0 and these are invariant under (24). We 
see further from (14) that the conjugate elements are transformed by 


(25) ; p=p-t, {= —t,. 
Hence if f(x, y, 2, p,q) =9 and f(a, y, 2%, p, ¢)=90 are conjagan 


equations, so also are 


S(e,.y,%, ptt,g+tt,)=9 and f(x, y,2,p —t,¢q —) =e 


It may be permitted to enlarge upon the geometrical aspect of the facts just 
presented. Each element (P, /) of f= 0 is turned about its point P by the 
transformation (24), and each of the oo” systems of elements thus obtained is 
then arranged in the characteristic bands of the corresponding differential equa- 
tion (23). It is to be noted that the characteristic bands of f = 0 do not trans- 
form into those of the new equation, for (24) is not a contact transformation. 
If, now, we consider the osculating parabolic bands at (P, /) and at each of 
its co” transformed elements, these bands will have in common a second point 
which is common to all the conjugate elements. 

A discussion precisely similar applies when the other element coordinates 
u,v, w, a, B of (19) are employed. Namely, each element is now displaced in 
its own plane by the transformation 


(26) a=a+o, B=B+o,, 


the other coédrdinates u,v, w remaining constant. Then the conjugate elements 
of (u,v, w, &, B) in the transformed equation, for every o, and a, will also lie 
in a common plane, namely, the plane of the element (w’, v’, w’, a’, 8’) which is 
conjugate to the initial element (u,v, w,a, 8). Furthermore, the conjugate 
elements satisfy the equations a’ = %@—o,, B'= f'—<a,. 

The transformation (26) in the usual coordinates (x, y, 2, p,q) takes the 
form 
(27) C= E—Oj, y=Y—%,, z= 2 — po, — 9O,, 


the coordinates p and g remaining constant. Evidently each element is dis- 
placed in its own plane in such a manner that the displacement parallel to the 
X Y-plane is the same for all elements. 

Recapitulation of the results found may be made in the following form: 
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THEOREM. Let each surface-elenent (P, E)(x, y,2, p, ¢) satisfying the 
differential equation 


(10) f(®,Y,% pr, g)=9, 
be turned about its point in such a manner that it becomes the element (P, E’) 


(x, y, 2, p—t, g—t,), where t, and t, are arbitrary constants. Then the 
transformed elements satisfy the equation 


I(%, Y,2,pt+t, q+t,)=9, 
and the osculating parabolic bands of (P, E’) for every t, and t, pass through a 
second common point, 


2 9 | 
w= % + a, y=yt ae fang edet tide 


’ 


2 


namely, the point of the conjugate element of (P, EF) in (10). 

Again, let each element (P, E’) be moved in its plane so that the transformed 
element is (P’, E)(w@+o,, y+o,, 2+ po,+ qe,, p, 7), where o, and a, are 
arbitrary constants. The new elements satisfy the equation 


F(®—,, Y—%, 2—po,—qo,, p, 7) = 9. 

The osculating parabolic bands of (P’, L) for every o, and a, touch a second 
common plane, namely the plane of the conjugate element of (P, EF) in (10). 

We may if we so wish consider this theorem as establishing on the parabolic 
band which osculates a characteristic band at (P, #) the conjugate element. 
Clearly, as far as the theorem is concerned, the relation of any equation to its 
conjugate is a mutual one, that is, the new parabolic bands introduced are the 
same for both equations. 

Attention may be called to the fact that the oo? parabolic bands issuing from 
the point (x, y, 2) which arise in the first part of the theorem, lie on 00° para- 
bolas, namely, the parabolas through (x, y, 2) and the point of the conjugate 
element. Similarly, the oo” bands referred to in the second part lie on co! 
parabolic cylinders. 

One final question may be answered. If we start with any element (2, ¥, 2, p, 7) 
satisfying (10), the transformation of the theorem leads to oo” elements at the 
point(«,¥,2). Further, each of these determines a parabolic band, that is, with 
each is associated a united element. Hence from the discussion of § 1, since 
each band determines at (x, y, 2) oo’ curvature elements, we see that from the 
element (x, y, 2, p, 7) are derived oo* curvature elements (a, y, 2, DP, 7, 7, 8, ia 
Also there are oo' elements with the same («, y, z) satisfying (10). Hence for 
all points we derive a configuration of oo’ curvature elements. These must, of 
course, satisfy a single partial differential equation of the second order. Obvi- 
ously, we obtain this equation by forming the first partial derivatives of (23) 
with respect to ¢, and ¢,, and then eliminating these parameters. 
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It should be said that the facts disclosed in the above theorem are easily fore- 
seen in simple properties of the null-system in R,. 

The theorem states, for surface-element loci in space, facts entirely analogous 
to those established by Scheffers for the plane. The osculating parabolic bands 
belong also to a second system of differential equations obtained from the con- 
jugate equation by the transformation (25). 

The theorem given is stated without great difficulty in a form invariant 
within the group G,, of all contact-transformations under which the system of 
parabolic bands remains invariant. The oo’ points or planes of space transform 
into a system o of oo* vertical paraboloids each of which has a parabolic band 
in common with a fixed vertical paraboloid. Each element of space determines 
a o-paraboloid to which it belongs. Then a two parameter group 


c= o(%, Y; Zs Ps q> ty .) 3 the Tee) q — Q(x, Y, By Ds qs ts te) 
exists such that each element is displaced upon the corresponding o-paraboloid. 
This transformation turns any differential equation 
; S(®s Ys 2%, Ps» 7) =9 
into 

EE, Ys, OAPs Qs ae 

The point now is this. If the conjugate element of (x, y, 2, p,q) in f= 0 is 
(x, y’, %, p’, 7’) and the corresponding paraboloids are o and o’, then the conju- 
gate element of &, 7, 2, p, gin /’= 0 for every ¢,, ¢, will lie upon o. 


§ 7. Geometry of Osculating Cubic Bands. 


We now turn our attention to the second type of bands described in §2. The 
transformation of Lie used in the previous section is here replaced by the 
following : 

(1) een = a= Z, p=YVi, q=V;; 

1 2 
by which we pass from ordinary space to space of five dimensions R,. Moreover 
we verify immediately, 


(2) dz — pdx — qdy = dZ + X,dY,—Y,dX, + X,dY, — Y,dX,, 

and the null-system of § 4 bears the same relation as before to the geometry of 
cubic bands. We verify easily that the null-line in F&,, 

(8) X=H=AT+Al, A= XG+AL, Yi=Litut, Y,=V3+ut, Z=2+u, 


wherein 


v+w,X,—A, PF, +u,X,—A,Y,=0, 


gives in R, a cubic band. For, substituting in (1), we obtain for the equations 
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of the band corresponding to (3), 
rN, — °).¢ rA,— ! 
amet yy Ona mat 
Vp? + mt Vg? + mst 
4 = Ae 
( ) ze [(4- Hv") Vp’ +(A,— My”) vq Jt Le P+mt(2 Vp +m,t), 
q=qt Mof(2 vq? + Mt), 
in which the signs of the radicals are unambiguous. Then clearly, the point 
locus is a cubic which passes through the points at infinity on the axes of x, y 


and z. Call these points for convenience A, B and C, respectively. The plane 
locus is the envelope of 


(5) Zh — DPX — we) ghar a) 


in which x, y, 2, p, q have the values in (4). The result of this substitution 
may be written 


(6) (MIX + WEY — Ayo, —AyMy)E + 2[ mM, Vp" X — a?) + wy VQ(Y—y? I]t 

—Z4+2 +4 p'(X—m)+9(V—y)=0. 
The envelope of (6) is a quadric cone. The band (4) has therefore the charac- 
teristic described in $4. The vertex of this cone must lie upon the point-locus, 
the cubic. It is readily verified that the value of the parameter ¢ which deter- 
mines the vertex is 

(A HH + OAL ey’) B 

fi Pee Ny 0 at 1 1 1 2 2 2 ; 
(7) SG AED 


C= 





The vertex lies at the initial point (2°, y°, 2°) when 
(8) (A, — H,@°) My an (A, — May”) My = O. 


The cubic band is now the one referred to at the close of § 4. 
Pass next to the consideration of what will correspond in #, to the general 
null-plane in F,, 


(9) X,=aY,+6¥,+¢, X,=bY,+dY,+e, Z=—cY,—eY,+f. 


Eliminating Y, and Y, from (9) and the first three equations of (1) we 
obtain as the corresponding surface in Ff, 
\a—«x b cx 
(10) b d—y eo yee 00 


|e —e f—2z 


This is the equation of a cubic surface with nodes at the fixed points A, B 
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and C’. Furthermore, it is easily seen that a fourth node exists at the point 
(a— be/e,d— be/e, f+ ce/b). 
To the special null-plane 


(11) ee BeNeR AS 


correspond all the elements of the point (a, b,c). 
Two cases of null-planes not representable in the form (9) are 


(12) (Yea aY, 6, 9 Xgmeks = ake mnie eee ee 


to which will correspond in #, a quadric cone through the fixed points A, B 
and C; and 
(13) Y,=4), Y,=c, Z=bX,+cX,4+d, 


1 2 


which gives in Ff, the plane z = b’x + cy 4+ d. 

It may be remarked that (12) is the same as (4), § 6, if a,b, = aj, a case to 
which attention was called at the time, while (18) is also a special case of the 
same equations. That is, the null-planes in R, which under Lie’s transforma- 
tion gave parabolic cylinders now go over into quadric cones. Further, the 
null-planes (18) in 7, give planes in /, under both transformations. 

To the general plane not a null-plane in #, will correspond in /, an assemblage 
of co” elements whose points lie upon a cubic surface having A, B and C as 
nodes, while the planes envelop a cubic with four nodes, of which the fixed points 
A, Band C constitute three. This difference in character of plane-locus and 
point-locus is noteworthy and is readily accounted for by considerations in R, 
which may be omitted here. The three-nodal cubic referred to is entirely 
general. 

We may develop as in the previous section the analysis for the theory of 
cubic bands which osculate the characteristic bands of a given partial differ- 
ential equation of the first order. To avoid the details, we limit ourselves to 
the statement of results. 

The equations of the cubic band which osculates the characteristic band of 


S (5 Ys% Ps q) =9 
at (x, ¥,2, p,q) are 


: 2pf,t 2qf,t 
a = + <P : ‘=yt ; ; 
p—(f 5) ee ee 


,_ (pa (i+ Pht]? 
p ’ 











DB) vaet+2(pht+af)t Pp 


eyo 2 
q 
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The osculating cubic bands of the equation 


(14) F(@s Ys 2% P17) =9 


belong also to a second equation obtained by elimination of x, y, 2, p, ¢ from 


(14) and 
pf, + 2 
w= 2 — 2p", y=y- 2g, eet lp TD 
G y 


Ae 
Sapo me 5 


The conjugate element («’, y’, 2’, p’, q’) is given by (13) iff =1+/. 

Finally, we may state in a manner analogous to the theorem at the close of 
the preceding section the 

THEoreM. Let each surface element (P, E) (a, y, 2, p, 7) of the locus of 


(16) S(@, Ys % Ps q) = 9 


be turned about its point in such a manner that it becomes the element (P, E’) 


z 
z 


(15) 





Land 


(a, y, 2%, pe, ge), where t, and t, are arbitrary constants. Then the trans- 
formed elements satisfy the equation 


I(#, Ys %, pen, qe?) =o 0, 


and the osculating cubic bands of (P, E’) for every t, and t, pass through a 
second common point given by the first three equations of (15). 

Again, let each element (P, E) be moved in its own plane in such a manner 
that the transformed element (P’, FE.) is 


(w+ o,/Vp, y+o,/ Vg, 2+ Vpo,+V9e,, p, 7); 


then the new elements satisfy the equation 


f(@—9,/ Nps y— 2%] NG, 2 — Np, — V9) PY) = 9. 


Furthermore, the osculating cubie bands of (P’, EF) for every o, and oa, will 
touch a second plane, namely the plane of the element x’, y’, 2, p’, q given by (15). 

The statement for cubic bands of the results which correspond to other 
theorems in the preceding section may be omitted here. 

We may regard cubic bands, projectively at least, as space analogues of 
circles in the plane. For the circle, as a line-element locus, is determined 
uniquely by two fixed points (the circular points) and two given united elements, 
while, as we have seen, a cubic band is determined without ambiguity if we 
postulate that it shall pass through three fixed points and contain two given 
united surface-elements. 
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§ 8. Concluding Theorems. 


Comparison of the transformations of §§ 6 and 7 gives in space the contact- 
transformation 
2ex! 2y/ / oe a 2 2 
ry Ynys ee — Ee Ady, | P EP ee 
P f 
which has the cardinal property of transforming parabolic into cubic bands. 
Further properties of this transformation are readily derived from the preceding 
discussion. 


() == 





Planes transform into planes. 

Parabolic cylinders passing through the extremity of the z-axis at infinity 
transform into quadric cones having three fixed points A, B, C in common. 
These points lie at infinity on the axes. Also, straight lines transform into 
quadric cones of this family. 

Vertical paraboloids and parabolas go over into four nodal cubics, three of 
the nodes being A, B, C. In special cases, the singularities may change to 
two nodes and one binode, all at A, Band C. 

Elimination of p, ¢, p’, 7 from (1) leads to the aequatio-directrix 


(2) aye —2ay + ye to y=, 


from which it appears that points (a#’, y’, 2’) are transformed into cubics for 
which A and & are nodes and C a binode, while points (x, , z) go over into 
vertical paraboloids for which the planes «= 0 and y’=0 are principal planes. 

We may draw one conclusion from the details outlined above. From the 
double system of generators on a paraboloid we infer at once that for a four- 
nodal cubic there exists a double system of quadric cones each of which will pass 
through three of the nodes and touch the cubic along a skew cubic. Taking 
the four nodes by threes in the four possible ways, we obtain eight systems of 
enveloping quadric cones. 


SHEFFIELD SCIENTIFIC SCHOOL, 
February, 1910. 





FIELDS OF EXTREMALS IN SPACE 
BY 


GILBERT AMES BLISS AND MAX MASON * 


The minimizing space curves for the integral 
J= f Fe, Y,2, 8, y,%) at 


form a family which contains four arbitrary constants. Of special interest are 
the two-parameter families which pass through a given point or are cut trans- 
versally by a given curve or surface. Such families occur when the integral J 
is to be minimized with respect to curves which join two fixed points or which 
have one end-point fixed while the other is free to vary on a fixed curve or sur- 
face.t In the study of the sufficient conditions which insure a minimum for the 
integral J under these conditions it is essential to know that such two-parameter 
families fill out simply a portion of space about the point through which all of 
the curves of the family pass, or about the curve or surface by which they are 
cut transversally. The minimizing curves, the extremals, are said to form a field 
in the region in which this property holds. 

The field proofs for the analogous cases in the plane have already been made. ¢ 
The proof given by Bouza for the existence in the plane of a field about an arc 
of an extremal which does not contain a pair of conjugate points, can be extended 
readily to the analogous case in space. ‘This proof includes the field proof 
mentioned above for the extremals which are cut transversally by a given surface. 

It is to be shown here that the extremals through a fixed point§ or the 
extremals to which a given curve is transversal also form fields. In these two 
cases the functional determinant of the equations to be solved vanishes at the 
point or along the curve in question. For the former case a suitably selected 
transformation of the variables reduces the equations to a set whose functional 
determinant does not vanish. The solution is then obtained from the theory of 





* Presented to the Society, Sept. 1, 1908. 

+ These minimizing problems were considered by the writers in a paper entitled ‘‘ The proper- 
ties of curves in space which minimize a definite integral,’’ vol. 9 (1908), p. 440. 

tSee Bou~za, Vorlesungen iiber Variationsrechnung, pp. 164, 249, 271. 

@ The construction of a field formed by extremals through a fixed point has been previously 
discussed by two writers, both of whom used methods quite different from the one given here. 
See BILL, The construction of a space field of extremals, Bulletin of the American Mathe- 
matical Society, vol. 15 (1909), p. 374; also HADAMARD, Legons sur le calcul des variations, 
Note A, p. 497. 
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implicit functions by the aid of a theorem due to Bouza,* which is proved in §1. 

A different method is used in § 3 to prove the existence of a field about a 
curve ZL, but either this or the method of § 2 is applicable to both problems. 
In order to apply the method of § 2 to prove the existence of a field about ZL it 
is necessary first to construct a system of polar coordinates in the neighborhood 
of Z with properties similar to those of the well-known ones used in § 2. 


$1. Bolza’s theorem concerning implicit functions. 


Consider a set of equations 


(1) RAC ASCOT eg Wt Yi Yas it, Ga) 10 (¢=1,; 2, 2s eee 


for which the functions f, satisfy the following conditions : 

A) The functions /, are continous and have continuous first partial derivatives 
with respect to the y’s for all values (a,, &,, +--+, © 2Y, Yoo **+> Y,) mM a 
certain region QI. 

B) There exists a finite closed set © of solutions (x,, @,, +++, %,, 2 9 Yos + *3 Y,) 
of equation (1) entirely within the region Y. The projection of © in the 
(x, 5 +++, #,, )-space will be denoted by §. 

C) No two distinct points in © have the same projection in §: in other 
words, to any point (#,, v,, «++, @,,) in § there corresponds one and but one 
Solution (2), %,, +>, @,. 3 Vis Yoste as pues 

D) In the set € the functional determinant 0(/,,/,, ---54,)/O(Y.5 Yoo ++ +9 Yn) 
is always different from zero. 

Then there exists a constant ¢ such that no two solutions of equations (1) in 
©.+ possess the same projection in §,, and a constant 6=e can be determined 


so that to any point in the neighborhood §, there corresponds at least one 
solution of equations (1) in the neighborhood ©,. The functions 


(2) Y,(®,5 Ly, 100, ), Yo (Wy 4 Xo, vets Di) te) Y,,(%, 5 Le omaha w,,) 


so defined in §; are of class C’, and if the function f, are of class C™t in Y 
these functions are also of class C™ in §;. 





* Loc. cit., p. 166. BoLzA makes the proof of the general theorem depend upon a special case 
which he has discussed in the preceding pages. The theorem was proved independently by the 
writers for the purposes of the present paper, and the proof in § 1 is the direct proof which they 
derived, the statement of the theorem being slightly different from that of Bolza. 

+See BouZa, loc. cit., p. 154. His notation is(¢)c¢. The neighborhood ©, for any set © 


and any constant « is the set of points (2, %,°*-, %m:¥Y,; Yo, °°*, Yn) for each of which there 
exists at least one point (2)/, %/, +++, tm’ iy’, Yo’, +, Yn’) in © satisfying the relations 
[ay —ay’| <e, |t.—a/] <e, ~=+, | —Om’| <<, 


with similar inequalities for y,, y,, °--, Yn- 
tA function is of class C™ if its derivatives up to and including those of order n are 
continuous. 
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As a first step in the proof it can be shown that a constant € exists such that 
no two distinct solutions of equations (1) in the neighborhood ©, can have the 
same projection (7,7, ---,#,,) in ,. For if this were not the case two 
sequences of solutions of equations (1)* 


ake peti les | 
{ats ys vee THs Yas ooo Wats 


mm 


(3) a8 a eg 


(2, aD, 2+, Di YP, YY, -.., FO} 


ns eo, Enea LD): 
could be found, with limit points 


Cor ee O ore SEE U era n,)> ce & “"yeney Cer ET; aaeR a His) 


which lie in the region ©. Since by C’) no two points in © have the same pro- 
jection in § it follows that (7,, ,, ---, ,) and (#1, H,, ---, H,) are the 
same. At the point (&,&,---,& :7,,,,---,7,) the usual theorems on 
implicit functions can be applied to equations (1) on account of A), B), D), 
and it follows that to any point in the neighborhood of (&, &, ---, &,) 
there can correspond but one set of solutions in the neighborhood of 
(&,, &, --+5&. 5%, +--+, 7,)- Thus the existence of the sequences (8) is 
contradicted. 

The constant ¢ can be still further restricted if necessary so that the func- 
tional determinant 0(f,, f,, ---» £,)/AY > Yoo ++ +s Y,) is different from zero in 
©,, on account of D). 

The next step is to select a constant 6=e so that to each point in §, there 
corresponds at least one solution in the region ©,. Suppose that P is any 
point of the set ©, and @ its projection in ). Then by the theorems on 
implicit functions referred to above, a constant 6 can be found such that to each 
point (x,, v,,---, #,,) in the neighborhood (); there corresponds a solution of 
equations (1) lying in P, and therefore in ©.. A constant 6 can be selected 
which will be effective in this way uniformly for all the points P of ©. Other- 
wise a sequence {P } would exist in ©, with limit point 7, for which the 
corresponding constants 6, would have the limit zero. This is, however, impos- 
sible, since there is a value 6. > 0 for the limit point 7. 

By combining these results it follows that to any point in the region §, there 
corresponds one and but one solution of equations (1) in the neighborhood ©€,. 
Since the functional determinant does not vanish in ©, it follows from the usual 
theorems concerning implicit functions that the functions (2) so defined over the 
region §, will be surely of class C’ under the conditions on the functions /, 
stated under A), and of class C’ when the functions f; are of class C“ in Q. 





* For the details of the construction of these sequences see BOLZA, loc. cit., p. 161. 
+See, for example, OsGoop, Lehrbuch der Funktionentheorie, vol. 1, p. 52; or GOURSAT— 
HEDRICK, A Course in Analysis, vol. 1, p. 45 and footnote. 
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§2. The field about a point. 


The equations of the extremals through a given point P(a,, y,, %) may be 
taken in the form * 


x= $(8,&,7,o), y=v(s,&7,), 2=x(8, 80,6), 


where the functions ¢, Ww, x and their first partial derivatives with respect to s 
are of class C’ in the neighborhood of the values of s, &, 7, & defined by the 
conditions 


(6) 50), ae eeey ene 
For s = 0 the identities 


(4) $(9, & 7,5) = 2%, W(9,&,7, 5) =%, x (0, €,75.¢ nen 
$,(9, &, m, dst ar OES) Gy ats WC Oe ne Cae 


hold, and the identity 
bh, + oh, + xx, = 9 


is satisfied for all arguments. If 
(5) P+ + =, 


it follows that s is the length of are measured along the extremal from the 
point P, so that 


(6) P4+vwi+x=1, 


and &, 7, ¢ are the direction cosines of the tangent to the extremal at P. 
It is desired to show that two positive constants d, e exist such that to any 
point (x, y, 2) in the region P” ,t 


(Pi)  0<|e—m|<d, 0<|y—y,|<d, 0<|z—-2| <a, 
there exists one and but one solution (w, y, 2:8, &,, 6) of the equations 
(7) &+n7+o=l, o(s, &, 7, S) =a, w(s, 8,0, o)=y, x(s, &,9, o) =e 
Sor which (s, &, n, 5) is in the region S’ defined by the conditions 
(S.) 0 < seebet ti te a1: 
In terms of the polar codrdinates R, A, B, C defined by the equations 
e—a,=HA, y—y=RB, 2—24,=RC,R>0, 44+ 8'+C=1, 


*See MASON and BLIss, loc. cit., p. 444. 


te that sap is the region P, as defined in a preceding footnote, with the point (1, Yo, 2 ) 
excluded. 
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the equations (7) become 


(8) &+7+=1, $(s,€,7, o)=RA, W(s, &, 7, O)=RB, x(s, En, S)=RC. 
If s is replaced by o, where s = ao, they take the form 
EP 4 + 0 = 1, 
+ [6(Re, £,1,$)—a,]=A4, 


(9) 
aly (Re, oars S)—y]=P, 


a lx( Re, & Ue) [)— 2%] a G. 


By Taylor’s formula with the integral form of the remainder term * and the iden- 
tities (4), it follows that 


(10) o(s, E, nby—mas | $.(ts, Ee n, $)dt, 


with similar equations for y and y, so that when the first members of equations 
(9) are defined for A = 0 by their limiting values, these equations reduce, for 
R= 0, to ; 

(11) cr ete A, on) = oo, 


It is evident then that equations (9) have the solutions 
(©) (Lf, ae Coy es, f)=(0, Ae 3 Cite ase on A’+ B+ C’=1, 


and the projection of © in terms of the polar coordinates is the region defined by 
the conditions 


(9) i, 2 -A® + BP OMe 


From equation (10) and its analogues for w and yx, it follows that the left mem- 
bers of equations (9) are of class C”’ in the neighborhood of ©, and in © their 
functional determinant with respect to 7, &, 7, ¢ is caleulated from (11) to be 
2o07—2. Hence Bolza’s theorem is applicable, and it follows that a constant e€ 
exists such that no two solutions of equations (9) in the region ©, have the same 
projection in §,, and a second constant 6=e, can be chosen so that to any 
(R&R, A, B, C) in §; there corresponds a set of values 


(12) o(R, A, B,C), £(R, A, B,C), 1(R, A, B,C), ¢(R, A, B,C) 


which with (2, A, B, C) satisfy equations (9) and lie in ©,. The functions 
(12) are of class C’ and reduce to1, A, B, Cfor R=0. 


*See C. JORDAN, Cours d’ Analyse, vol. 1, p. 245. 





Trans, Am. Math. Soc. 22 
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With these results in mind it is possible to show the existence of a constant 
e such that no two sets of values (s, &, 7, €) in G’ can define by means of equa- 
tions (7) the same point (w, y, 2), or what is equivalent, the same values 
(#,A, B,C). In fact, for any solution of equations (8) the value of & is 
given in terms of (s, &, 7, ©) by means of the formula 


het ay er le meen i salle itl 


and from equations (10) and (4) it is evident therefore that the quotient s/f is 
a continuous function of s, &, 7, € which reduces tol fors=0. Similarly 
A, B,C in equations (8) are seen to be continuous functions of s, &, 7, ¢ 
which take the values &, 7, ¢, respectively.for s=0. Hence if ¢ is sufficiently 
small, no two sets of values (s, &, 7, €) in GS’ can define the same (2, y, 2). 
Otherwise equations (9) would have two solutions (R, A, B, C:o, &, 7, ¢) 
in © corresponding to the same (#7, A, B, C). 
Let 6 be taken so small that the values 


(18) s=Ro(R, A, B,C), &(R, A, B, C), 1(R, A, B, C), (BR, A, B, ©) 


corresponding to any (2, A, B, C) in §;, liein S,. If d=6/y78, then to 
any point (~,y,2) in P” there will correspond values of (#, A, B, C) in 
5, and consequently a solution of equations (7) for which (s, &, 7, ¢) lies in 
©’. By the preceding paragraph this solution will be unique in ©’. 

The functions 


(14) s(x, Ys z), F(a, Yes n(x, Ys Zz), (ats Ys z) 


so defined have the following properties : 
1) In the neighborhood P*, all are of class C’. 
2) In P, the function s(x, y, z) is continuous and has the value 0 a. 


(> Yo 2) 


3) Let C be an are of class C’, 
(C) a= f(t), y= g(t), 2=h(t), (OS 7) 


which passes through P(x, Y),%) fort=9. The function s(t) defined by 
substituting the values (C’) in the expressions (14) has at t = 0 the derivative 





(0) =VF7(0) +97(0) +470), 


and the corresponding functions E(t), n(t), §(t) are continuous and reduce 
Sor t= 0 to the direction cosines A,, B,, C,, of the positive tangent to C at 
P, respectively. 

The first two properties follow immediately from the nature of the functions 
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(2) and of the polar codrdinates R, A, B, C as functions of x,y,z. For 
points on the curve C’ 


LY = [efaen Ost l Ar Lg F Pale ae [A ra: % |, 


pe fa, 
ry ae 


pele 2, 


EEE 
hie Ro Ce R 








Hence by applying Taylor’s formula to the differences f—a,,g—y,,h — 2, 
it follows that 





lim = V#7(0) + 97(0) + 4(0) 
t=0 


and also that A, B, C approach the limits A,, B,, C,. From the equations 
(18) and the properties of the functions (12) it is then easy to prove the state- 
ment 3). 

The proof which has been made applies to the construction of a field in the 
neighborhood of a single point («,, y,, 2). It is important, for the proof of 
Hilbert’s theorem concerning the existence of an extremal joining two given 
points in space, to know that such fields can be constructed uniformly about the 
points of a finite closed region Jt. The equations of the extremals through 
points of Jt have the form * 


@ = (85 %yy Yor 21 Fs 75 $)s 
(15) Y= V(Ss 2s Yor %» Es 758), 
Z =X (Ss Wyo Yor % Es 75S), 
where $, W, x and their derivatives for s are of class C’ in the neighborhood 
of the domain defined by the conditions 
(e9U55%,) 0 Wh, §= 0, Fy poe. 


For s = 0 the identities (4) hold with respect to all seven arguments, and the 
identity (6) is a consequence of equation (5). 

The equations corresponding to (9) can be set up in the same manner as 
before, but they contain now the additional arguments ~,, y,, 2). The region 
corresponding to © for these equations is the region 


(G) eryisee: Vem e tte, B,C), \ (2 spine) ey At 4 C1, 
and the region corresponding to § is 


(©) (> Yor % 29, A, B,C), (%, %, %) in R, A? + B+ CO? =1. 


* MASON AND BLIss, loc. cit., p. 444. 
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The constants 6 and e can be determined so that no two solutions of equations 
(9) in ©, have the same projection in §,, and so that to each point in §, there 
corresponds at least one solution in ©,, the variables o, &, 7, ¢ being now 
functions of class C” of x, ¥%,2, 2, A, B, Cin §; which reduce to (Taas 
B, C) for points in §. 

Each solution (x, y),%:#, A, B, C:s, &,, €) of equations (8) defines 
as before a solution (x, y), 2:2, A,B, C:c, &,7,¢) of equations (9) whose 
elements are continuous functions of x, y,, %», 8, € 1, § reducing to 
(659 %oo 2:0, A4, B, C:1, €, , 6) when (x,, y,,2,) is in # and’ (ayer a ee 
is in the region ©. Hence the constant e can be chosen so that the solution 
of equation of equation (9) always lies in ©, when (a,, y), %) is in Jt and 
(s, &,, €) in GS’, and consequently for any fixed but arbitrarily chosen point 
(25 Yos %) in Nt no two sets of values (s, &, 7, €) in ©, could define the same 
(Rf, A, B,C). Otherwise equations (9) would have two solutions in ©, cor- 
responding to the same point in §,. 

The constant d= 6//3 can similarly be chosen so that for any point P 
(+ Yoo %) in RK the values (#, A, B, C) in the region P’ about P define 
solutions (x, y, 2:8, &, 1, &) of equations (15) and (5) for which (s, &, 7, ¢) 
is unique in ©’. 

Hence constants d, e can be chosen uniformly for the region KR so that to 
any point (x, y, 2) in the neighborhood P.,, 


Ee 





a—ml<d, O<|ly—yl<d, 0<|2—a|<d, 


of a point P (% 5 %s%) F KN there exists one and but one solution of equa- 
tions (15) for which (s, &, , ©) is in the region 


Oma ae Pt of + OF eal. 


The functions of %)5 Yys %» Ls Ys 2 80 determined are of class C’ for (ay Yoy %) 
in Kt and (w, y, 2) nm P’, and have the properties described above when 
(Wg$ Yas 2%) 28 fred. 

From this result is derived the following geometrical theorem : 

A constant 6> 0 can be determined so that through any point Q + P in a 
sphere of radius 6 about P, where P is an arbitrarily selected point of R, 
there passes one and but one extremal arc (15) which joins P with @ and lies 
entirely within the sphere. 

Along an extremal, # is a continuous function of x, y,, 2,8, &, 7, § and 
has a derivative d#/ds which reduces to 1 for s = 0. To make sure that the 
extremal are joining P with Q lies entirely within the sphere it is therefore 
only necessary to choose e so small that d#/ds remains different from zero for 
(@ 5 Y%»%) in & and (s, &, 7, ¢) in the region 8’. Then the corresponding 
constant 5 will be the one desired. 
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§38. The construction of a field of extremals to which a given are Q is 
transversal. 
Consider an are 2 


(2) om X(u), y=V(u), z= Z(u), u=uv=u,, 


which has the properties that it is part of a curve of class C”, that it does not 
intersect itself, and that the parameter w is the length of are. Let 


(1) Ge tals te St Na 


be the direction cosines of the tangent, principal normal, and binormal, respec- 
tively. 
In each half-plane through a tangent to ¥ and containing the direction 


leosvu+Asinv, meosv + psinv, nCcosv + ysinv 
normal to the curve, there is one and but one direction &, 7, € distinct from the 


a 


c 
S 


; 
Lcosy+ sine 


Fig. 1. 


tangent, to which the curve & is transversal.* The angle 6(0 <6 <7) (see 
Fig. 1) determining this direction, is a function of uv, v which is periodic in v 
with period 27r, and the values of &, 7, € are 


—&=acos 6+ (/cosv +Asinv) sin 8, 
(2) n = Bcos 8+ (mcosv + wsin v) sin 6, 
€=ycos 0+ (necosv + vsinv) sin 6, 


The extremals to which & is transversal are found by substituting the func- 
tions X(w), (wv), Z(w) defining ©, in place of x,, y,, 2, in equations (15) of 


*BLIss AND MASON, loc. cit., p. 463. 
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§ 2, and the values (2) in place of €, 7, €. Then the equations of the extremals 
have the form 


(#) O10 | S40) y=(s,u,v), C= V5. tele 


where the functions ¢, , y can be supposed of class C” in a certain neighbor- 
hood of the region © defined by the conditions 


(S) s=0, U,=u=u,, v any value, 


and are periodic in v with period 27. The parameter s is the length of are, so 
that the identity 
G+ +X = 


is satisfied for all arguments. Fors=0, 

(3) (0, u,v) = X(u), Y(0,u,v)=¥(u), x(0, x, 0) = Zw), 
$,(9, u,v) =a cosO+ (J cosv + Asin v) sin O, 

(4) W.(0, u,v) = Boos? + (meosv + wsinv) sin O, 
x,(0, u,v) = yeos 8 + (ncosv + vsinv) sin @, 


and since @ is between 0 and 77, it follows from the relations which are satisfied 
by the mutually orthogonal directions (1) that 


cosO=ah(0,u,v) + AhwW,(9, u,v) + 7x,(9, uw, v), 
sin 0 = (/ cos u+Asin v)h,(0, w, v) + (mcosv + msinv)y(0, wu, v) 
+(neosv +vsinv)x, (0, u,v) >0. 
If A, B, C are the cosines of a direction not coincident with the tangent to 
&, then there is one and but one value of v (modulo 27) for which the tangent 
to the extremal / is coplanar with A, B, Cand the tangent to 2, and which 


lies on the same side of the tangent to ¥ with A, B,C. For in order that 
these conditions may be satisfied the determinant 


$,(9,u,v) A| 
¥(0,u,v) 8 B 
x,(0,u,v) y C 
must vanish, and the expression 


cosw = A(/cosv + Asinv)+B(meosv + wsinv) + C(ncos v + vsinv) 


must be positive. With the help of equations (4) the former condition is seen 
to determine the ratio of cos v and sin v, and the latter determines their signs, 
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uniquely. It follows that if » and v’ are not congruent modulo 7 the determi- 
nant 


}(0,u,v) a (0, u,v) 
(5) Ww(0,u,v) B wW(0,u, v)| =sin(v—v) 
Rea an YN. 05, ) 


is always different from zero. 
By substitution of the values for ¢, and ¢,, from equations (4) a simple com- 
putation shows that when v = v’ (modulo 7) 


P(0,u,v) « o.(0,u,v) 
(6) Ne (Osi ane ye ( Ou,» )f =a sind sin? == 0. 
Vee ei aye £0 5.4 0) 


The notation Y; will be used to denote the 6-neighborhood of the curve &, 
and &; will denote the points of this set exclusive of those on the curve of which 
@isa part. In the following pages any two points (s, u,v) and (s’, w’, v’) are 
regarded as identical when s = s’, w= w’, and v is congruent to v’ modulo 27 
(v =v ), otherwise distinct. The region ©, is 


(S,) 0=s=e, u,—€SuSu,t+e, v any value, 


and S/ is S, exclusive of the points for which s = 0. 

The purpose of the present section is the proof of the following statement : 

Two positive constants 6, € can be determined so that to any point (x, y, 2) 
in the neighborhood &, there corresponds one and but one solution (a, y, 2: 8, u,v) 
of the equations (E’) for which the values (s, u,v) lie in the region S.. 

In the first place ¢ can be chosen so small that no two points (s, u,v), 
(s’, w, v’) in the region ©, define the same point (x, y, 2) by means of the 
equations (Z’), unless s=s’=0, w=w. In other words, no two of the 
extremals (’) can intersect for values of (s, u, v) in GS, unless they pass 
through the same point P of the curve of which & is a part, in which case P is 
the only point of intersection, and furthermore no extremal intersects itself. 
For if these statements were not true, a sequence 


(1) {55 My Ot 8h, OE} oeteare ye 
(818) + (050), (85 5 04) (Sis hs 0%) 
of solutions of the equations 
Pls, uy) — (5,4, 0), 
(8) r(s,U,v)=$(s8, u,v), 


M(Sateao == ¥ ($5.5 U.), 
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could be determined with limiting values of the form 
(9) Oa a ss va, Ve “, =U, = %, U, = Uy 


which would also satisfy the equations. Since & does not intersect itself, it 
follows from the identities (8) that w, and wv; must be the same. 

With the help of the identities (8) any one of the equations (8), say the first, 
can be written in the form 


[d(s, u,v) — (0, w, v)] —[b(s, wv, v') —6(0, wv, v’)] =, 
or by Taylor’s formula 


1 1 
sf b[ts,w + t(u—w), v]det (uw) f b,[ts,u + t(u—w),v dt 
1 
—s{ d,( ts, wu, v dé =0. 


The three equations so found would have solutions s,, w,—w;, s, not all zero 
provided by the sequence (7). Their determinant with respect to the arguments 
s,u—w’, s’ outside the integral signs, is a continuous function of s, vw, v, 8’, u,v 
which must vanish for the arguments (7), and therefore also for the arguments 
(9). But for the latter it takes the form (5), showing that v, must be congruent 
to v, modulo 7, since the determinant (5) vanishes for such values only. 

From the identities (3) it appears that the function ¢,(0, w,v) is identically 
zero, and therefore 


(10) b(s,usvy—s f b(78,u,0)dr. 


By an application of Taylor’s formula, and then of equation (10), the first of 
equations (8) can be written again in the form 


f(s, u, Vv) —$(s, w’, v)=$(s, u,v) — P(8,, w’, v) + $(s', w’, v) — F(8, wv, v’) 
=(s— &) f $.[0 4 t(s—s'),w+t(u—w'),v|dt 
+ (u— w) | $,[s+t(s—s'),w+t(u—w),v)]dt 


1 1 
+ (v— ve f if f,,[ TS, Ww, Vv + t(v — v )|drdt. 


The three equations so found have a determinant with respect to the quantities 
s—s,u—u,(v—v’)s outside the integral signs, which is a continuous function 
reducing to (6) for the arguments (0, vw, v:0, vw, v’). At the limiting values (9) 
this determinant is different from zero since u, = u,, V) = v, (modulo 7). 


1910] FIELDS OF EXTREMALS IN SPACE 337 


Hence for a sufficiently large value of 7 any quantities s,—s,, u,—vw', 
(v, — v,) 8, which satisfy these equations must all vanish, and by interchanging 
(s, u,v) with (s’,w’,v) in equation (8) it follows that (v; — v,)s, must also 
be zero. If the sequence (7) existed, therefore, the points (s,, w,, v,) and 
(s,, w,, v,) would have to coincide, or else s, = 8;4u;=u,, and s, and s; 
would have to vanish simultaneously, for each sufficiently large value of i. 
But these are the properties which the sequence (7) was assumed not to have, 
and consequently its existence is impossible. 

The constant € can be subjected to a second restriction, if necessary, to the 
effect that for all values of (s, w, v) in G/ the functional determinant of equa- 
tions (/#) with respect to s, u,v is different from zero. With the help of 
equation (10) this determinant takes the form 





id Md Se 
Vin Vs 1M) = 8 (4, ero): 
Bi) WE ie 





where V is a continuous function in the region ©, different from zero for s = 0 
on account of the condition (6). Hence if € is properly chosen V will remain 
different from zero in ©/. 

Suppose now that e has been chosen so as to satisfy the two restrictions 
described above. The points (a, y, z) of the extremals (/’) for which u = u, —€ 
or w=u,-+e, or for which s =e, form a closed set which has no point in 
common with the are &. Let 513 be the minimum distance between the points 
of this set and the points of &. Then any solution (w, y, 2:8, uw, v) of equa- 
tions (/’), corresponding to a point P(«#, y, 2) in &;, has values (s, wv, v) in 
the interior of S’. For P is not on & and therefore can not correspond to a 
set (s, u,v) for which s = 0, and its distance from & is less than 6 13, so that, 
on account of the way in which 6 has just been selected, no one of the three 
conditions u = u, —¢€, w= wu, + €, s =e can be satisfied. 

From the first property of the constant ¢ it follows, furthermore, that P can 
not correspond to more than one set (s, w, v) in ©. 

On the other hand, each point P in &; corresponds to at least one set of 
values (s, w, v) in the interior of ©,. For consider any particular point 
P’(#’, y’, 2) in &; which has corresponding to it the values (s’, w’, v'). Join 


P’ with P by an are D 
e =a e(t). y= y(t), 2 2b), (=t=T 


of class C’ which lies entirely within %;. The functional determinant with 
respect to s, w, v of the first members of the equations 


(11) $(s,u,v)=a(t), ¥(s,u,v)=y(t),  x(8, 4,0) =2(8) 
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is different from zero at (s’, uw’, v) on account of the second property of the 
constant €, and these equations have the particular solutions (a, y’, 2, ¢). It 
follows that equations (11) have continuous solutions s(¢), w(t), v(¢) in the 
neighborhood of ¢’, which can be continued along the are D up to the point P, 
so that P also corresponds to a solution (x, y, 2: s, uw, v) of equations ( £’) for 
which (s, w, v) necessarily lies in ©~. Otherwise there would be an upper 
bound 7 to the values of ¢ which could be reached by continuation, with a cor- 
responding solution (s,, w,, ¥,, 7) of equations (11) for which (s,, w;,v,) would 
liein S,. The functional determinant of equations (11) would still be different 
from zero at (s,, u,, v,) and consequently 7 could not be the upper bound 
described. 

It has therefore been shown that to each point (w, y, 2) in &% there corre- 
sponds a solution (x, y, 2:8, u,v) of equations (/#) for which (s, wu, v) lies 
in GS’, and on account of the way in which e was chosen this solution is unique. 

The functions 
(12) 8(%,Y, 2%); Ue, ¥, 2), V(X, ¥, 2) 
which with x, y, 2 solve equations (#) have the following properties in the 
region 23: 

1) They are all three of class C’ in &%. 

2) In &; the first two are continuous and for a point (Xs Yys %) on & cor- 
responding to the parameter value u,, 


$( 2%, Yor %) = 9, u(y, Yor %) = Uo- 


3) The function v(x, y, 2) is infinitely many valued, its values correspond- 
ing to a given (x,y, 2) being all congruent modulo 27, but cosv and sin v are 
single valued functions 


(13) COS U = 4(X, ¥, 2), sin v = (x, y, 2) 


of class C” in L;. 
4) Let C be a curve 


(C) w=f(t), y=g(t) 2=A(t) (0<t=7), 


with a continuously turning tangent, which intersects 2 at a point P 
(Xs Yoo %> Uy) for t= 0, but is not tangent to Y at P, and for which t is the 
length of arc. The tangent to C at P determines uniquely a direction 


(14) Jeosv, + rsin», M COS UV, + M SIN Vp, N COS VY, + SIN V, 


coplanar with the tangents to C and at P, and lying on the same side of 
the tangent to & with the positive tangent to C. As t approaches zero the 
Junctions s(t), u(t), a(t), b(t) defined by substituting the values of x, y, 2 
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JSrom (C) in the functions (12) and (18), approach the limits 0, u,, cos v,, 
sin v,, and the functions s(t), u(t) have derivatives at t= 0 which have the 
values 


s(0) = sino ese 0, wu (@) = cos w — sin @ cot 8, 


where w is the angle between the positive tangents to C and &, and @ is the 
corresponding angle for EF and &. 

The properties 1) and 3) follow readily from the usual theorems concerning 
implicit functions and the periodicity of d, , x with respect to v. For at any 
solution (2, 7’, 2°: 8, w, v') of equations (#) for which (2’, v’, z’) is in &; and 
(s', w, v’) is in S_, the functional determinant of ¢, W, y with respect to s, wu, v 
is different from zero. 

If P, is a point (x, y,, %) on & corresponding to the value w,, then for any 
7 > 0 a value p > 0 can be selected so that | s(x, y, 2)| <7 whenever (a, y, 2) 
is in the p-neighborhood of P,. For the values (s, w, v) in G, for which s=>7 
define a closed set of points (a, y, 2) distinct from P,, whose minimum dis- 
tance from the point P, is a positive constant p v3. Hence any (2, y, 2) in 
the p-neighborhood of P, will have its distance from P, less than p, and will 
necessarily correspond to a value of s for which 0<s<7. In a similar 
manner the points of S, for which | uv — w, | =7 define a closed set of (x, y, 2)- 
points distinct from P,, and the continuity of u(x, y, 2) as stated in 2) can 
be proved. 

It remains to consider the property 4). An application of Taylor’s formula 
shows that the equations 


= { $(ot, u,+ Tt, v)—«2, } OE 


b) 


(15) = {p(ot, 4, +7 0) —%)} es 


1 t)—2z 
7 ix(et, u, +t, v)—2%} mu OP 





reduce for ¢ = 0 to 


(16) of, +7a=f'(0), op +78 = 9(0), ox, + Ty =/h'(0), 


where c= 0 and the arguments of ¢,, y,, x, are(0,u,,v). Asa result of the 
statements proved on page 334, there can be but one value v, (modulo 27) for 
which these equations are satisfied, and the corresponding direction (14) has the 
properties described above. It follows that equations (15) have for ¢ = 0 unique 
solutions 


o, = sin wesc 0, T, = cos w — sin w cot 0, Vy 
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determined by equations (16). The functional determinant of equations (15) 
for the values (o,, 7,, ¥), = 0) is found with the help of the formula (10) to. 
be the determinant (6). Hence these equations have continuous solutions o(¢), 


T(t), v(t) reducing to o,, 7,, v, fort = 0. The corresponding functions 


s=ot, u=u,+ Tt, cosv= a(t), sin v = b(t) 
define solutions of equations (#7), and hence must coincide with the functions 
s(t), w(t), a(t), b(t) determined under 4). It follows readily that s’(0), w(0) 


exist and have the values o,, 7,, while a(t), (¢), approach cos v, and sin v,, 
respectively, as ¢ approaches zero. 





GROUPS GENERATED BY TWO OPERATORS (s,, s,) SATISFYING 
WHE RQUA TION: seit 557" 
a2 
G. A. MILLER 


§ 1. Introduction. 


In 1878 CayYLey considered the groups generated by two operators (s,, s,) 
satisfying the equation s,s, = s?s? and observed the interesting theorem that it 
is not possible to represent all the operators of such a group in the form ss? 
except in the special trivial case in which the group is cyclic.¢ This theorem is of 
historic interest as it is one of the earliest theorems relating to a general category 
of abstract groups. More recently Nerro published a few additional general 
results which may be deduced from this equation and he also determined the 
possible groups when the orders of s,, s, are both less than 6.¢ The results 
obtained by Nerro were extended by the author of the present paper, mainly 
by means of special considerations, as regards the possible groups in pce the 
two generating operators are of order 6.§ 

For convenience the equation under consideration is written, in the present 
paper, in the form s,s? = s,s?, and a number of new general results are deduced 
from it. By means ; these the known results are obtained much more easily 
than in the earlier papers. It is also proved that the two equations s? = 
$, 82 = s,s? imply that s} = 1 and hence either the first or the second of the 
three generational relations s> = 1, s3 = 1, s,s? = s,s? given by NETTo in the 
article cited above is redundant. ‘This is of interest since it proves that the 
non-cyclic group of order 55 is the only non-abelian group which can be gen- 
erated by two operators satisfying the two conditions s> = 1, s,s? = s,s? and 
‘hence it establishes contact between the present paper and the one devoted to 
the “ Finite groups which may be defined by two operators satisfying two 
conditions.” || 

Among the other results the following are perhaps of most interest. There 





* Presented to the Society, December 29, 1909. 

{ CAYLEY, Messenger of Mathematics, vol. 7 (1878), p. 188. 
{ Netro, Crelle’s Journal, vol. 128 (1905), p. 243. 

§ Quarterly Journal of. Mathematics, vol. 40 (1909), p. 197. 
|| American Journal of Mathematics, vol. 31 (1909), p. 167. 
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is an infinite system of solvable groups each of which may be generated by two 
operators which satisfy the three conditions ss =1, s§=1, s,s3 =s,s?; but 
there are only two groups which may be generated by two operators satisfying 
the three conditions s7 = 1, s} = 1, s,s} = s,s?. Combining these results with 
those known earlier we may say that the only groups which can be generated 
by two operators satisfying the three conditions, 


oo Cty ee ye 2 
Srescle Sos Sian Se 


are: The group of order 2 when a= 2; the group of order 3 and the tetrahedral 
group when a= 38; the cyclic groups of orders 2 and 4, and the holomorph of 
the group of order 5 when a= 4; the group of order 5 and the non-cyclic 
group of order 55 when a= 5; the cyclic groups of orders 2, 3 and 6, and an 
infinite system of solvable non-abelian groups when a = 6; the group of order 
7 and the non-cyclic group of order 203 when a=T7. The fact that for a = 6 
there is an infinite system of possible groups, while there are only two for the 
larger value T of a, is to be emphasized. 


§ 2. General considerations. 


“iti i 2a 24 , Pa a pa isl 
By writing the equation s,s? = s,s? in the form s,s?s;! = s,s,, and raising 


both members to the same power, there results the formula 
92% el n 
$1 82" 8; idl (s,8,) 
In a similar manner we obtain the formula 
Weil 
8,8} 8) ae (8,8, )”. 


From these two formulas we see directly that the three operators s?, s?, s,s, are 
of the same order, and that either s,, s, have the same order or else the order of 
one of these operators is an odd number and the order of the other is twice this 
odd number. These results may be expressed in the form of a theorem as fol- 
lows: If two operators satisfy the equation s,s? = s,s?, their squares are of the same 
order as their product. 
By transforming the given formulas with respect to s;', s;', respectively, we 
ay co) 5 2 eae, ’ 

obtain 

2 92% o—2 __ 2 92n o—2 — } 

9a hts (s, 8, )" 82 80" 8] or (8,8, )", 
and hence 

2n o—1 92 g—2n g—2 — 2n a—1 92 ae 2% o—2 __ 

(A) 8, 82" 3,1 82 878 8, Aimar B Sesh 8 Boe Om 


> ig e-le—l ee —2 o—1 — —1 
The commutator of s,, 8, is s;!s>18, 8, = 8,-s;?8;!.8, 8, = 8,s>1, and hence 
iro —1 \2 —-'e3 ,.e-2 a1 —1 — 93 o—3 
(B) (87 82 8, 8, ) — (8,8) ) BS Siebr 20g. 784s. ara sae 


The group generated by the two commutators s,s;!, s;!s, is invariant under 


1910] SATISFYING THE EQUATION 3,8) = 8,8? 343 


the group G generated by s,, s, since 
—Ha—le2) te) e=2 ele? — @ a2 a —1 Je—1 
sy} sy! s} = 8,-8;?s8>1s} = 8.8778, = 8,8;1-sy18,, 
Salo an = Rie Si 
Saere ene 060 6) 898 — FL 88 Sr 


As the quotient group of G with respect to this group is cyclic it results that 
this invariant subgroup is the commutator subgroup of G. That is, if two 
operators satisfy the equation s,s? = s,s?, they generate a group whose commutator 
subgroup is generated by two conjugate commutators and whose commutator quotient 
is cyclic. 

The commutator s,s;' is transformed into s;'s, by each of the two operators 
8,, 8,- It is also transformed into the same operator by each of the two opera- 


3 3 ; —1\2 
tors s;, 85, since (S$, 8) 


= sis;*. The two operators s,s,s,, s,s,s, must have 
the same order since they may be obtained by transforming s,s?, s,s? by s;!, sy! 
respectively. Hence s>?s,s,s,s2, s;?s,s,s,8? must also have the same order. 
The last two operators are equal respectively to s;!s*, s;!s$, as may be seen by 
employing the relation s,s3 = s,s?._ This fact was proved by Netto by means 
of more lengthy considerations. For convenience in the following applications 


the equation s,s? = s,s? is written also in the following forms : 
Se earl ga ob 1 —— Os Oo Sil — or ax 
pitty bead Pia eae Ses — 8) Sess 


Throughout the following two paragraphs it will be assumed that s, and s, 
are both of odd order. Hence formula (A) may be written in the simpler form 


(4’) $, 878 1 838; "8)" = 8,878) ' 878,"8;7 = 1, 
where m is an arbitrary integer. If we let m= 1 there results 


Ud —1 e2 e—1 oe 2 — 2— 2 cay Lee 
(A’) 8, 8,8, 1 828,185? = 8, 8,877 8,8, 8 =1, 


From the last equation we have 
Se Seiad 
8,(8,8;1)"871 = 8,(8,8,7)"s71. 


Hence s,s>1, sy!s, are commutative. That is, if two operators of odd order satisfy 
a te 2 / , > > ” 
the equation s,s? = s,s? they generate a solvable group whose commutator subgroup 
is either cyclic or the direct product of two cyclic groups. 
All the exponents of the second member of (A”) may be multiplied by 2 
i i i ine — g2 52 9-2 — 9292 9-2 
without changing its value, since s,s, = s?s?sy7? and s,s, = s?s?s>?. Hence the 
equation 
2 e2 a—4 92 o2 o— 4 — 
Base see 8) eo ake 


By employing the given relations between s,,s, and especially those which can 


be directly obtained from s, s"s~! = s28"s>?, s,s"s7! = s?8"s—?, it is not difficult 
y et tl B71 Pa 9 e189 172° t 93 
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to verify the following equations: 


2 o- 3 — 93 o—4 93 02 g—1 a3 
8, 82° = 87 8, ~ 87 858) 8, 


—1\5 — 3-3, —1, 03 o—3 — 93 e—4 2 
(8,8) )b = 838; 8) 8) 87 8) — 8; 5 878, M3 eo aT 


3 e—4 93 of e—-2 o—4 — 93 4 40-5 — 93 o—3 92 a—1 of e—5 
87 82 8 8) 8) 8) = 8; 8, 8, $287 82 = 8, 8) 87 8) 81 85 


== 3 920-1 o=—1. o6' a=) —2 06 e—5 
= S387? 81 s71 s6s>° = 8, 87788 87°. 
Hence it results directly that 


(B) (5,851) = 951 (stay). 


From the equations 


ee my) Melee Wry Air IU | Ys ear te Sie ere 
1= 8,8, 8; 87 8, 8} = §,8, 8, §, 8,8 = §,8, 8, 87 8 S| = § 


3 o—2 93 e—2 e—3 
Lecce 8; §; 8 85° $1 "9 


Zimlie 2 


it follows that s?.sy!s?.s>? = s3s2s73, and hence the two operators sj1s?, s? 
have the same order. In a similar manner we observe from the equations 


OH Sy as, cde 0 cig See ecg enna ee es 
= 8,871 871 838,38)? = 2 8,8, 18,1838, = 8 8,871 87? 8,8} 
— e293 0-2 0-3 9 93 — 92, 0-403, 0-2, 0-8 @ 93 
= 8, 8; 85 8) 8,8; = 83 s5 8} 8, | 8, 8} 


that s;‘s? is of the same order as s,._ That is, when s,, s, are both of odd order 
4 11977 > yas —1 93 —403 ap “der 
all of the following five operators: 8,, 8,, 8,8, 8518*, sy*s? are of the same order. 


§ 8. Several Special Cases. 


If we add to the equation s,s? = s,s? the additional equation s* =-1, it is not 
difficult to determine all the possible groups for the different values of n from 
2 to 5. If n=2 it results directly from the former of these equations that 
s, = sy' and hence the group (G') generated by s,, s, is of order 2. Ifn=8 it 
results from the preceding section that the order of s, is either 3 or 6 and that 
the order of the commutator s,s;! is either 2 or 4, since (s, sy! ae cme 
s, is of order 3 the order of s,sy1 is 2 and hence G is generated by two operators 
of order 3 whose product is of order 2. It is well known that every pair of oper- 
ators which satisfy these conditions generate the tetrahedral group. On the 
other hand, if s, is of order 6 when n = 8, the order of s,sy! is 4 and (s, sy")? = 83. 
It is known that the group of order 24 which does not involve a subgroup of 
order 12 is the only group that can be generated by two operators which fulfil 
these conditions.* 

When n= 4 it results from the preceding section that s, is also of order 4 
and that s,s, is of order 2. Hence, s,s, = 8;1s;1, and s;?- 8, 871-8? = s;18>1- 8? 
== 8,83 <= 8,871==(8,9,1)~)..\ On the other hand, $-1-3 s>!-8)—=5, 7 Sean 
=(s,sy!)-?. That is, s? transforms s,s>! both into its 4th power and also into its 





*Transactions of the American Mathematical Society, vol. 8 (1907), p.4. An 
operator is said to fulfil the condition s} —1 if it is of order n; it is said to satisfy this condition 
if its order is a divisor of n. 


a _. ee ee Stag 
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inverse, and hence the order of s,s;! is 5. Since s, transforms s,s;! into the 
inverse of its square, it has been proved that G is the holomorph of the group of 
order 5 whenn=4. From the preceding section it results that the order of s, 
is either 5 or 10 when n= 5. Weshall now prove that it cannot be 10. This 
will be done by assuming that s,, s, fulfil the conditions s? = 1, s}9 =1, s,s? = 8, 8? 

and by showing that this assumption leads to a contradiction. 
Suppose that s,, s, fulfill the three conditions 
eon ie aoale Bi ner 


1 2 


From formula (A) of the preceding section we obtain 


6 e—l e2 a—1 a2 — 
is, Soest a se 


Hence 


Be 92,02 020-1, 9-2 — 5a o2 —2 — 5 
8, 85 §, 8} $7 83 8) 8, = S, 838,858, 8,8, 8 = $, 8,8 


2 2 02 a4 
bag Yee lee ath Bia jog Ue. 85 8) 85 87 8, 


Digs 2 es cae 


a 5 a el re et 5 oe 95 e205 — 
== 8 Ss sia ee = gees se 785 <= 1. 


From the last of these equations it is evident that the conjugates of s3 with 
respect to s;!, s;? are commutative, since the product of two operators of order 2 
(s,83sy1, s?s3s7?) is of order 2. Transforming this last equation by sy! leads 
to the equation 


3059-3 — 5 o—1 , 02 05 o—2 — ob 
87 85 8) = 8,858) $7 85 8} = §5- 


Since s? is commutative with s° and since s? generates s, it results that s, is com- 
mutative with s3, and hence we have s}!9=s3=1. As this is contrary to the 
hypothesis, it has been proved that the two equations s° =1, s,s? = s,s? imply that 
83 = 1. 

We proceed to determine all the groups which can be generated by two oper- 
ators satisfying the two conditions 


sp ae Fe ae 2 
geal, 8 82 en’ B. 88 


As 8,3-8,951-83 = 87257153 = 8728? = 33873 = (8,8,1)-? according to formula 
(B) of the preceding section, it results that s71°(s,sy1)s!5 = (s,sy!)-*? and 
hence the order of s,sy! must divide 383. To prove that this order is 11 or 1 
we may proceed as follows: s~®.s,s71.s§ = s;1s,s>1s, = sy1s, = (s,s;!)*%. Mul- 
tiplying both members of the last equation by s?s>* =(s,s;!)?, we find that 
(8,871 P= sis, 8,3 28] 887 | 8,8 = 8, 83871 8,8, 
= §,-8,2871.8,8 = 8,-878,!-8,8,=1. As 3,871 1s of order 11 or 1 it results 
that G is either the non-cyclic group of order 55 or the group of order 5. That 
is, the group of order 5 and the non-cyclic group of order 55 are the only two 
groups which can be generated by two operators which satisfy both of the conditions 
ee 1, 3.8? = 8,87. 


LN Ei —1 3 —1 e 
hence (8, 83 ) = 8,87 !.883,8718,8, = 8 


Trans, Am. Math. Soc. 23 
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$4. Groups whose Two Generators satisfy the Three Conditions 


Ditcceae ae fee 2 
ceed Ne a) Ge CSE 


In the preceding section we considered all the possible groups when the order 
of at least one of the operators s,, s, is less than 6. Hence we shall assume 
throughout the present section that each of these operators is actually of order 
6. We shall first prove that each of the two commutators s,s>!, sy!s, which 
generate the commutator subgroup of G must transform the square of the other 
into its inverse. This interesting fact may be established as follows : 


a, s 8, sy! ‘sv! &, = Ce. si sy! ae = nh s? 8,87? 


Hence it results that 

-1 —1)\20o-1le — ele ,o-2 me —2 _. e-1e2, ele, —2 

8) 8, (8, 83 ys; 8. = 8, © 87 89°81 “84° + 87 $2 8) * = 8) 87 +8 8, + 8) 8) 
— o- 1, e-2 o- 1 , o—- 2 — o- 3 eo 3 — —1 \—2 
85 se]. oo operas = (8,8 ) : 


In a similar manner we may prove that s,s;! transforms s;'s, into its inverse, 
as follows: 


=1 ol of, clea ola=2 —1 =1 92 e—1 o—1 
§, 83 8; s 8, 8} 8 85 §, 8,8) = § 8, 87 83 | 3 


—1/( 1 2 —1 _ —1, 92 o—2,, e2 e—-1 o—-1 —2 93 e-1 g—1 
$83 (85 s,) 828, 5 41290241 S91 sy ee eed 


Ee Fe ee hah ae al Pe ey if gl =) 
oe tS] | San 6h Sy 5 Si a Serene, = (8; s,) ° 


Having proved that the commutator subgroup of G is generated by two 
operators each of which transforms the square of the other into its inverse we 
proceed to consider this general category of groups. That is, we shall consider 
the category of groups generated by ¢,, ¢, where no restrictions are imposed on 
7,, t, except that they satisfy the two equations 


f@t=ts?, ty @t=t?. 


These conditions imply that (¢,t,)? = (¢,t,)~?, and hence each of the three cyclic 
groups generated by the operators ¢?, (2, (¢,t,)’ respectively is invariant under 
the group K generated by ¢,, t,. Any two of these three cyclic subgroups have 
at most two common operators, since each one of the three operators 1,, t,, t,t, 
transforms into their inverses all the operators of two of these three cyclic 
groups and those of the third into themselves. That is, all the operators of the 
three groups { #2, (¢,¢,)?}, {#@, (44,)?}, {@, @} are transformed into their 
inverses by ¢,, ¢,, t,t, respectively. 

From the preceding results it is evident that the abelian group {¢?, #, (t,t,)"} 
is invariant under A. Each of the three groups 


(hs Gs (4b) }, (4 bs (46)"}> 14, 46} 
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is also invariant under £ since t;!t,t, = t7?t;1(t,t,)?. As a consequence, the 
quotient group of A with respect to {f, #2, (¢,t,)’} is either the four group or a 
subgroup of this group, and / is always solvable. Hence the theorem: Jf each 
of two operators transforms the square of the other into its inverse, these operators 
must also transform the square of their product into its inverse, and these three 
squares generate an abelian subgroup which is invariant under the group generated 
by the two operators. The index of this subgroup is a divisor of 4. 

It is not difficult to construct such groups in which the orders of #?, #2, (t,t, )? 
are three arbitrary numbers. ‘To do this we may write, in distinct sets of letters, 
three cyclic substitution groups of the required orders, each generator being 
composed of two equal cycles when its order is even. We then select ¢,, ¢, in 
such a way that they generate respectively the first two of these cyclic groups 
and that their components involving the letters of the other cyclic groups are of 
order 2, transform the operators of these cyclic groups into their inverses and 
give a product of the required order. It follows directly from the properties of 
the dihedral group that these substitutions can be so selected that ¢,, ¢, have the 
given properties, and this establishes the existence of A for any arbitrary set of 
numbers for the orders of ¢?, 0, (t,#,)’. 

Having established some fundamental properties of the general category of 
groups which may be generated by two operators, each of which transforms the 
square of the other into its inverse, we return to the operators under considera- 
tion. The three operators, 


(8,837 iE = sisy*, (8718 ¥ = 818, °8,, (8, 8778, i = 8,8; °8!, 


generate an invariant subgroup under the commutator group of G and its index 
under this group divides 4 according to the general theory. It is easy to verify 
that these three operators together with their inverses constitute a complete set 
of conjugates under G and hence the group generated by them is also invariant 
under G. 

These results suffice to prove that G can be constructed when the order of 
(s,sy1)? is an arbitrary number. The general method can be easily deduced 
from the following example. Suppose that the order of (s,sy!)? is 8. Write 
the three cyclic substitutions abc, def, ghi and select a substitution of order 3 


t = adg-beh-cfi 


which merely permutes the corresponding letters of these cycles. Find a sub- 
stitution of order 2 which transforms each of the cyclic substitutions into its 
inverse and is commutative witht. In the present case we may select ab.de-gh. 
For s, take the continued product of the second cycle, this substitution of order 
2,and¢. In the present case 


s, = ab-ef .gh-t = aeicfh-bdg. 


348 G. A. MILLER: GROUPS GENERATED BY TWO OPERATORS [July 


For s, we take the continued product of the first cycle, the component of the 
given substitution of order 2 which involves the letters of this cycle, and ¢. 


s = be.t = adg-bficeh. 


It is easy to see that any two substitutions selected in the manner in which 
S,, 8, were chosen must be of order 6 and must also satisfy the equation 
s,s2 = s,s?. The three cyclic substitutions generate a group whose order is the 
cube of that of one of the cycles. This is the group generated by 


(Gres (sy*8,)’, (21878, 
This abelian invariant subgroup is of index 4 under the commutator subgroup 
and of index 24 under G. In the special case under consideration G is of order 
648 and it is the largest group which can be generated by two operators which 
satisfy the four conditions: 


Bh == 1st is ao ea eee ee 


If the order of (s,s;!)* had been even we should have proceeded in the same 
way except that we should have selected cyclic substitutions whose order is twice 
that of (s,s;!)* in place of substitutions like abe, def, ghi whose order is equal 
to that of (s,s;!)*. But the case where (s,s;!)’ is of odd order is sufficient 
to prove the theorem: There is an infinite number of distinct groups each of which 
is generated by two operators satisfying the three conditions s§ = s§ =1, s,s? = s,8?. 
All such groups are solvable. The commutator subgroup of each of them is gener- 
ated by two conjugate operators each of which transforms the square of the other 
into its inverse, and the order of each of the groups generated by 8,, s, 1s a divisor 
of three times the cube of the order of the commutator of s,, s,. 

If the commutator s,sy1 of s,,s, were of odd order, s>1s, would also be of 
odd order. This is clearly impossible since each of these operators transforms 
the square of the other into its inverse. That is, 2f two operators satisfy the three 
conditions s° = s§ = 1, s,s? = s,s?, their commutator must be of even order. ‘This 
theorem was proved by means of prolix considerations in volume 40 of the 
Quarterly Journal of Mathematics, page 201. It may be remarked that the other 
results of that article relating to the sets of conditions under consideration follow 
almost immediately from the theorems of the present paper and may be used to 
illustrate these theorems. 


§5. Groups whose two generators satisfy either the three conditions si = si = 1, 


2; or the conditions s° = 88 =1, 8 


eb 2 2. @ 32 
OP parte eT id des 


Throughout the first two paragraphs it will be assumed that the first one of 
these two sets of conditions is satisfied. 


* Quarterly Journal of Mathematics, vol. 40 (1909), p. 203. 
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By making n = 1 in formula B’ of section 2 there results (s, sy!) = sy! s7! 82. 
Hence (s, s;?)® = s,s7?28;1s? = sy!s, =(s;1s8,)-!. That is, the group generated 
by s,sy! involves sy's, and is therefore invariant under G. Hence the com- 
mutator subgroup of G is the cyclic group generated by s,s;!. Since 
871-8, 871-8, = sy1s, = (s,sy!)~* it results that (— 5)’ = 1 modulo the order of 
8,s;!. Hence the order of s, sy! divides 6.29.449. To verify that this order is 
29 we may proceed as follows : 


(8, 8," (es = (8, sy! Lik 2 Fp 8, >= (s, 8," an 8, ( sj! s, i= (8, 85° yen 8,87! (8, Tile: 
= 871871838718, 871 87? 8, 8,8, = 87) 8718} 874 8778, 8,8, 


— e—1 a—l ef e—2 e— 2 a2 — ol ol a2 —2e@ — 
Ga Gol 8 898, 8== fo) gol 8 sete 


Since the order of s,s;! is 29 or 1, G must be the non-cyclic group of order 
2038 or the group of order 7. It is evident that G may be of order 7. That it 
may also be of order 203 may be proved in the following manner. 

Suppose that ¢ is an operator of order 19 and that s71ts,= 4. Since 24 
belongs to exponent 7 modulo 29 we may assume that s, is of order T and hence 
s,t is also of order 7. The two operators s,, s,¢ evidently generate the non-cyclic 
group of order 203 and 38,(8,¢)? = s?ts,¢ = ssy!te,t = s3f5 = s ts? since 
24° = 25 mod 29. These results prove that there is only one prime number p 
which satisfies the condition that it is possible to find a number « belonging to 
exponent 7 and satisfying the equation a+1=a?modp. This prime number 
is 29 and ais 24. This result may also be stated as follows: If a belongs to 
exponent T with respect to a prime number p and if a+ 1 = a mod p then 
p= 29 anda=25. Weare thus led to a characteristic property of the prime 
29. Similar characteristic properties of the primes 5 and 11 may be deduced 
from the results of section 8, and in what follows we shall establish also such a 
characteristic property of 19. 

When s? = s§ = 1, s,s? = s,s? formula BD’ gives rise to the equations 


(5,81 )#* = 871 (87 $8})"s, = 871875 (8,871) -*si 8). 


Since s3s, transforms (s,s;!)? into a power of itself we shall first prove that the 
order of s?s, is 9. This fact is established by the following equations : 


3 4 — 93 3 3 3 — of 92 92 92 a2 92 
(sis) = 87 S28] 8, 8) $2 8) 8, = 87 82 87 89 87 89 8, 85 
— 9493 02 e—1 04 92 — of of o—1 o—1 96 02 
== sy 85 s; 85 8; 83 §, 8, = S| 85 S| 85 ST 85 s 8, 


= st sf $77 onc s6s28 8 


— of 06 o—4 o—1 e—2 a2 
Lega | 2 = 81 858) 8) $ $5 8,8, 


— of 06 o—6 —1 — of 06 03 93 e—l 
= 8) 8) 87 8,87" 8,8, 8, = 8] 8) 87 8587" 8,. 


3 3 — 9496 93 93 o—4— 94 96, 93 24 06 \—1 
Hence (838, )3 = st 36 3 33 s4+== 8! 38.53. ( st 38 )—1. 
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Since s? is of order 3 the order of s?s, must be 9, and from the fact that this 
operator transforms (s, s;!)? into (s,sy;!)~‘ it results that its 9th power trans- 
forms (s,s;!)? into its — 512th power. That is, the order of s, s>! must divide 
1026 =2.19.27. Inviewof this result we are led to inquire whether the order 
of s,sy! could be 19. That this is possible results directly from the fact that if 
¢ is an operator of order 19, and if s;lts, = ¢ then s,, s,¢ satisfy the equation 
s,(s,)? =s,¢s?, as 6 = 25 mod 19. It is also easy to see that the group of 
order 86 generated by s, = abe.t,, 8, = bdc-t,, where t, is invariant and of order 
9, fulfils the conditions imposed upon the generators at the beginning of this 
paragraph. Hence it has been proved that there is more than one non-abelian 
group which involves two generators satisfying the conditions s° = 83 = 1, s,s2 = 8,83, 
but the only prime numbers which divide the order of such a group are 2,8, 


and 19. 








CONGRUENCES OF THE ELLIPTIC TYPE* 
BY 
LUTHER PFAHLER EISENHART 


Introduction. 


Let ZL be a line of a rectilinear congruence; X, Y, Z, its direction-cosines ; 
and x, y, z, the coordinates of the point in which LZ cuts a surface of reference 
S. These six quantities are functions of two parameters, say u and v, which 
we assume to be real. As usual we put 


ox\? OX 0X OS AeNe 
Ea2(S), FatrQy, @=3(F), 





Ou Ou Ov’ Ov 


1 
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Of all the ruled surfaces, formed by lines of the congruence, which pass through 
I, two at most are developable. They are defined by the equation 


(2) (Ef’'— Fe) du? + (Eg + Ff’ — Ff — Ge)dudv + (Fg — Gf) dv? = 0. 


In the case of normal congruences, congruences of Guichard, cyclic congruences 
and congruences of tangents to a real family of curves on a surface, the integrals 
of equation (2) are real. But there is a large variety of congruences for which 
the integrals of this equation are imaginary. We say that a congruence is of 
the hyperbolic or elliptic type according as the two values of dv/du given by (2) 
are real or imaginary. ‘This paper deals with congruences of the latter type, 
and particularly with pairs of ruled surfaces which are real only in this case and 
which possess properties analogous to those of the developable surfaces of a con- 
gruence of the hyperbolic type. 

One of these systems may be defined analytically by means of the following 
theorem of CIFARELLI: + 

Given two quadratic differential forms 


(3) a, dv? + 2a,dudv + a, dv’, b, du? + 2b,dudv + b,dv’, 


of which the first is definite, that is, a,a,— a2 > 0; if one forms the Jacobian 


* Presented to the Society September 13, 1909. 
+ Le Congruenze, Annali di Matematica, ser. 3, vol. 2 (1899), p. 148. 
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of these forms and equates to zero the Jacobian of the resulting quadratic form 
and of the first of (3), the solutions of the resulting differential equation define a 
real transformation, say uv = (u,v), v = (u,v), which changes the forms 
(3) into two 

a, du” + 2a, du'dv' + adv", —-b du” 4+ 2b; du'dv’ + 6, dv”, 
which are such that 


(4) 


Since the left-hand member of equation (2) is a definite quadratic form, it 
may be taken as the first of (8). If we take for the second the square of the 
linear element of the spherical representation, namely 


(5) do? = Edw? + 2Fdudv + Gdv’, 


S| —] 
a 
I 
Soo 


we ie 


3 ag ead Ue 


a 


the parametric ruled surfaces wu’ = const., v’ = const. constitute a system which 
we shall study in detail. We call them the characteristic ruled surfaces of the 
congruence. 

In § 1 the equation of the characteristic ruled surfaces is derived, and there- 
from we discover properties of the lines of striction of these surfaces, of their 
spherical representation, and the fact that their parameters of distribution are 
equal to one another and to the harmonic mean of the maximum and minimum 
values of the parameter of distribution of all the surfaces through the line. 

The determination of a congruenee with an assigned spherical representation 
of its characteristic ruled surfaces is investigated in § 2, and the results are 
applied in § 8 to the discussion of congruences whose characteristic surfaces 
meet the surface of reference in its asymptotic lines. These congruences are of 
the Ripaucour type. The necessary and sufficient conditions for their existence 
are found, and an example of such congruences is given in § 4. Incidentally a 
theorem is derived concerning the case where the characteristic lines on a surface 
correspond to the asymptotic lines on an associate surface. 

Since the quadratic form (2) is definite, there exist an infinity of real trans- 
formations of variables such that in terms of the new variables the expression 
(2) is of the form r(du” + dv”). We say that such a parametric system is 
isothermic. Section 5 deals with the determination of congruences with an 
assigned spherical representation of an isothermic system of ruled surfaces. If 
p denotes the distance from the middle point of a line to one of its two conjugate 
purely imaginary focal points, the surfaces which are the loci of the points at the 
distances ip, — ip from the middle point are of interest in this theory. We 
call them the pseudofocal surfaces of the congruence. 

When the pseudofocal surfaces correspond with parallelism of tangent planes, 
as in § 6, the congruences are of the kind studied by LinientHaL. He took 
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three functions of wu + iv, written 
w+ tr, =f, (ut iv), y+ Wy, =f,(u+w), 2+ iz, =f,(u+ iv), 


and considered the congruence of lines joining corresponding points of the sur- 
faces which are loci of the points (2,, y,, 2,), (@,, Y.5 2%). We say that two 
such surfaces are conjugate-potential. These congruences of Lilienthal are of the 
-Rrsavucour type, and the spherical representation of their imaginary develop- 
ables is similar to that of congruences whose focal surfaces are curves. 

Conjugate-potential surfaces are associate to one another. Section 7 deals 
with congruences which consist of lines joining corresponding points on associate 
surfaces. Certain congruences of R1BAUCOUR possess this property in an infinity 
of ways, and of this group are the congruences of LILIENTHAL. 


§ 1. Characteristic Ruled Surfaces. 


Given a congruence of the elliptic type expressed in terms of any parametric 
system and with an arbitrary surface of reference. If we put 


eid ee eS cd = Ge oS 


ON ne : aa 2H 2 he 





where H = VLG — F”, the equation of the developables (2) may be written 
(7) Adw? + 2Bdudy + Cdv?= 0. 


If we apply the theorem of Cifarelli to the left-hand member of this equation 
and to the right-hand member of (5), we find that the differential equation of 
the characteristic surfaces is reducible to 

[A( AG — CE) —2B(AF— BE) | dw + 2[ B( AG + CE) 
8 
®) — 2A CF] dudv + [2B( BG — CF) — C( AG — CE)] dv’? = 0. 
In order that the characteristic ruled surfaces be parametric, we must have 
(AG — CE)A—2B(AF— BE)=0, 
9 
©) (AG — CE)C—2B(BG— CF)=0, 


which equations are reducible to 


ue CO 
(10) a B=0, 
unless 
(11) A( BG — CF)— C(AF— BE)=0. 


But in the latter case the middle term also of (8) vanishes, so that the charac- 
teristic ruled surfaces are indeterminate in this case. Hence equations (10), or 
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in other form 

5 ere 3) 10 
(f+f)-Fl gt G)=% 


F(f —f) + Ey —Ge=0, 
constitute a necessary and sufficient condition that the characteristic surfaces be 
parametric. 


(12) 


If the middle surface of the congruence is taken as the surface of reference, 


we have * 

eNews 
(13) (f+f )F-BG( 5+ G)=0. 
Combining this equation and the first of (12), we have 

ak Sai ae 

(14) ft fa 0 | a eos 
and the second of equations (12) may be given either of the forms 
(15) Eg + Ff =0, Ff+Ge=0. 


In order to interpret the second of equations (14), we recall that the abscissa 
7, measured from the surface of reference, of the point P ona line LZ where the 
line of striction of the ruled surface defined by a value of duv/du meets L is 
given by + 


(16) r= — 





edu? + (f + f’ )dudv + gdv? 

Edw + 2Fdudv + Gdv? * 

From this and (14) it follows that the values of r for the two characteristic sur- 
faces through L differ only in sign. Hence we have 

THeorREM 1. The lines of striction of the two characteristic ruled surfaces through 
a line L of the congruence meet L in points equidistant from the middle point. 

We call these the characteristic points. 

Before proceeding we return to the consideration of the particular case for 
which equation (11) holds as well as (9), that is when the characteristic ruled 
surfaces are indeterminate. These conditions are equivalent to 

AG—CK AF—BKEK BG—CF 


oi 2B ee Cn set 


where 2 denotes the factor of proportionality to be determined. The condition 
that these equations be consistent is 


AG 20 E 

| 

‘F-»y E 0 | =2\(EG— F24+)=0. 
Me Ome eG ran 


*E., p. 401. A reference in this form is to my Differential Geometry, Boston, 1909. 
TE., p. 395. 
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Since the quantities are real, we must have } = 0, and consequently equations 
(17) are reducible to 


Hence the congruences sought are such that their developables are represented 
on the sphere by the minimal lines of the latter. This is a characteristic prop- 
erty of isotropic congruences.* Hence we have: 

THEOREM 2. The characteristic ruled surfaces of an elliptic congruence are real 
and determinate, except when the congruence is isotropic. 

Isotropic congruences will be excluded from the subsequent discussion. 

Let 7 and FR denote the abscissze, measured from the middle point of a line L, 
of a limit point P and of the characteristic point Con the same side of the middle 
point. If w denotes the angle which the tangent plane at C to the correspond- 
ing characteristic surface makes with the tangent plane to the principal surface 
at P, we have from Hamilton’s equation + 


R = 7 (cos’  — sin’). 
In like manner for the other characteristic ruled surface we have 
= — 7(cos’ w’ — sin’@’). 
From these equations we obtain 
(18) cos 2a + cos 20 = 0. 


Consequently the curves on the sphere which represent the characteristic ruled 
surfaces either form an orthogonal system, or they are equally inclined to the 
eurves which bisect the angles between the curves representing the principal 
ruled surfaces. 

In the former case, when these surfaces are parametric, we should have 
f= 0 and also f + f’ = 0, from the first of (12). Moreover, from the second 
of (12) we should have Hg = Ge; that is, the congruence is isotropic. Hence 
F + 0, and we have 

THEOREM 8. The curves on the sphere which represent the characteristic ruled 
surfaces are equally inclined to the curves which bisect the angles between the 
images of the principal surfaces. 

The developables of a congruence of the hyperbolic type possess the same 
property. 

By means of the preceding results we obtain the quadratic equation which 
the abscissz of the characteristic points satisfy, when the parameters and sur- 
face of reference are any whatsoever. If R, and R, denote these abscisssx 

*E. p. 412. 

+E, p. 397. 
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and r,, 7,, the abscissz of the limit points, we have from Hamilton’s equation 

R, = 17, cos’ o + 7, sin’, 

R, = 7, cos’ wo’ +7, sin’o , 
and from (18) 

cos’@ = sin’o, sin?o’ = cos’@. 
From these equations we deduce 
R,+ kh, =7,4+7%, 
cos? 6 


0 


Rf, fh, i (7; “f ney 





eet pee) 
+7r,7r, sin’ 6,, 


where 6, denotes the angle between the spherical images of the characteristic 
surfaces. If the differential equation of the latter surfaces be written in the 
form 
Idw? + 2Mdudv + Ndv’= 0, 
it is readily shown that 
(EN—2FM+4 GLY’, 4 H*(M?’— NL) 
E?N?—4 EFMN+2EG(2M*—NL)—4FGLM+4F?°LN-+ GL? 





2 pana she, 
cos’@,, sin’, = 


Since moreover 


Cy) ee 2a its 
a RG Ree | a eT 








we can readily determine the expressions of the coefficients of the quadratic 
equation satisfied by the abscisse of the characteristic points. On account of 
the involved form of this equation we will not give it here. 

We shall obtain another property of the characteristic ruled surfaces by 
recalling that the parameter of distribution of the ruled surface determined by 
a value of dv/du is given by* 

Adw? + 2Bdudv + Cdv? 


(19) P= Fd + 2Fdudy + Gd?’ 





The first of equations (10) expresses the fact that the parameters of distribution 
of the two characteristic surfaces through a line are equal. 
The differential equation (8) can be written 


AG+CEHE—2BF Hdw + 2Fdudv + Gd’ 
2(AC— BB’) — Adu? + 2Bdudv + Cav?’ 





(20) 


If now p, and p, denote the maximum and minimum values of p for all the 
ruled surfaces through a line, and if p, denotes the value for the characteristic 


* iE, p. 424. 
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surfaces, equation (20) may be written, in consequence of (19), 


1 ( 1 ei 1 ) _ 1 
2 Py P» Te 
Hence we have 


THEOREM 4. The parameters of distribution of the two characteristic ruled 
surfaces through a line have the same value, namely the harmonic mean of the 
maximum and minimum values of the parameter for all the ruled surfaces through 
the line. 

The first part of this theorem is a consequence of the following theorem which 
can be readily proved : 

THEOREM 5. If the lines of striction of two ruled surfaces through a line L 
meet the latter at points equidistant from its middle point, the parameters of distri- 
bution of the two surfaces have the same value ; and conversely. 


§ 2. Spherical Representation of Characteristic Ruled Surfaces. 


It can be shown that the first derivatives of the coefficients of the surface of 
reference of a congruence are expressible in the form * 


See) ee) 








Ou fie Ou HT Ov ES 
(21) 

On fG—gF OX gH—fFox x 

Cem & Cute fi one 


and similar equations in y and z, where y and y, are functions which must 
satisfy the concitions 
Oe of 1277 1 ee wW)/L7 Heh ee 
Pe) ot Js eee yy, = 0, 


ee) 2 OG ae 
(23) ss orn 


1 e+ {7} f- {T}fo+ {PVot+ Gy — Fy, = 9, 


oy Oy, , 
By tow tt ae 


the Christoffel symbols being {"’}’ are formed with respect to the quadratic 
form (5). 
We consider now a congruence of the elliptic type referred to its characteris- 


tic surfaces. We assume that the middle surface is the surface of reference and 
that R is the abscissa of the characteristic point of the surface u = const. 


From (14), (15) and (16) we have 
(23) we Fi 


* E, pp. 406, 407. 
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The abscisse of the limit and focal points are given by the respective 
equations * 


2__ de 6 
(24) ao HE, a as 


From equations (28) and (24) we obtain 
(25) coe oS) Oe R = ip cos 6,, 


where 6, denotes the angle between the central planes of the two characteristic 
surfaces. 
In consequence of (28) equations (21) are reducible to 


TIER ed EROS OA a Ow GR OX 
20) ag OF op tA as eee 


From the first two of (22) we find that 


07 GER R Les , 
1-8 (2Pedla's 000) 
and the last of (22) may be written 
(GR Oo? (ER o[R ; ; 
ser) + 30S )+ an REC +4099 | 


aT R . . EG 
+5,| RE) + Git ) |+ 2 R=0. 


Since equations (22) are sufficient conditions upon the functions e, f, f’, g 











(27) 





(28) 


y and y, that equations (21) define the surface of reference of a congruence with 
a given spherical representation of linear element (5),+ we have 

THEOREM 6. (riven any system of curves on the sphere and let EK, F, G de- 
note the fundamental coefficients ; each solution of equation (28) determines a con- 
gruence whose characteristic ruled surfaces are represented on the sphere by the 
given system of curves. 

From (26) we obtain by differentiation with respect to wu and v the following 
Orn oO ER Ox FF 
Ou? (5,208 Ft a -(@t V+ Gp lop + tuk 


C7 x G (Ox \ Et eas 
(29) RPh a ee a ae ay + An; 


On Fy, " o GR Ge 

Ov =(z3- ae Sat (5,68 Ret Aad \et4nX, 
*E., pp. 396, 399. 
TE., p. 407. 
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where, for the sake of brevity, we have put 
F ER Lees, Oy 
‘Sa oe ar oS F Jeng ch —Hi+s , 
aan GE 


sh ea () BY VGpme a Ty Ts Basia pF 


(89) B 
= 7 {7} sen wahlitavices ¢: 
Cee asa Yt By eee 


F iene cg Wino Teh: an 
A, = eae tt mp7 n(C3 + 3, log V) +E YR aes Ge “a 
§ 3. Congruences whose Characteristic Ruled Surfaces meet their Middle Surfaces 
in Asymptotic Lines. 

We consider in particular the case where the characteristic surfaces cut the 
middle surface in its asymptotic lines. From (29) and (80) it is seen that a 
necessary and sufficient condition for this is 

’ Ay = A,, va 
In this-case we have 


gers 0 ER u GR 
When the values of y and y, from (27) are substituted in this equation, the 


result is reducible to 


(31) SR + (27'+ £08-\G |= sla Tsar iets + Sto | 


But this is a necessary and sufficient condition that the parametric curves on 
the sphere be the spherical representation of the characteristic conjugate 
system on a unique surface =.* The coordinates %, y, z of = are given by the 
quadratures 


Ox r OX OX Ox r OX OX 
Ge) eed (ce ee BOT les Bui -E5,), 


where ) is given by 
ee _ , 
BEA — (hee 


0 log X a G pu a. “ae 
— of = — a * 
Ov ov ONE 2} E tas 
* EISENHART, Three particular systems of lines on a surface, Transactions of the Americar 
Mathematical Society, vol. 5 (1904), p. 434. 








(33) 
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From (26) and (82) we have 


Ou OX On ox Ox Ox Ox Ox 


Ov Ov 


Hence S and = correspond with orthogonality of linear elements and conse- 
quently the congruence under consideration is of the Ribaucour type,* and > is 
the director-surface. 

Referring to (29), we have that another necessary condition that the asymp- 
totic lines on S be parametric is 


Af 0 ER Pos 0 (0 GR Pe 
oo ou 98 +(2y)=3,(55h8 F +00). 
This equation and (81) are equivalent to the two 
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We shall show that these conditions are sufficient. 


When equations (85) are satisfied, equation (81) is true and there exists a 
surface 2, defined by (82). Since the parametric curves on = are the charac- 
teristic lines, we have f 


: D a : 
(36) a= aq «d=, 


and consequently the second of equations (85) is reducible to t 
0 O 
(37) MLA meat 2 fy 


where the Christoffel symbols are formed with respect to the linear element of 
=. This is the condition that there exist a surface S corresponding to = with 
orthogonality of linear elements and such that its asymptotic lines are para- 
metric.§ If we take S for the middle surface of a congruence of Ribaucour 
whose director-surface is 2, we have a congruence of the kind sought. 

Since the developables of a congruence of Ribaucour correspond to the 
asymptotic lines on the director surface, the conditions (10) that the character- 
istic ruled surfaces be parametric are equivalent to equations (86). Hence we 
have 

THeorEM 7. The characteristic ruled surfaces of a congruence of Ribaucour 
cut the middle surface in the curves which correspond to the characteristic conjugate 
system on the director-surface. 





*E., p. 420. 
t Loe. cit., p. 435. 
Rey ps 201. 
@E., p. 380. 
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In order that these curves on the middle surface may be asymptotic lines, the 
condition (87) must be satisfied, and consequently we have 

THEOREM 8. Let & be a surface of positive curvature whose characteristic lines 
form a conjugate system with equal point invariants and let S be the unique sur- 
face corresponding to = with orthogonality of linear elements in such a way that 
its asymptotic lines correspond to the characteristic lines on X; then S is the 
middle surface and = the director-surface of a congruence of Ribaucour whose 
characteristic ruled surfaces cut S in its asymptotic lines ; and these are the only 
congruences of this sort. 


§4. The Case H=G. 


We shall establish the existence of such congruences, by showing that there 
exist upon the unit sphere systems of curves which are such that when they are 
parametric the conditions = G and (35) are satisfied. The latter conditions 
become in this case 








O 9)7 0 9\7 0 , 6 , 
(38) a ae ye oy, ea oe 
If we put 
(39) Bree yee NS, F=) cos a, 
the first of these conditions may be written 
0 log Xx 0 log X 0 log x 0 log X 
te ge a | Commie oa. 
Ou sin @ ~ Ov sin @ 3 


and the second is reducible by means of the first to 


O 1 Ca O 1 oa 
du\ sinw du) Ov\ sine dv)’ 


Be Oo ) @ 0 
Gata log fang = ° 


7 





or in other form 


The general solution of this equation may be given the form 


0 wWwlu—v) 
2° d(u+v)’ 
where ¢ and w are arbitrary functions. 
From the first of equations (88) it follows that there is a surface S, whose 
asymptotic lines have the given representation on the sphere. Since H=G’', 
the equation of the lines of curvature on S, is du” — dv’ = 0, so that if 


(40) tan 





U,=U+, v1, =U—2v, 
the curves u, = const., v, = const. are lines of curvature. From (40) it follows 


Trans. Am. Math, Soc. 24 121 
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that 
f(u+v)—wWv(u—v) * U(u,) — V(»,) 
d(utv)t+v(u—v) U(u,)+V(r,)’ 


and consequently the linear element of the spherical representation is 





(40’) COS @ = 


r 


Moreover, the linear element of S, is of the form * 


du? dv? 
dsj = mu Tie aa 


where w is a determinate function. Hence S, is an isothermic surface whose 
lines of curvature are represented on the sphere by an isothermal system. Con- 
versely, it can be shown that when a surface of this kind is referred to its 
asymptotic lines conditions (38) and (40) are satisfied. + 

To this group of surfaces belong the quadrics, cyclides of Dupin, surfaces of 
revolution, minimal surfaces, certain surfaces with plane lines of curvature in 
both systems, t and a group of systems recently discussed by A. E. Young. § 

Suppose that S, is such a surface referred to its asymptotic lines, and that S, 
is the unique surface whose characteristic lines have the same spherical repre- 
sentation as S,. In consequence of (39) these lines on S, form an isothermal- 
conjugate system, and since the second of equations (38) is satisfied, this conjugate 
system has equal point invariants.|| Hence there exists a surface S, corre- 
sponding to S, with orthogonality of linear elements, whose asymptotic lines cor- 
respond to the characteristic lines on S,.. From Theorem 7 it follows that the 
congruence of Ribaucour for which S is the middle surface and S, the director 
surface is such that the characteristic ruled surfaces cut S in its asymptotic 
lines, and thus we have a congruence of the kind sought. 

It is evident that S, is an associate surface of S, and consequently determines 
a surface S’ corresponding to S, with orthogonality of linear elements. When 
S, is referred to its asymptotic lines, the parametric curves on S’ form a conju- 
gate system. In view of Theorem 7 we have that the characteristic ruled sur- 
faces of the congruence of Ribaucour, whose director-surface is S, and middle 
surface S;, cut S’ in a conjugate system. 

In general, when the characteristic ruled surfaces of a congruence of Ribaucour 





“Hy palo. 

¢ Cf. A. E. Youna, On a certain class of isothermic surfaces, Transactions of the American 
Mathematical Society, vol. 10 (1909), pp. 79-94. 

{EISENHART, Isothermal-conjugate systems of lines on surfaces, American Journal of 
Mathematics, vol. 25 (1902), pp. 239-248. 

§l.c. 

|| E., p. 380. 
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cut the middle surface in a conjugate system, the spherical representation of 
these surfaces is that of the asymptotic lines on that associate surface of the 
director-surface which is determined by the middle surface. Hence we have 
THEOREM 9. A necessary and sufficient condition that the characteristic ruled 
surfaces of a congruence of Ribaucour cut the middle surface in a conjugate system 
is that the spherical representation of these surfaces satisfy the conditions 
She O 


12 )/ 


An ae ee 


Galop 0. (.G ; OF (Bi ee 
Oudv at aa ett} )-5(@itt)=°. 


The knowledge of one such system of curves on the sphere leads to the deter- 
mination of another. This results from 


(41) 





- TueoreM 10. [Jf the characteristic lines on a surface correspond to the asymp- 
totic lines on an associate surface, the characteristic lines on the latter correspond 
to the asymptotic lines on the former. 
For, let S, and S, be two associate surfaces with the characteristic lines and 
asymptotic lines respectively parametric; then 
(42) eee, 50 Ve D,.=D,=9, Drea, == c1)., 
1 


1 


where » and o are two functions such that the coordinates of the two surfaces 
are in the relations 


az, Von, 
ey das ’ WE ath Met 
Ou Ov Ov Ou 


and similarly for the y’s and z’s.* From these we have 
(48) Ey = we, G=oL,, 


the functions #,, G’, in (42) and (48) being the coefficients of the linear element 
of S,, and Z#,, G, the corresponding functions for S,. The differential equa- 


0 
tion of the characteristic lines on S, is reducible tof 


Hi, dw + Gdv’? = 0, 
which by means of (42) and (48) is equivalent to 
D, dw? + Di’ dv’ = 0; 


consequently the theorem is proved. 


*E., pp. 378, 380. 
7 E., p. 131. 


364 L. P. EISENHART: CONGRUENCES [July 


Since asymptotic lines and characteristic lines are real only on surfaces of 
negative and positive curvature respectively, it follows that if a system satisfying 
(41) is real, the similar system obtained by means of Theorem 10 is imaginary, 
and vice-versa. 


$5. Isothermic Systems of Ruled Surfaces. The Pseudofocal Surfaces. 


Since the quadratic form 
® = Adv? + 2Bdudv + Cd 


is definite for a congruence of the elliptic type, there exist double systems of 
ruled surfaces which are such that, when a system of this kind is parametric, 
the coefficients of the form ® satisfy the conditions 


(44) A=C, B=0. 


The determination of these double systems of ruled surfaces is the same analytical 
problem as that of isothermic orthogonal systems of curves on a surface.* For 
this reason we say that ruled surfaces satisfying the conditions (44) form an 
isothernue system. 

On the assumption that such a system is parametric, we have from (6) 


(45) Ef +Gf—Fletg)=0, Hoo Ger =) eam 


Furthermore, if we take the middle surface of the congruence for the surface of 
reference, we have the condition (18). Combining the latter and (45), we find 
that 


(46) | a ee 
where o denotes the factor of proportionality. 
When the values (46) are substituted in the first two of equations (22), we 
obtain 
Oo Oo 
(47) Ofte ee MS id casa cpl 
where we have put 


(48) Si (a) ee Oa ie 
And the third of equations (22) is reducible to 


Oo E010. Oo Oo Oar Oss 
ce na tart Poet Sant (5, +a, tEt @)e=0. 





FOL, E.; p. 93. 
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Moreover, from (21) we derive the equations of the middle surface in the form 


o 
sano S— (S408) x, 


Ou Ov 
en) O OX O 
he o 
oT —o s+ (So 4 or) x. 


Conversely, when the parametric lines on the sphere are any whatever, and 
o is any solution of equation (49), equations (50) define the coordinates of the 
middle surface of a congruence referred to an isothermic system of ruled surfaces. * 

We shall consider now the two surfaces S, and S,, whose coordinates are 
given by 


ev =x—aoX, y,=y—cY, z,=2—aZ, 
(51) 1 1 1 
er, =ex+oX, Y,=y+tolY, z,=2z+a0Z. 


In the first place we remark that S, and S,, thus defined, are the same surfaces 
for all isothermic systems. In fact, if the values (46) be substituted in the 
second of (24), we find the following relation between o and the abscissa of an 
imaginary focal point 


(52) o= ip. 


Because of this result we call S, and S, the pseudofocal surfaces of the 
congruence, | 


§ 6. Conjugate-Potential Surfaces. Congruences of Lilienthal. 


Of particular interest is the case when the tangent planes at corresponding 
points of S, and S, are parallel. In order to investigate this case, we differ- 
entiate equations (51), with the result 











Ox, 25 ox = 

’; foam iline “(5 Ou x )- (+5 Ov a, tes) X, 
(53) 

On, x 

Lona “(Si + = )+(ae- Sete) xX, 

On, BCS Hee 

Ou “(5+ ou =) af a oe oe as 
“ae es 

plist ox ox oiea a +o oT 

Don TIGA S Cupce « Ov ay Fra oh 


If X,, Y,, Z,; X,, Y,, Z, denote the direction-cosines of the normals to S, 


* Cf. SANNIA, Nuova esposizione della geometria infinitesimale delle congruenze rettilinee, Annali 
di matematica, ser. 3, vol. 15 (1908), pp. 39, 40. 
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and S,, we find from (53) and (54) 




















o Alog 

Ryn me a exes (V5 | 257 \(2 Se “48+7) 

: V iG, — FF; 

ay 
0 ar ) (2a 748-1), 

BS 
, a a OXH vs yo 9 CE Caan 

Pe Gre WA sey oo bal 43a) 





Of oY 0 log 
“(te av “+8+7)}, 


where F,, F,, G,; E,, F,, G, are the first fundamental coefficients of S, and 


S,. From these expressions it follows that the necessary and sufficient condi- 
tion that the tangent planes to S, and S, be parallel is that 
(56) LLG, — F? = LG, — F? 
and 
0 log « 0 log a 
q pe ye fa AN EA BE zh ; 
ue Ou a1 Ov De 


When the values from (57) are substituted in (53) and (54), it 1s found that 


OG.” Om: OaXe) OA (ote ot 
sae eet (cri) a 


Cn. Ow, OsXt 2G . 
Ov =- r= -o|( Ou ar 5, )—MS+ 1) X |. 


From these equations it follows that w, + i,, y, + iy,, 2, + iz, are analytic fune- 
tions of u + iv. Hence we say that S, and S, are conjugate-potential surfaces, 
and the congruence consists of the joins of corresponding points of the pair. 

Conversely, given any three analytic functions, consider the congruence of 
linesjoining corresponding points of the surfaces S, and S, so determined. 
The direction-cosines of the lines are of the form 





(58) 








ee ees ee et a Soma 
ae Hg te Zo ee Mo 5 ; 





where 2c denotes the distance between the points on S, and S,. From these we 
obtain 





OX Lifeca wes 0 log 
on = 8G att att? Ou x), 


(59) 





i a 


OX - 1 (comes: 0 log 
(SE-5 dv x), 


If x, y, 2 denote the coordinates of the mid-point of the join of corresponding 
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points of S, and S,, equations (69) may be given the form 


OX 1 / oa O logo ox “lies 0 logo 
(60) = -F(S+2 Bu x), a aa(se72 By x) 
From these equations follow equations (46). Hence the surface S is the middle 
surface of the congruence, and the parametric ruled surfaces form an isothermic 
system. Congruences of this kind were considered by Lilienthal,* and so we 
shall refer to them as congruences of Lilienthal. 

The preceding results may be stated thus: 

THeorEM 11. A necessary and sufficient condition that the pseudofocal sur- 
faces of a congruence correspond with parallelism of tangent planes is that the 
congruence be of the Lilienthal type; in this case the pseudofocal surfaces are 
conjugate-potential. 

From (57) it follows that a necessary condition that the parametric lines on 
the sphere represent an isothermic system of ruled surfaces of a congruence of 
Lilienthal is 

) 0 
(61) ap ih Au S. 
Furthermore, the function o given by (57) must satisfy equation (49). This gives 
the further condition 


ody 208 
2| = +5) +2(H46) [=r + S?, 








(62) 


Conversely, from the general theory it follows that when conditions (61) and 
(62) are satisfied, there exists a congruence of Lilienthal which can be found by 
quadratures. 

In consequence of the identity + 


0 , 9)? 0 , , 

ap tis ih y= atk lae Uh): 
equation (61) is equivalent to 

a 12)” 227 e 12)’ TT 

a hs) a, Ae 


But this is the condition { that the parametric lines on the sphere represent a 
real isothermal-conjugate system on a surface = whose coordinates &, 1, ¢ are 
given by the equations 


5 f a ax a f a ax 
(63) é (-eS4FS), é (¥ Foy =) 











Ow, A? ov dvs H? Ou Ov 
* Untersuchungen zur allgemeinen Theorie der krummen Oberfléichen und geradlinigen Strahlensysteme 
(Bonn, 1886), p. 80. 
DAS Tue leks 
tE., p. 202. 
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where ¢ is given by 








Ologt : ; Ologt . : 
sel ty— (ay, est eae 


From (50) and (63) we find that 


dxd& + dydn + dzd€=0. 
Hence : 
THEOREM 12. A congruence of Lilienthal is a congruence of Ribaucour. 
If we put 
uU=utr, v=i(0¥—U), 


the ruled surfaces 7% = const., 3 = const. are the developables. If HL, F, G 
denote the fundamental coefficients of the sphere in this case, we find that the 
conditions (61) and (62) may be given the form 


0 12 0 12)/ 12)’ ¢12)7 a 
(64) ae (i) eee ea 


where the symbols {”*} are formed with respect to Hdu? + 2Fdudt + Gdo’. 
When a real system of lines on the sphere satisfies (64), these lines represent 
the developables of a congruence whose focal surfaces are curves;* moreover, 
the semi-focal distance is given by quadratures. 
Since the tangent planes to two conjugate-potential surfaces S, and S, at corre- 
sponding points are parallel, it is readily shown that the second fundamental 
coefficients of these surfaces satisfy the relations 


Di ten 


29 D,=—D,=D,, 
and consequently 
D, D, + Di D,— 2D, D,=9. 
Hence we have 
THEOREM 18. Conjugate-potential surfaces are associate to each other. 


§ 7. Congruences which consist of the Lines joining Corresponding Points 
on Associate Surfaces. 


We have seen that the abscisse of the focal points are ic, — io; hence, the 
above result follows also from the following known theorem fF : 

THEOREM 14. Jn order that two surfaces 8S, and S, corresponding with paral- 
lelism of tangent planes be associate surfaces, it is necessary and sufficient that for 
the congruence formed by the joins of corresponding points M, and M, of these 
surfaces, the focal points and the points M, and M, form a harmonic range. 


*E., p. 412. 
tE., p. 425. 
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We inquire whether a pair of associate surfaces is connected with every con-, 
gruence after the manner described in the preceding theorem. 

We assume that a given congruence possesses this property and that the two 
associate surfaces meet a line of the congruence in points whose distances from 
the middle point of the line are denoted by t, and ¢,. By Theorem 14 we have 
t,t, =p’, and by (52) 

(65) i. — oc = 


Le 2 


We must express the condition that the surfaces =, and &,, defined by 
E=vc+t Xx, m=ytthY, G=2+4,Z, 
a ae n,=y+t,Y, C=2+1,2, 


correspond with parallelism of tangent planes. 
By means of (50) we have 





og, OX ox Ot, Oca 
rail cea 1 Og (Si- oa — 08) X, 
(88) ag ox Yale /(o6 
1 <= ia ? 
i Soe “s+ (Sit Se ter) x, 


and similar expressions in 7, and ¢,. From these we find 


. re Ot, ea 
Cla Oc oY OZ 
oe e- Ov ns et e vs, ) 
Ot, Oo CL ec. OY OZ 
+|o (Sitact 1’) — i(si- 3-28) |(45, - ie) 


where L,, F,, G, are the first fundamental coefficients of =, and X,, Y,, Z, are 
the direction courses of the normal to =,. 

The expressions for X,, Y,, Z, are similar to the above. The necessary and 
sufficient conditions that these respective quantities be equal are reducible to 


(67) t, VE,G@, — F2 = —t, VEG, — F?, 
e e) 00 
(68) Co + dose + 208 T+ 80 = 0, oo = doe — 2018 + Td =0 


where, for the sake of brevity, we have put 


(69) O=to——. 
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By means of (49) the condition of integrability of (68) is reducible to 


éyet low ke Q Ca x4 Oo oS nee 
AC Ov els a) + ($e o\ +o Goa se) 


(70) 
eT os 
-$|Sc+ +5 +2(B+G)— (1? +8*)|=0. 





Hence in order that two associate surfaces 2, and =, exist it is necessary that 
the function @ given by (70) satisfy equations (68). Moreover, it is readily 
shown that these conditions are sufficient. 

When in particular 0 = 0, equations (68) reduce to (67) and then (70) is 
satisfied. This is the case of congruences of Lilienthal. 

It may be shown that equation (61) is equivalent to the first of equations (64) 
and consequently is the condition that the congruence be of the Ribaucour type. 
From this and (70) it results that for the congruences of Ribaucour, for which 
o is a solution of (49) and ; 


On \* Oa\? 5 r 
(ar) + (ae) +2 (Sa + *) 


(71) 
oi Sines ey —(raey]a 





the function @ involves a parameter, and oe there is an infinity of 
pairs of associate surfaces such as 2, and 2,. Moreover, their determination 
requires quadratures only. 

Since congruences of Lilienthal are of the Ribaucour type, the above result is 
applicable to these congruences ; for equation (71) is satisfied by the function o 
given by (57). Now equations (68) reduce to 


fone 0 log 06 9 0 loge 
2 -_ .@=0, Ga Z Bu 


Cv Ov cae 








of which the general solution is 
6 = co ae 


c being an arbitrary constant. From this result, (69), and (65), we have 


where a is an arbitrary constant. Hence we have 

THEOREM 15. With a congruence of Lilienthal there are associated an infinity 
of pairs of associate surfaces ; two of these are conjugate-potential surfaces which 
cut a line of the congruence at points distant o and — o from the middle point ; 
and corresponding points of any other pair are at distances aa, —a/a, where a 
is a constant. 


PRINCETON, September, 1909. 


CONJUGATE LINE CONGRUENCES CONTAINED IN A BUNDLE 


OF QUADRIC SURFACES * 
bY 
VIRGIL SNYDER 


Introduction. 


The cubic complex defined by the generators of both systems in a bundle of 
quadrie surfaces has been investigated by MonTESANO,} and his methods em- 
ployed by Fano¢ to determine a certain congruence of order three. A method, 
similar in part, had been previously found by STauL,§ in connection with con- 
gruences of the second order whose lines can be arranged on a system of quadric 
surfaces. 

The questions discussed in these papers suggest the more general one of con- 
jugate congruences,|| that is, those in which the two systems of generators of 
oo' quadries belonging to the bundle define two distinct congruences having the 
same focal surface. In the following paper I propose to derive such congru- 
ences and obtain a number of their properties. It will be seen that the equa- 
tions of such congruences of every order and of genus ranging from zero to a 
definite function of the order can be expressed rationally in terms of the eight 
points common to all the quadrics of the bundle. The focal surface of each 
congruence remains invariant under a discontinuous birational transformation 
group of infinite order. 

The preceding memoirs are all synthetic in their treatment; the present dis- 
cussion is analytic, and the proofs of a few theorems already known will be 
given from a different point of view. Incidentally, extensive families of con- 
tact curves of a given quartic are obtained by algebraic methods. 





* Presented to the Society, April 30, 1910. 

t+ Su di un complesso di rette di terzo grado, Memorie di Bologna, ser. 5, vol. 3 (1893), 
pp. 549-577. 

t Nuove ricerche sulle congruenze di rette del 3° ordine, Memorie di Torino, ser. 2, vol. 
51 (1901), pp. 1-79. 

2 Ueber Strahlensysteme zweiter Ordnung, Crelle’s Journal, vol. 95 (1883), pp. 297-316. 

|| The idea of conjugate congruences has been developed from a different point of view by 
Baupus: Ueber Strahlensysteme, welche unendlich viele Regelflichen 2 Grades enthalten, Erlangen 
dissertation, 1910. The only case to which his method and my own both apply is that of con- 
grueuces of order two. 


Trans. Am. Math. Soc. 25 37] 
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$1. The involution J. 


1. Let H(«)=0, H,=9, H,=0 be the equations of three quadric sur- 
faces, and let B.(i=1, ---,8) be the eight points common to them. The 
bundle of quadrics 


(1) =r, +r, H, + r,H, = 9 


defines a complex of order 3, the cone belonging to any point P being determined 
by the space quartic curve c, passing through P. This c, is the basis curve of 
the pencil of quadrics of (1) determined by P. The lines of the complex = can 
be put into (1, 1) correspondence with the points of space. Given any point 
P=(£,,&, &, &,), the line/ joining P to B, will uniquely determine a quadric 
of = containing 7. A generator m’ of the other regulus passes through P. With 
P we may therefore associate the line m’ of the complex. Conversely, any line 
m’ of = will uniquely determine a quadric of the bundle. The quadric passes 
through B,, through which passes a line 7 of the regulus to which m’ does not 
belong. If7Z cuts m’ in P, we may associate m' with the point P. When m’ 
describes the whole regulus 7 determined by it, P will describe the line 7; hence 
associated with every regulus is a line of the bundle B,. The tangent plane to 
HT at B, contains / and a line /’ of the other regulus, so that there is associated 
with each quadric of = a pair of lines 7,7’ in the bundle B,, each of which 
determines the other. These pairs determine a two-dimensional involution J. 

The quadrics of = are in (1,1) correspondence with the pairs of lines of 
the involution I in the bundle B,. , 

2. Moreover, the quadries of = are in (1, 1) correspondence with the points 
of the X-plane. The pencil of quadrics in = passing through the point P = (&) 
corresponds to the straight line 


d, H,(E) + A, H,(€) a A, H,(&) =0. 


The basis c, of the pencil of quadrics passes through B,, hence the lines 7, J’ 
corresponding to quadrics of this pencil will describe a cubic cone J, passing 
through the other basis points B,. 

To the «* straight lines of the d-plane correspond the 2? cubic cones con- 
taining the seven fixed lines l,, (k= 2,---,8). 

Any two lines in \ intersect in a point; two cones A, intersect in two lines 
which are conjugate in I; this pair of lines is the image of the given point. 

The relations between ()) and ( /7,) are obtained by solving for 2, : A,:, the 
equations of a quadric // and its tangent plane at B,. Let B, =(,,7,, 755 7,), 
and write 7,7,—7,«,=y,. The equation of the tangent plane becomes 
2A,v, = 0, and A is of the form 2A,V; + (2,v,)v, = 0, wherein v,, V, are 
certain homogeneous linear and quadratic functions respectively in y,, y,, y,, and 
1, = 0 defines a plane not passing through B,. Solving for A, we have 
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(2) Ap Agt Ag = [v7 V, — vs V,):(%,V, — 2%, Vy): (0, V, — v,V,). 


3. Any congruence contained in = can be defined by a relation among the X,, 
or by a curve f,(X) in the d-plane. Corresponding to any line m of this con- 
gruence is a point P, the locus of which is the image cone of the given curve 
J. It will be of order 8n and have each line /,,, for an n-fold line. The order 
of the congruence will be 2n and the two systems of reguli will in general be 
contained in it. 


§2. Conjugate Congruences. 
3 yg g 


4, It may happen that 7, J’ describe two different cones. For this purpose it 
is necessary that K, , image of an irreducible f(2), breaks up into two cones 
which are transformed into each other by the involution Z. Such particular 
curves can be obtained by starting with the cone. Let 7 describe the cone 
K,(v) with vertex at B,. From the relations 


(3) 2v,A,= 9, =VA,=9, K,, (5 %9 %) = 9 


the v, should be eliminated. The resultant in X is the equation of the required 
eurve. If K passes through £,, all the equations will be satisfied by its 
coordinates. If /,, is the multiplicity of the line joining B, to B,, then >/,, 
must be subtracted from the order of the resultant which is n + 2n. 

The image of a cone of order n passing 1, times through B,, is a curve in 
the r-plane of order 3n — XI,,. The lines of the cone and the points of the 
curve are in (1, 1) correspondence. When / describes K,, /' will describe 
another cone, birationally equivalent to it, and conjugate in the involution J. 
If the values of 2, from (2) be substituted in the equation of the curve, A, will 
be a factor. The other factor will give the equation of the other cone. 

But the relations between 7, /’ can be determined directly. In the net of 
cubic cones 2a, KY) a pencil is determined by one more basis line 7. The cones 
of this pencil now contain eight fixed basis lines, hence they contain a ninth 7’. 
If r, be the codrdinates of 7, the relations between 7, r’ may be expressed by the 
equations 


EQ(0") _ KO(r) _ Kr) 


KO(r)” KO(r)~ K, (*) 





When r describes a plane, 7’ will describe a rational cone of order 8, having the 
seven lines 7,, for three-fold edges. The involution J represents a Cremona 
transformation of order 8. If 7 describes a plane pencil passing through B,, 
K’ is of order 5 and has each of the remaining lines /,, for double edge. If the 
plane passes through b,, B,, A’ is a quadric cone through the other five.** 








*This interesting transformation was first discussed by GEISER: Ueber zwei geometrische 
Probleme, Crelle’s Journal, vol. 67 (1867), pp. 78-95 ; it has been further considered by 
BERTINI: Ricerche sulle trasformazioni univoche involutorie nel piano, Annali di Mate- 
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From the method in which it is producedNt is evident that the Jacobian J, 
of the net, a sextic cone having each line /,, for double edge, is invariant in I 
in such a way that every line will go into itself. 

Every line in which A’(/) intersects J, must lie on A’’(/’) also. 

Since every line of J, goes into itself when operated upon by J, the corre- 
sponding quadric of = is a cone; J, is the projection from B, of the locus of 
the vertices of the cones contained in the bundle (1). Moreover, since the lines 
which A’, A’ have in common apart from those on J, occur in pairs, the image 
in the -plane is a double point on the image f(2) and the quadric HZ belongs 
to both the congruences o, the locus of 7, and a’, the locus of 7’. 

5. The two congruences o, o have the same focal surface ¢. Its order is 
twice the class of f(). The points B, are all singular upon ¢, of an order 
half the order of the surface. The other isolated singular points are of order 
two; they are the vertices of the quadric cones belonging to the congruence and 
contained in =. Their number is the number of lines common to A and J, 
apart from the lines /,,.. The focal surface also contains a cuspidal curve and a 
double curve, but the points of these are not singular points for either congruence. 


§ 3. Double \-Plane. 


6. A cone A whose points are the images of the lines of o is a singular cone 
of o’, and conversely. It was seen that a (1, 1) correspondence exists between 
the points of the A-plane and the quadrics of the bundle =. Now consider the 
A-plane as double, or two-sheeted, the same point defining the / or the J’ gen- 
eration of the image quadric according as it is regarded as belonging to the first 
or second sheet. For values of X, corresponding to a cone of = the two systems 
1, U’ coincide, hence at each such point of the -plane the two sheets must 
coincide. ‘The values of A, that make the discriminant A,()) of = vanish define 
the cones. This is a general non-singular quartic curve in the \-plane. When 
a locus f(2) crosses A(X) the two sheets cannot be distinguished from each 
other, hence a necessary condition that f() may define two conjugate con- 
gruences is that it shall touch A(2) at every point which they have in common. 

In case (2) is rational, this is also sufficient, since rational curves are 
unipartite. In such cases d, can be expressed rationally in terms of a parameter 
t, which when substituted in = will define a family of quadrics of the form 

n 


cae — 0 , 
1 


mu 





matica, ser. 2, vol. 8 (1877), pp. 244-282. It has also received minor mention by CAPORALI 
in the Rendiconti di Napoli (1879), by DoEHLEMANN in Schlémilch’s Zeit- 
schrift, vol. 36 (1891), and by STEINMETZ in the American Journal of Mathematics, 
vol. 14 (1891), pp. 39-66. 
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The necessary and sufficient condition that a relation of genus zero between 
the coefficients X, of the quadrics of a bundle may define two conjugate con- 
gruences is that the discriminant, expressed in terms of the parameter, shall 
be a square. 

For curves of genus greater than zero the condition is not sufficient on 
account of the existence of multipartite curves; one part may touch A(2) in 
one region and another in another. However, the elimination of v, from (3) 
will always define a contact curve of the proper kind. All the contact curves 
of A,(X) which belong to an odd characteristic can be obtained in this way.* 

T. The equation of the focal surface is obtained by expressing the condition 
that the line 2H,r,=0 shall touch the curve f(X’)=0. If in the result 
$(H,, H,, H,) = 9 we think of H, as point coordinates, every quadric of the 
congruence is represented by a tangent to the curve ¢, and the quartic curve 
along which the quadric touches the focal surface is the image of the point of 
contact. The residual points of intersection of the tangent and the curve have 
other quartic curves for images, hence: 

Every quadric of a congruence contained in a linear bundle of quadrics 
touches the focal surface along a quartic curve and cuts it in a residual curve 
composed of space quartics of the first kind, all passing through the eight basis 
_ points of the bundle. Each of these residual quartics is itself the curve of 
contact of some quadric of the congruence. 

Moreover, corresponding to every point of inflexion on (2) there is a cusp 
on ¢(/Z) and to every double tangent on fa double point on ¢. 

The focal surface has a cuspidal curve consisting of as many quartics as 
there are points of inflewion on f(r), and a double curve consisting of as 
many quartics as there are bitangents of f(r). 


§ 4. Problem of Projectivity. 


8. The points of a singular cone A with vertex at G, uniquely define a con- 
gruence ¢. The cone A’ is found from A by the involution J, hence the con- 
jugate congruence a’ is also defined. But each point B, is the vertex of a singu- 
lar cone, and any one of these would be sufficient to define the same congruence. 
These cones are thus all birationally equivalent to the given cone, and each 
must satisfy the relations analogous to (2) and (8). The double points on ¢ 
which are the images of lines of J, do not need to be considered, for they are 
vertices of quadric cones belonging to both o and a’. 

Any two bundles B,, B, can be put into (1,1) correspondence. A line m, 
of B, determines a quadric H of =. Since H passes through B, there is just 
one line m, through £, lying on H and belonging to the same regulus as m,. 





*For the literature of contact curves of A,(4) see the Encyklopaddie der mathe- 
matischen Wissenschaften, III C5, §§ 60-62, 67, 74. 
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The quadrie HZ passes through the other basis points B,, .--, B,, through each 
of which passes one line belonging to the other regulus, hence: 

The six planes containing any line of the bundle B, and any six basis 
points respectively are projective with the six planes through the corresponding 
lines of the remaining bundle and the same six basis points. 

Since the eighth basis-point is uniquely fixed when the other seven are known, 
the problem of finding m, when m, is given is reduced to the problem of pro- 
jectivity which, stated for the plane, is as follows: Given any five points A,, 

, A,, any other set of five points A|,---, A;, and a point P, all in the same 
plane, to find a point P’ such that the pencil P’A’, is projective with the pencil 
of five lines P.A,. This problem has been completely solved.* 

The bundles B,, B, are equivalent under a Cremona transformation of order 
5, having the remaining basis points for fundamental elements of the second 
order ; to an arbitrary plane through L, corresponds a rational quintice cone with 
vertex at B, and having double edges passing through the other basis points. 
If the plane of B, passes through B,, the A, of BL, is composite, consisting of a 
quadric cone through the other five edges and a cubic cone with a double edge 
passing through B, and passing once through each of the remaining basis points. 
If the pencil B, passes through L,, the A, of B, passes through B,. If 
the pencil B, passes through B, and B,, the proper image in ZB, is the plane 
B,B,B,. Tf K, of B; has a double or cuspidal edge not passing through any 
other basis point, its image in £, will also have a double or cuspidal edge not 
passing through any other basis point, and similarly for its image in the invo- 
lution Z. The equations of this transformation can be obtained readily by three 
quadric inversions and two collineations, hence the complete system of singular 
cones of both o and o’ can be expressed analytically when any one such cone of 
either is given. 


$5. Infinite Birational Groups. 


9. The focal surface ¢ is invariant under the operation of interchanging the 
points of contact of every line of c. This transformation 7’) is birational and 
is of order 2. The congruence o’ defines another birational transformation 7; 
of order 2. Except for particular cases arising from relations among the basis 
point B,, the operation 7, 7, is of infinite order.+ 

The equations of this transformation can. be obtained directly by the same 
method as that previously employed in the case of rational conjugate congruences.t 





*SturRM: Die Lehre von den geometrischen Verwandtschaften, vol. 1 (1908), pp. 352-358. See 
also SCHOENFLIES: Encyklopddie der math. Wissenschaften, III AB5, $16 (p. 442). 

T SNYDER: Infinite discontinuous groups of birational transformations which leave certain surfaces 
invariant, these Transactions, vol. 11 (1910), pp. 15-24. 

tT SNYDER: Surfaces invariant under infinite discontinuous birational groups defined by line con- 
gruences, American Journal of Mathematics, vol. 32 (1910), pp. 177-185. 
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The fundamental points are the eight basis points and the vertices of the quadric 
cones belonging to both congruences ; the fundamental curves are the curves of 
contact of these cones with the focal surface. 

Among the quadrics of the congruence there are a finite number which touch 
the focal surface along two quartic curves. These double quadrics may arise in 
two different ways, and have in consequence different relations between the two 
quartic curves of contact. 

If K(v) has a double edge not passing through a basis point, f(2) will have 
a double point and ¢(/7) a corresponding double tangent. Let the images of 
the points of contact be c,,c,. A line of o will cut c, in P,, P, and cut c/ in 
P|, P). Corresponding to one sheet of A(v) the first pair of points are foci 
of the given line, and to the other sheet, the second pair. Similarly, P, is focus 
for the o line passing through it, for the same sheet of A(v). 

Now suppose A’(v) intersects A’’(v) in a pair of conjugate lines 7, J’ in J. 
These two lines belong to the same quadric H, define a double point on (2), 
and a double tangent to ¢( #7). Every line of both reguli of H belongs to both 
congruences g and a’. Letc,, c, be the quartics of contact, and P a point on c,. 
The lines m, m’ both touch ¢ at P. As lines of o, m has its foci on ¢,, but 
m’ on ¢,; as lines of o’, m has its foci on c,, and m’ on c,. Every rational con- 
gruence of order > 2 contained in = must have a double quadric of one or the 
other of these forms. For orders higher than 3 both forms may appear in the 
same congruence. 

The details of a few illustrative cases will now be discussed. 


§ 6. Images of Contact Curves. 


10. Let 4, be a plane pencil with vertex at B, and passing through B,, B,. 
The image in 2 is a bitangent to A,(), hence the congruence is of order 1. 
Since B,(k =4, 5, 6, 7, 8) is also the vertex of a pencil passing through 
B,, B, it follows that the line B, B, belongs to the o congruence, and all the 
lines of o cut it. The pencil of quadrics in = which contains B, B, has for its 
remaining basis curve a space cubic passing through the other six basis points 
and cutting B,B, twice. The o congruence therefore consists of the common 
secants of B, B, and the associated cubic. 

The images of the 28 bitangents of A,() are the 28 lines B, B,, and the 28 
associated cubics passing through the remaining basis points. 

11. If A, passes through B, but not B,, the > image is a conic touching 
A,(X) in four points. The congruence is of order 2 and ¢ is of order 4. 
This is the well-known congruence of order 2, class 6, which has a singular 
plane. The plane A, can pass through any of the 8.7/1.2 lines B, B,, and 
have oo! positions in each case; each defines a contact conic of A,(), hence: 
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The set of 28 series of «' contact conics of A,(r) are images of (2, 6) con- 
gruences having a singular plane. 

12. A KA, with vertex at B, but not eereenine any other basis points will 
cut J, in six lines. The image A’; in J will cut A; in these six lines and also 
in one pair 7, /’ conjugate in J. The d-image is a nodal cubic touching A,(2) 
in six points. The congruence is rational, of order 38, class 9, and has one 
double quadric of the second kind. ‘The focal surface is of order 8, has eight 
fourfold points and six double points. Its cuspidal curve is composed of three 
quartics passing through the eight fourfold points. The singular cones at the 
other basis points are rational J, having the lines joining all the others except 
B, for double edges. The conjugate congruence has B, for the vertex of a 
rational /’, having triple edges passing through all the other basis points, and 
a V, from each of the remaining basis points with a triple edge passing through 
B, and passing simply through the remaining six. The vertices of the six 
quadric cones all lie in the given X,. 

18. A £, through five basis points will define the (1, 8) congruence already 
discussed. In fact the singular cones through B, and JB, are exactly of this 
type. 

A i, through four basis points defines the well known (2, 6) congruence 
without a basis plane. 

The conjugate congruence is of the same form, hence: 

The set of 35 series of 2' contact conics of A,(r) are images of (2, 6) con- 
gruences having no singular plane. 

If 4, has its vertex at B, and passes through B,, B,, B,, it will cut J, in 
six lines apart from lines 7,,.. The conjugate A’, will have /,,, /,,, 7,, for doubts 
edges, and the remaining /,, for triple edges. It will therefore ent A, in one 
pair of lines 7, l’, conjugate in 7. The image in the 2 plane is a nodal cubic 
touching A,() in six points. The congruence is of order 8, class 9, has a 
double quadric of the second kind, and contains six quadric cones. The focal 
surface is of order 8 and has many properties in common with the preceding 
case, but the vertices of the quadric cones do not lie in a plane, and the con- 
figuration of the singular cones at the basis points is different. 

The points 6,, B,, B, are vertices of cones of order 6, A, having the lines 
to the remaining two for triple edges and double edges passing through the four 
points B,, b,, B,., B,. Each passes simply through B,. The conjugate con- 
gruence has each of these three points for vertex of a cubic cone having a double 
edge, passing simply through those four basis points, but not through the two 
remaining ones of the triad. The given congruence has b,, L,, b,, B, as 
vertices of singular cones of order four; each has a double edge through B,, 
B,, B£,, and passes simply through the remaining points of the tetrad, but does 
not pass through £,. The conjugate congruence has each of the points B,, 
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B,, B,, B, for vertex of a quintic cone having the line to B, for triple edge; 
the remaining points of the tetrad are on double edges, and each cone passes 
simply through the triad B,, B,, B,. It is now easy to obtain congruences of 
orders 4, 5, 6 and having three, six, or ten double quadrics of the second kind 
as images of a quadric cone having two, one, or no lines 7,,. No rational con- 
gruence of order higher than six can have a singular cone of order less than 
three. 

14. A X, with six simple lines /,, will define a congruence of order 3 without 
a double quadric. If £B, is the basis point not lying on A,( B,), then ZB, is the 
vertex of a similar cone, passing through the same six basis points, which are 
vertices of /f,, each having lines joining the other five for double edges. The 
conjugate congruence has sextic cones at B, and B,, each having the line B, B, 
for triple edge and each having double edges through the other six basis points. 
The points B,, ---, B, are vertices of As having double edges passing through 
B, and B,, and passing simply through the other basis points. 

These two conjugate congruences are the only ones without double quadries 
that can be mapped upon elliptic ¢ones. Since there are 28 pairs 6, &, and 
each cone contains three undefined constants, these congruences are imaged in 
the A-plane by 28 series of 00% contact cubics of A,(X). The remaining 36 
series do not define conjugate congruences. If the original A,( ,) has a double 
edge not containing any other basis point, the resulting rational congruences 
will have a double quadric of the first kind. We have thus found six rational 
congruences of order 3 contained in 2; these results are believed to be new.* 

15. Another interesting illustration is furnished by the ,(,) having double 
edges passing through all the other basis points. The singular cones at the 
other basis points are of the same kind, and the conjugate congruence has an 
exactly similar configuration. The image in X is a non-singular quartic curve 
touching A,() in eight points. The congruence is therefore of order four. 
The focal surface is of order 24, has eight twelve-fold points and eight double 
points ; it has a cuspidal curve of order 96 composed of 24 quartics of the 
jirst kind passing through the eight singular points, and a nodal curve of 
order 112 composed of 28 quartics of the same bundle. As before, A, may 
have one or more double edges, giving rise to quartic congruences having one 
or more double quadries of the first kind. 

The two congruences of order 2, of genus zero, the two conjugate congruences 
of order 3, of genus one, and the self-conjugate congruence of order 4, of genus 
three, are the only possible conjugate congruences contained in = which do not 
have a double quadriec. 

Congruences which can be mapped birationally upon cones of given genus can 


* The elliptic congruences of order three were found by FANO (1. ¢.) ; he does not mention 
congruences having a double quadric. 
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be constructed, but the corresponding order is not less than the minimum order 
of a plane curve of that genus. i 

16. Among the 4’,(B,) having seven double edges through the other basis 
points are two exceptions, J, and the image of a general c, in the X-plane. The 
former corresponds to A,(A) itself and is defined as the congruence formed by 
the cones in >. From the preceding theorem we see that its focal surface is of 
order 24, has 24 cuspidal quartics and 28 double quartics, but from No. 10 the 
latter consists of 28 lines 7, and the 28 associated cubics ; moreover, instead of 
having eight other double points, it has as double point every point of the sextic 
which is projected from B, by J,. The other exceptional type of A, is defined 
by quadratic relations among the cubics forming the net. Every such cubic is 
an adjoint of the sextic and every pencil of such cubics having one basis line of 
#, will, from the nature of its equation, have the other on 4, also, that is, A’, 
is hyperelliptic.* 

The ¢,() cuts A,() in eight points, but the vertices of the corresponding 
cones are not singular points on ¢,. If U, be linear functions of the /,, the 
equation has the form 


Ui een ent 


When the equation of a quartic surface can be written as a quadratic func- 
tion of three quadrics, the tangent cone of order 6 from each associated double 
point is either composite or hyperelliptic. 

This theorem is true for surfaces of any order defined by functions of U,, 

§7. Particular Positions of Basis Points. 


17. Let it be supposed that four basis points B,, B,, B,, B, lie in a plane 
a,, and the other four in another plane 7;. When P describes a plane pencil 
with vertex at B,, its image in the involution J will be a cone A, of order 7, 
with /,,, /,,, ,, for double edges, and the lines from B, to the other basis points 
for triple lines. As the basis points appear unsymmetrically a singular cone of 
order 2 and vertex at B, will be designated by A),(4;1,, m,, +++), 4, +++ indi- 
cating that the line joining B, to B, is an h-fold line, mM, that B, Bis a p-fold 
line, ete. Moreover, the involutions J will be different for different points. 
This difference will be indicated by subscripts. The result of operating with J, 
upon A’,(1) will be indicated by the symbol 


A,(1)L4,(1 3 2, oon 4,, Ds, 65, 155 8.) 


12? 


The line 77,7; is now a part of the locus of vertices of quadric cones contained 
in the bundle =. The residual curve is a hyperelliptic quintic whose projecting 
cone from 5, may be expressed by the symbol J,(1;2,, 3,, 4,, 5,, 6,, 7,, 8,). 


* SNYDER: On a special algebraic curve having a net of minimum adjoint curves, Bulletin 
American Mathematical Society, vol. 14 (1907), pp. 70-74. 
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The discriminant curve A,(2) has one double point, the coordinates of which 
define the planes 7,, 7, in 2. 

The 16 double tangents of A,(2) are images of the lines B, B, (k= 1, 2, 
3,4; h=5,6,T, 8) and the six tangents from the node are each the image 
of a pair of lines, one in 7,, one in 7|. The transformation 7’, defining the 
cone at B, when that at B, is given, is not changed from that of the general 
case when B,, B, both lie in 7, or 7, but is of order 4 when they lie in different 
planes. Thus we may write 


A (1) 7, 4,(53 2,, 3, 4,5 6, Th 8). 


The focal surface of the congruence of cones in > is now of order 20, contains 
18 cuspidal quartics of the first kind, six double planes, six pairs of intersecting 
double lines, 16 other double lines, 16 double space cubies, and a double quintiec. 

The planes through B, and any basis point in 7; define the general (2, 5) 
congruences. The line of intersection of this plane and 7, does not pass 
through any other basis point, hence it is the image of a cone breaking up into 
a, and 7,. The cone consists of two plane pencils, one in 7,, the other in 77, 
the vertices of each being on the line 77,7r,. In the conjugate congruence the 
planes of these pencils are interchanged. 

The image conic in the A-plane touches A,() in three points and passes 
through the node. 

The singular cone A,(1; 2,) defines a particular form of the (2, 6) congru- 
ence having one singular plane. 

A general A,(1) defines a (8, 8) congruence, in which one cone breaks up 
into 7,, 7,. The focal surface has one more double point and two more double 
planes than in the general case. The congruence contains one double quadric 
of the second kind. 

An interesting example is the (3, T) congruence defined by the singular cone 
K,(1; 5,,6,,7,). The complete configuration of singular cones of the two 
conjugate congruences is as follows: 


AAA; byy0,4.0,): K(2;3 81, 415 59, 6, 7,, 8,), 
eels 2,5 315 4,, Dos 6,5 C3 83), Ky (23 1,, Dy 6,5 Th 8,)> 


SCO oe ihe aes eee £4 Ge (foe 
TO; ihe 205 Sos aoe 8,)- 


Tlrose at B,, B, can be obtained from those at B, by interchanging 2 and 3, 
2 and 4 respectively, and those at B,, B,, B, by making similar changes in 
those at B,. 

The congruences contain a double quadric of the second kind consisting of 
the two pencils in 7,, 7,. The image in the A-plane consists of a cubic having 
a double point at the node of A,() and touching the latter in four points. 
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The cone A,(1; 4,, 5,, 6,) defines a (3, 8) congruence having five cones, 
one pair of planes, and a double quadric of the second kind. 

The cone A,(1; 3,, 4,, 5,) defines a (8, 9) congruence containing six cones 
of = and a double quadric of the second kind. 

The cubic cone A,(1; 3,, 4,, 5,, 6,, T,, 8,) defines a (8, 8) congruence having 
5 quadric cones of >. If A, is rational the congruence contains a double 
quadric of the first kind. 

The cone A,(1; 2,, 8,, 4,, 5,, 6,, 7,) defines a (3, 9) congruence as in the 
general case. 

The preceding eighteen forms are the only possible types of congruences in 
= of order less than 4. 

The non-hypevelliptic cone of order 6 having a double edge passing through 
each remaining basis point defines a (4, 12) congruence as in the general case. 
The conjugate congruence is of the same type. 

18. Let the basis points lie on two pairs of planes: 

vw, = B,B,B,B,, vw, = BB, B,B,; 


1 
a,= BL BL,B,B,, pee De DPD 


The two lines 7,77; and 7,7, and a space quartic of the first kind constitute the 
locus of the vertices of cones in =. The latter is projected from B, by the 
cone J,(1; 3,, 4,,5,, 6,, 7,, 8,). The involution J transforms a plane pencil 
into a cone of order 6 of the form 


EG CL) LEC (1 2 oes ayant ee 
All the operations 7’, transform plane pencils into quartic cones except when ik 


ik 


is one of the combinations 12, 34, 56, or 78. Thus we have 
AO (1) 2, 4,(23 355 4, Dy 6. iy 8,)3 LOL) Tight 93 2, 4,, Do Th 8,). 


Of the congruences of the second order, A\(1: 2,) defines a particular (2, 6); 
(1; 3,) defines a particular (2, 5), and A\(1; 7,) a general (2, 4). 

Of the congruences of order 8, A, (1) defines a (3, 7) having four cones of 
=, two pairs of planes, and a double quadric of the second kind. The cone 
K,(1; 6,, 7,, 8,) defines a (3, 7) congruence having a pair of planes for a 
double quadric of the second kind. The image cubic curve in the A-plane has 
a double point at one node of A,(X) and passes simply through the other; it 
touches A,(2) in three other points. 

19. The basis points may lie in three pairs of planes : 


v= B, BBB, j=B,B, BB, 7,=8,B,B,B,, w,=B,B,B,B,, 
7, DBD, BB 1, = Deb BLD 
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The locus of the vertices of cones in = now consists of the three lines 7,7/, 
T,7,, 7,7,, and a space cubic, the latter being projected from B, by the cone 
J,(1; 4,, 5,, 7,, 8,). The involution J transforms a plane pencil into a cone 
of order 5 of the form K,(1)/7,(1; 2,,3,,4,, 5,, 6,, 7,,8,). The trans- 
formations 7’, can be most easily determined from the details of the (3, 6) con- 
gruence defined by A,(1). The singular cones of both this congruence and 
its conjugate at B, are given above; the others are as follows: 


K (2; 355 4,, 51 6, thy: 8,), K,(3; 2,, 4, Dy 6,5 15 8,), 


Por en...7, 8, ); HEE Tae ee 

Hat Ay 2), 3-5. 6.,(8, ), K (Geog 4 BP, 7, 8:), 
eal 25. Gis 8), Ke (Gatien Ts) 

FB oO 4 BB), KG (Saedeead 15 6}, 
Pa nonlee fades 8). Ko Sealwezye lb. 1.5, 


K,(7T; 21, 8,,5,), 
Pauw lenis. 4) ibe GRBs 


The image of the congruence of cones is a trinodal quartic in the X plane. Its 
four proper bitangents are images of the congruences cutting the lines J, / 
1,,, U,, and their associated space cubics. 

Of the congruences of order 2, A,(1; T,) defines the general (2, 3) case. 
Its image in the )-plane is a conic passing through all three nodes of A,(2) and 
touching it once. The cone A\(1; 8,) defines a particular (2, 4) congruence, 
and A,(1; 2,) defines a particular (2,5). A (2,6) congruence cannot be 
contained in > in this case. 

Among the congruences of order 3, that of lowest class is the (3, 5) defined 
by A,(1; 5,, 7,, 8,). It contains four of the basis planes simply and the 
remaining pair doubly. The section of the focal surface made by the latter 
consists of two conic sections, each counted twice. The image in the A-plane is a 
cubic having a double-point at one of the double-points of A,(), passing simply 
through each of the remaining nodes, and touching A,()) in two other points. 

As in the preceding cases, the non-hyperelliptic A,(1, 2,, ---, 8,) defines a 
(4, 12) congruence with a singular cone of order 6 at each basis point, and con- 
taining 8 quadric cones of >. 

20. The eight basis points may be arranged on four pairs of planes. In 
addition to the preceding pairs of planes 7,, 7, we may write 


v,= BBB.B,, 1, = B,B,B,B,. 


17% “28? 


The locus of the vertices of cones now consists of the four lines 7,77, ete., and 
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of their two transversals. The latter project from B, into J,(1; 7,). The 
curve A,(2) consists of two conics passing through the images of the four lines 
a,7,, ete. In the involution J, 


AGW) LK (15 2,; 31, ao ys 6, 155 81), 


that is, in the Cremona transformation defined by the involution J, the image of 
a plane passing through JZ, is in this case a quartic cone having its vertex at 
B,, containing B, B, as triple edge and passing simply through the remaining 
basis points. 

The only congruences of the second order that can exist in this case are a 
particular (2, 4) defined by A,(1; 2,) and the general (2, 2) defined by 
(1; 7,). In the latter all the basis-points are vertices of plane pencils, and 
the conjugate congruence has the same configuration of singular planes. The 
image in the A-plane consists of a conic belonging to the pencil defined by the 
factors of A,(X). The focal surface is the general Kummer surface. 

Of congruences of the third order, (1) defines a (3, 5) having a double 
quadric of the second kind; the elliptic A,(1; 2,, 3,, 4,, 5,, 6,, 7,) defines a 
(3, 7) without a double quadric, and A,(1; 2,, 3,, 4,, 5,, 6,, 8,) defines a 
particular form of (8,9). When the cone is rational the corresponding con- 
gruence acquires a double quadric of the first kind. 

As in the general case, the non-hyperelliptic A,(1; 2,, ---, 8,) defines a 
(4, 12) congruence without any singular planes. 

21. The basis points may be arranged on five pairs of planes, the four pre- 
ceding, and 


7, = D,, Dia Digeoa Ty =). 


The locus of the vertices of cones consists of the five lines 7,7 etc., and of one 
other line, the latter projecting from B, into J,(1:7,). The curve A,(X) 
consists of a conic and a pair of straight lines, each of the latter defining a 
pencil of quadric cones having common vertices. In the involution J, the image 
of a plane through £, is a cubic cone having B, B, for double edge and passing 
simply through b,, 6,, B,, B,. The symbol becomes 


Ki (1) TRG ee eee Gee 


There are three particular congruences of the second order, a (2, 4) defined by 
AG (1 =2)), a (2,3) by A, (1: 8) \andiag 27 2) by A Glee: 

Besides the rational (8, 4) congruences defined by A,(1), the elliptic (3, 6) 
defined by A,(1: 2,,8,,4,,5,,6,, 7,) is of interest. For the first time the con- 
jugate congruence of that defined by A,,(1; 2,, ---, 8,) is not directly expressed 
by substitution of the values of the coordinates. The lines /,,, J,, are already 
three fold in the extraneous factors that divide out of A’, (1: 2,, ---, 8,), hence 
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are neutral. But by substituting the coordinates of these lines in A,, both 
appear as double edges. 

22. The basis points may be arranged on six pairs of planes, the five preced- 
ing and also 


pease a Spiay dete Test he bal, Ba. 


The locus of the vertices of cones consists of the six lines 7,7;, four of which 
meet in a point. The cones having this point for vertex contain four common 
edges each containing two basis points, hence form a pencil belonging to >. 
The curve A,(2) consists of the sides of a quadrilateral. The involution J is 
defined by the transformation 


wey rAe( 1: 8,, 6) ley 


The plane A,(1) defines a (8, 8) congruence having a double quadric of the 
first kind. It contains no cones, but has six pairs of planes. The conjugate 
congruence is of the same type. Congruences of order 3 and class 2 are impos- 
sible when the basis points are distinct. Particular (2,2) and (2,3) forms 
as well as (3,4), k=3, ---, 6, can be obtained. The involution reduces to 
ordinary quadratic inversion. As in the preceding cases K,(1;2,, ---, 8,) 
defines a congruence of type (4, 12), having a conjugate of the same kind. 
When the points are arranged on six pairs of planes, they may be assumed to 
be(+1,+1,+1,1). Theequation of the bundle of quadrics is of the form 


A, (ej — ef) + Ay (eZ — 2) + Ag(Z—aj)=— 0, 
and A, (2) becomes 
Ay AAs (Ay +A, + As) = 0. 


The equation of a line through 6, = (1,1,1,1) are x, =1 + p&,, from which, 
if it belongs to =,, 


ry (E, ae £,) a0 Ay ( & — E,) AN A3(&3 — Ei 0, 
Ai (Gi — Ef) + AoE — EF) + re ( G3 — EF) = 0. 


A congruence of the second order is defined by A\(1; 2,), wherein 
B,=(1,—1,1,1). This cone requires relations of the form 


BN Sh ce £7) = B(E,+ E)= Cg, — 57) 


among the &.. The &-eliminant of these equations is the equation of the d-curve, 
image of the congruence; it is the conic 


(cA, + AdA,)? + A, (CPA, + A?A,) = 0, 


which passes through the vertices (0, 1,0),(0, —1,1),(1, —1, 0) of the 
quadrilateral and touches the line A, = 0 at( 4,90, —c). The( 2, 3) congru- 
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ence contains one cone of = besides four singular cones whose vertices are at the 
basis points, and three pairs of planes besides the four singular pencils at four 
basis points. The conjugate is of the same form. 

23. Instead of a finite number of basis points, the bundle = may have a basis 
curve. There are four general forms. 


(1) When #7, H,, 7, can be written in the form 
U,V. — U,V, = 9, Uw, —U,w, = 9, v,w,—v,v,= 9, 


wherein w,, v,, w, are linear in the variables x,, the bundle has a space cubic for 
basis curve. 
(2) The equation 
a q as —— 
@,(A, U, ae A, Uy) an Ay (@, % TT LEY Ped 0 


defines a bundle of quadrics having the conics x, = 0, w,x, — x} = 0 for basis 
curve and the two basis points u, = 0, vu, = 0, x, 7, —xj} = 0. 
(8) The equation 
av, v, + Bx,w, + yx,x, + Ou,v,= 0, 


in which a, 8, y, 6 are linear homogeneous functions of A,, 2,, A,, defines a 
bundle having the two basis lines x, = 0, 7, = 0, andw, =0,27,=0. 


(4) The bundle defined by 
L,U,—6,U, = 0, v,U,— v,u, = 0, ,U, — 0, U, = 0 


has the line x, = 0, vw, = 0 for basis curve. It has four basis points not lying 
on the line. 

Any two quadrics contained in one of these forms (1), ---, (4) will intersect 
in the basis curve and a residual curve of order 1, 2, 2, or 3. In the first and 
third cases the residual intersection consists of one or of two generators. In 
the fourth case only will the residual intersection be a curve which is cut by 
every generator of one system in more than one point. On the focal surface of 
any congruence contained within the bundle the points of contact with a line of 
the congruence lie upon the complete intersection of two quadrics of the bundle. 
In the first two cases the lines are not proper bitangents; in the third the focal 
surface is a ruled surface contained within a linear congruence, while in the 
fourth the points of contact of lines of one congruence lie upon a bundle of 
space cubics of which they are bisecants. The operation of interchanging these 
points of contact is a birational transformation of order two. In case (8) it is 
simply an axial involution, hence case (4) will be the only one to be considered 
as defining a non-linear transformation. 

24. The two systems of generators are rationally separable, hence the cubic 
complex is composite. One system may be written in the form 





A, U, + A, Uy. + Az Us ? A, @, +A, + Az Xe = 
U Ay : 


4 4 
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and the other becomes 
NU, AAU, FAs, U ; 


4 
A,%, $A,@, +AU, Ly 





thus it is seen that = consists of a quadratic and of a special linear complex, the 
axis of the latter being the basis line vu, = 0, 7,= 0. 

The four distinct basis-points are the vertices of the invariant tetrahedron of 

the collineation defined by 
ee Pre 

A congruence of order n is defined by a relation of the form f(A,, »,, As) = 0. 

As before, if v is the class of f, the order of the focal surface will be 2p ; 
the line u, = 0, x, = 0 is an v-fold line upon the surface, and each of the dis- 
tinct basis points is also v-fold upon it. Upon the focal surface there is more- 
over a cuspidal curve composed of as many space cubics as f() has points of 
inflexion. 

One or more of the quadric cones contained in o may break up into a pair of 
planes ; one plane must contain the basis line and pass through one basis point, 
and the other contains the three remaining basis points, hence the maximum 
number of such degenerate cones is four. 


The equation 
AU, + AU, + AU, = TU, 


defines a pencil of planes through every tangent line to the curve (2) in 


w,=9. The equation 
VN, %, + AL, + AWL, = TX, 


defines a similar pencil through the tangents to the curve f.() in #, = 0. 
From the equations ~, = pu, these two systems are projective and the congru- 
ence is defined as the locus of intersection of corresponding planes. The 
complex o is thus a tetrahedral complex. 


CORNELL UNIVERSITY, 
March, 1910. 
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ON THE FUNDAMENTAL NUMBER OF THE ALGEBRAIC 


NUMBER-FIELD k( Vm) 
BY 


JACOB WESTLUND 


Introduction. 


The object of the present paper is the determination of an integral basis and 
the fundamental number of the algebraic number-field /( 7m) generated by the 
real pth root of m, where m is a positive integer greater than unity which is 
not divisible by the pth power of an integer, and where p is any odd prime. 
The case p =8 has already been discussed by DEDEKIND.* The conjugate 
values of }/m being 7/m, pj/m, ---, p?-14/m, where p = e?""”, the number- 
fields k(p}/m), «++, &(p?-!4/m) are all different from k(4/m). 

In order to obtain all possible number-fields of this type we let m run through 
all positive integers which are not divisible by the pth power of a prime. But 
the fields generated in this way are not all distinct. For any positive integer 
m which is not divisible by the pth power of a prime may be expressed in one 
way only in the form 


1 


m=a,aa? ; 


aneits) (Ea 
lapciass a= 


where a@,d@,-+-d,_, is not divisible by the square of a prime. If we then set 





p — : 
ae t1g2gqt3... pl 
a,=Vataizai Girt 


where 7,= si (mod p) and 0<i,<p for s=1, 2, 3, ---, p—1, it is 
evident that a, a, +++, a,_, are algebraic integers in k(a,), and hence 


k(a,), k(a,), +++, &(a,_,) are identical, while £(a,) is a primitive field. 


1. Rational basis. 
As a rational basis of k(a,) we may take either 


2 
1, As ais 7 


my ne 
or 
Bei ee, ae an 
*Uber die Anzahl der Idealklassen in reinen kubischen Zahikbrpern, Journal fiir die reine 
und angewandte Mathematik, vol. 121 (1899). 
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Denote the discriminants of these bases by D, and D,, respectively. We have 


1 a, Pi a 2 1 1 Ae 1? 
Petree tare || eR pt. pe 
= = 
1 ps ae hh Fete pr qr} 1 p?-! ee pie-v? 














Hence * 
D, = (— 1f@-"peme. 


In a similar way we obtain 
D, = (— 1)? p?(a,a, ++: ee / 


If A be the fundamental number of k(a,), we must have D, = n?A where n is a 
rational integer. Hence 





A=(— 1yio-np | Pas 98 


it) 


p—1) 772 
Ga) | = (—1)°-) pd? 
where d is a rational integer, and this shows that A contains the factor p. 


2. Ideal Prime Factors of p and m. 


Let q be a prime factor of m and @ an ideal prime factor of g. Then since 
a” = q'r, where r is prime to g and 0 <i <7, it follows that a, is divisible by 
(). Suppose that Y is the highest power of Q contained in g. Then a must 
be divisible by Q” and st =0(modp). Hence s=p and (q)= Q’, i. e., 
every prime factor of m is equal to the pth power of a prime ideal of the first 
degree. 

Let us next consider the prime p. If p is a factor of m it comes under the 
case already considered. Suppose then that p is not contained in m. Since p 
is a factor of the fundamental number, it is divisible by the square of a prime 
ideal P. Now consider the integer p = a, — 6, where b=a,a)--- as. We 
have 

(m+ 6)? — Oar, = 0 
or, if we set d = 6?"* — a’, 


Bh? + php?! 4..-+4+ pb?"w+bd=0. 


Since d = 0 (mod p) it follows that yu” is divisible by p and » by P and hence 
d is divisible by P*. Two cases arise according as d is divisible by p’ or not. 

I. d not divisible by p’. In this case p must be divisible by P*. Hence, if 
p> 3, d must be divisible by P* and therefore p divisible by P*. Reasoning 


* PASCAL, Determinanten, p. 139, 
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in this way we find that p must be divisible by P?. Hence (p) = P’,i.e., 
if p is prime to m and d = b?-' — a’—; not divisible by p’, then p is equal to 
the p-th power of a prime ideal of the first degree. 

IL. d divisible by p*. Let p*(s =2) be the highest power of p contained in 
d and P” the highest power of P contained in w. The equation satisfied by wu 
may be written 


h(e?-'+ pB)+ bd=0, 


where 8 is prime to P. If 7 were greater than unity, «?-' would be divisible 
by a higher power of P than /P?’, and since p cannot contain a higher power 
of P than P?, it follows from the equation above that » would be divisible by p. 
But if » were divisible by p, its conjugates would be divisible by p, but this 
is impossible, since the coefficient of « in the equation above contains only the 
first power of p. Hencer=1. It is then easily seen that » must be divisible 
by P?-' and by no higher power of p. Hence if p is prime to m, and b?*—a?-) 
is divisible by p’, we have (p) = P?"Q, where P and Q are different prime 
ideals of the first degree. 


3. Integral basis. 


Any integer in k(a,) may be expressed in the form 


Ly + Ue tess +H, 4, 
oO = ‘ 
D 


2 





where ,, %,, +++, @),_, are rational integers. Let q be a prime factor of a, and 
let (q) = Q’. Then the highest power of @ contained in a, is Q, where 
i, = si(mod p) and 0 <i, <r. Hence x must be divisible by Q and hence 
by ge Wenote iby a) are oF the numbers @,, @,, +++, an arranged 
according to increasing powers of Q. It then follows that w,, must be divisible 
by @ and hence by g. In the same way we find that @,,, ---, w,, , are divisible 
by g. It is then easily seen that may finally be written in the form 





aps By FU, tres thy %_y 
ss e 
where «,, %,, +++, %,_, are rational integers. 
If p is a factor of m we proceed as above and find that 


@ 5 i Pa eee kes 


where 7, Y¥;5 +++» Y,-; are rational integers. 

If p is prime to m, two cases arise, according as d = b?-! — as is divisible 
by p’ or not. 

I. d not divisible by p’. Introducing the algebraic integer 4 = a, — 
mentioned above and making use of the fact that «, = a‘ /c,, where c, is a rational 
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integer prime to p, we obtain 


Ege A ia ata te ak Pe cal 
a >» 

In this case we have (p) = P? and, as is easily seen, mu is divisible by P 
but not by P’. Reasoning in exactly the same way as above we find that 
Yor Yro °° *> Yp1 are all divisible by p. Hence we finally get 


cw 





Pree. a =a! 
Co=2 +2, h@+--- +2, 


where 2,, 2,, +++, 2,_, are rational integers. But since all the prime factors of 
¢ are contained in m, it follows that w may be written in the form 


O=% + @, +... + ©, 1% 19 


where #,, ®,, +++, @,_, are rational integers. We then have the following result : 
Tf hb?" — a?—) is not divisible by p*, the p numbers 1, a,, a, +++, %, , form 
an integral basis of k(a,) and A= D,=(—1)?"'?p?(a,a,---a,_,)?. 

Il. d divisible by p?. In this case we know that (p) = P’"'@. We also 
know that y” is divisible by p, and hence yp is divisible by P@ and pu?" divisible 


by pQ?-?. But 
wrt = (a, — dy! = att — (p—1)attd-. 4b 
= [ar *+ar7b+...a,b? 741] 


(pm — I —— 2 
=| pare — |? yt: 1} agree 4 be 41] 





and since 6?-' = 1 (mod p), it follows that 
ar + ah *b +...4+ a,b? 741 
Y= 
p 


is an algebraic integer. We shall now prove that the p numbers 





Y> Ai, Os» ro tty, Cae 


form an integral basis of k(a,). It is evident that these numbers form a 
rational basis. Denoting the discriminant of this basis by D, we get the fol- 
lowing value 


D,= Cr 1 jeden fer (a; Oy? a ey yerat 
Now any algebraic integer may be written in the form 


BY in yh to Te 
o= = 
D 


3 





where #,, %,, +++, @,_, are rational integers. It is easily seen that x, must be 
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divisible by D,. For, denoting by @, w, .--, o”—’ the conjugate values of a, 


we have 


, j Xv 
oto +..-+ a0) =——, 
D, 


Hence x, is divisible by D,. Let us then consider the algebraic integer 


weer Dee hd eee Reet 


oO, = D 





3 


If g be a prime factor of m we infer in the same way as above that x, ---,%,_, 
are divisible by g, and hence that », may be written in the form 


i Cites Sartor en een 
ap ae p—2 ; 
ie 
Replacing a, by » + 6 we get 





=o —1 
pr" C@, = % + eM bees + ew 


where 2), 2, +++, 2, are rational integers and ¢ is prime to p. By a simple 
argument it can then be shown that z,,z,, --+,2,_, and hence also y,,y,, ++-, ye 
must be divisible by p and that may finally be written in the form 


O=2Y+ 4,4 +o + G1 Fy 


Hence we have the following result: Jf b?-' — a?=i is divisible by p*, the p 
A, +++, a, _, form an integral basis of k(a,) and 
A= D,=(— 1)? p??(a,a,--+-a,_,)P 


PURDUE UNIVERSITY. 


numbers y, a, 


VOLTERRA’S INTEGRAL EQUATION OF THE SECOND KIND, 
WITH DISCONTINUOUS KERNEL * 


BY 


GRIFFITH C. EVANS 


The integral equation of the second kind, of Vourerra, is written 


(1) u(w)=$(0)+ | K(a, E)u(E)de. 


In this equation the function A(x, &) is called the kernel; the desired function is 
u(a). When the functions (2, &) and }(a) are continuous there is no diffi- 
culty in finding a continuous u() that shall satisfy equation (1). This general 
case of the equation (1), under the conditions solely that ¢(«) be continuous when 
a=x=5 and that A (a, &) be continuous in the triangular region a= &=x2=), 
was first investigated by VOLTERRA, + who showed that there is one and only 
one continuous solution in the interval a=a=6. His method applies without 
essential change to equations whose kernels are finite in the region a=&=x=b 
and have discontinuities, provided the discontinuities are regularly { distributed. 

Let us consider, however, a certain equation to which we are led by a hydro- 
statical problem. Suppose we are given a tube lying 
in a vertical plane along a curve of arbitrary shape, 
8 = w(x), where s is the distance along the curve and aaa A: 
x the altitude. Let us fill this tube with a liquid of 
variable linear density v, and then regulate its height 
in the tube by allowing various amounts to flow through 
the bottom. Let us then regard vy as an analytic func- 
tion of the depth in the liquid, i.e.v =v(x — &). The 
average linear density is given by the formula 


eal Mantas J ge OTS 


foe [ weas 


* Presented to the Society, September 13, 1909. 

+ V. VoLTERRA, Atti dell’ Accademia dei Lincei, ser. 5, vol. 5 (1896), pp. 177-184. 

tM. BocHER: An Introduction to the Study of Integral Equations; Cambridge Tracts in 
Mathematics and Mathematical Physics, No. 10, 1909. 
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so that, when the curve is given, the average density is determined explicitly. 
Let us propose to ourselves the inverse problem: given the average linear den- 
sity, to find the shape of the curve. 

In the first place, if w’(&) is continuous h(«) is continuous, and if we let 


viw—&)=a+a(a—&)+a,(r—E) +... 
=at+G(c—&), 


where G'(0)=0, then h(a) =a-+9(«), where g(a) is some function that 
vanishes at least to the first order when a =0. We shall look only for solu- 
tions u(a) that have continuous derivatives. Hence we may write the equation 
to determine wu’ (a) as 


ge) | w(&) dé =|" G («a — &)u(&)dé, 
O=[ [G(x—£)—9(x)Jo(E)Ae, 
where v(&). = w'(é). 


This is an equation of which the kernel vanishes when v= &=0O. If we 
differentiate once and divide by g(a), we get the equation 


hm) (Re 
0(@) fee ee 





which is a homogeneous equation of the form (1), with discontinuous kernel.* 
The corresponding extension in the general equation (1) of the second kind 
is found by differentiation of the general integral equation of the first kind 


@) b(2) — $(a) =f K(w, €)u(E)ae. 
It was originally an equation of this kind, 


pe ds 


0 (Cn 


(a) = 
by which ABEL in 1823 + introduced the subject of integral equations; an 
equation of the first kind with discontinuous kernel. ‘The general equation (2) 
where the kernel is continuous is itself not easy to treat. Yet in his first paper 
VOLTERRA shows that if ¢(y) and $y) remain continuous when a=y=6b, 
and if K(#,y) and 0 /0x = K\(x, y) remain continuous in the- triangular 





* This equation will be treated in a later paper. 
+ VOLTERRA: Annali di Matematica, ser. 2, vol. 25 (1897), p. 140. 
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region a=y=x2=), while A(2,x2) +0, a=xz=6, then there is one and 
only one solution of (2) continuous in the interval a= a= b.* 

There are two manifest ways of enlarging the kernel of (2) beyond 
VoOLTERRA’s first restrictions. One way is to generalize the equation of ABEL. 
to the form 


ah Ol Ge 
B(x) —o(a) =f u(E)de <I, 





where G(a, &) and 0G'/0x are continuous in the triangular region and 
G(x, «) +0; this generalization VOLTERRA carries out in the second of 
his papers + appearing in the Atti di Torino, and shows that there is one 
and only one continuous solution. A second way is to allow the kernel of (2) 
to vanish when w= &=a. This generalization, with the restriction that 
K(x, &) shall not vanish to higher order when & and x are equal and both 
approach a, than when & and @ approach a independently, is considered by 
VOLTERRA in his third and fourth Turin papers.{ And here it turns out that 
there is in general more than one solution continuous in the neighborhood of a. 

The same problem is considered by E. HOLMGREN § in 1900, and the special 
case is treated in which the kernel is in the form 


K(x, y)=aytax+ K'(2,y) 


and a, + a, is not necessarily unequal to zero. The present state of the ques- 
tion is best set forth in a recent paper of Lauesco.|| He shows among other 
things that the equation 


(3) [ f(a, 8)u(s)ds= Fe), 
in which 


f(2%, 8) a A," +P Ayaan. ® ge aac any A,” a7 Ye, s), 


— here y(«, s) contains only terms whose total degree in a and s is greater than 
n,and A, + A, +---+ A, + 0,—has a solution u(«), finite at x = 0 and 
depending linearly on & parameters, provided that F(a) vanishes to a sufficiently 
high order and that / distinct solutions of the equation 





*Atti della Reale Accademia delle Scienze di Torino, vol. 31, Jan., 1896, pp. 
311-323. 

Atti della Reale Accademia delle Scienze di Torino, vol. 31, Jan., 1896, pp. 
400-408. 

tAtti della Reale Accademia delle Scienze di Torino, vol. 31, March, 1896, 
pp. 557-567 and April, 1896, pp. 693-708. 

2E. HoLMGREN: Sur une théoréme de M. Volterra sur l’inversion des intégrales définies ;. 
Atti della Reale Acc. delle Scienze di Torino, vol. 35 (1900), p. 570. 

||T. LaLEsco: Sur l’équation de Volterra; Journal de Mathématiques, ser. 6, vol. 
4 (1908) p. 125. 
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A, AY Ay * 
ream peat se caaregecny 


—n—l 





t‘— 


have their real parts negative. LLALEscO considers also the special case in 
which 
f(@, 8)=A,a + Ays + a2’ + Bay + yy’ + ¥,(2) 8), 


where A, + A,=0 and a+8+%7+0, and shows, as was previously 
announced by E. HoLMGREN (see page 395, note), that if 
wah 
——~"—_ > 0 
a+R+y 


there will be a single real solution, while if 


art ee, 
a+B+y 
there will be an infinity of solutions depending on a single parameter. 

La esco’s method of procedure, to which the method of our later paper is 
analogous, is to differentiate the equation (8) in the general case n + 1 times, 
and then to base on the resulting Fuchsian equations an approximation method 
by which the given equation may be solved. It is essential in order to reach a 
Fuchsian equation that A, + A, +---+A, + 0. 

The equation to which (8) is reduced by differentiating more than once is a 
special case of a type of equations proposed by BurGaATTI,+ and investigated 
in a short note by Fusrn1,{ i. e., equations of the form 


4) [| les sels) ti (es 9) Gt + Aes 9) Ge |= F(@). 


The connection between equations of the first kind with kernel vanishing at 
the initial point of the interval, and equations of the second kind with kernels 
discontinuous at the initial point of the interval is seen, as we have said, by 
differentiating once. Equation (3) thus becomes 


(a, «)u( 2a) +f u(a)ao— F(x) 


eae) if 1 Of(es8)7 GP 
“()= Fe.) Fase) ae (0 


* This equation was originally given by VOLTERRA, and the fact shown that there is but one 
finite solution if the real parts of all the roots are positive, while otherwise the solution is not 
determined uniquely. 

{ BURGATTI: Rendiconti dell’ Accademia dei Lincei, 2. semestre 1903, p. 443 and p. 
596. 

{ FUBINI: Rendiconti dell’ Accademia delle Scienze Fisiche e Matematiche 
di Napoli, ser. 3, vol. 10 (1904), pp. 61-64. 


or 
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which on account of the restriction A, + A,+ --- + A, +0 is an equation 
the kernel of which becomes infinite at « = & = 0 to not higher than the first 
order. The special equation on page 396 corresponds to a case where the kernel 
of an equation of the second kind becomes infinite at «= € = 0 to the second 
order. 

In the present paper we consider equations whose kernels are absolutely 
integrable, and equations related to them by change of dependent variable. 
Later we shall treat equations whose kernels, though not of so general a type, 
are not restricted in their order of becoming infinite, and endeavor to define as 
to continuity the character of functions that can possibly satisfy the equations 
under investigation. 

Throughout the course of the work it will be convenient to be able to refer 
to the following two conditions, (A) and (B). 

Condition (A). A real function of the two variables x, & is to be continuous 
in the triangle T:a=&Sxr=b, b>a=0 
except on a finite number of curves, each com- 
posed of a finite number of continuous pieces with 
continuously turning tangents. Any vertical por- 
tion is to be considered a separate piece, and of 
such pieces there are to be merely a finite num- 
ber,2—=9,,*%=8,,---,2= 8. On the other 
portions of the system of curves there are to be | 
only a finite number of vertical tangents. Hence 
by any line x = w,, x, + 8,, ---, 8,, the system 
of curves will be cut in only a finite number of points. 

Condition (B). In the region t:a=x2=b, a real function of the single 
variable « is to be continuous except at a finite number of points, y,, ---, %,; 
and is to remain finite. 


oa ——— 
3 


Fia. 2. 


§1. A General Theorem. 


The existence of the unique continuous solution of (1) when ¢(x) and the 
kernel are continuous is established by the development of u() into a series by 
substitution of the equation into itself.* If we assume for the moment that the 
equation (1) has a continuous solution, u(x), then the following equations will 


hold: 
u(x) = (x) + K(x, &)u(&)dé, 


u(w) = $(0) +f K(x, Bole dE + [ K(w, 8) [HUE E)u(E) aE UE, 


* Method of Successive Substitutions, LIOUVILLE: Journal de Mathématiques, vol. 2 
(1837), pp. 16-36 (applied to a particular equation). 
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ete. As 7 becomes infinite, the general expression becomes an infinite series. 
This series is shown to be uniformly convergent, and a solution of the given 
integral equation (1). The same method applies when A(a, &) is not so much 
restricted. * 

Let us define besides the linear region ¢ and the two dimensional region 7’, a 
linear region ¢; formed from ¢ by remov- 
ing the small portions a,—d<a%<a,4+6 
(i= 1, 2,.--, 2); and a two dimensional 








region 7’; formed from 7 by removing the 
small strips a,—S8<uw<a,+6 (i=1, 
2, ---,7), where the 6 is an arbitrarily small 
magnitude, and the a’s are finite in number. 
THEOREM. Consider the integral equation (1). 
Let K(x, &) satisfy Condition (A), and (x) 


Condition (Bb). Furthermore let us assume 



























































Fia. 3. 


the following conditions : 
(a) ife 
cept for a finite number of such values,f w= X,, r,, -++, A,, and the function 
thus defined remains finite, less than M ; 
(b) Let e and 6 be two arbitrary positive quantities. Then there is a positive 
quantity n and a region T, such that 





K (a, &)|d& converges for all values of x in the interval a=u 5b ex- 


[1E@ Bla<e, (x, y) and (x, y+) in T;. 


The points a,, +++, a, that appear in the definition of T; are independent of € and 
6 and include the points B of (A) and X of (a) ; 

(c) t can be divided into k parts, bounded by the points a=a,, a,, +--+, b=a 
such that 


ky 


Hi |K (2, EES H <1 aSeSaysotaseyan 


Under these conditions there is one and only one solution u(a) of the integral 
equation (1), continuous in t except for a finite number of points, and these points 
will be among the points y,, +++, ¥,, of (B), and a,, -++, 4, of (0). 

In the proof of this theorem (a) and (c) are used in showing the convergence 
of the expansion of the solution, and (b) in developing what continuity exists. 





*The principal theorem of this part is a generalization of theorems 
submitted by Dr. W. A. HURWITZ, Dr. C. N. MoorkEand myself as answers 
to a problem given out by Professor MAXIME BOCHER in his course on in- 
tegral equations, Harvard University, 1907-08. 

jAn example of a point 4 not a point 6 is given by the point 
w=1, where K(x, §)=1 in the horizontally shaded region of the 
adjoined figure, and K(a, €)=1/(x—1) in the vertically shaded 
region. 
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§ 2. Convergence of the Expansion. 


We shall show that the series 


i(o) = [ Hw, Eo(e aes [Hw £) [KLE B)O(E) dE AE + we 


converges absolutely and uniformly in the region ¢; and represents in ¢ a func- 
tion finite and continuous except for a finite number of points. 

Every term of this series is continuous in the region (;. For if (a) is any 
function continuous in ¢ except for a finite number of points and finite, in 
absolute value less than JN, the integral 


F(w)= [ K(x, €)r(€)ae 


is continuous in the region ¢, and finite in ¢. 


To prove this take #,, any point in ¢;, and ~ + Aw, a point near it and in 
ts, Fig. 5, and consider 


fo ke+ Ax, E)r(E)de— [Ka £)r(E) dé 





Ar | 


<=, 





ia me Ede um Lf {A (a+ Ax, &)— K(x, &)}r(E)dé 


=N if OV Ke, + Ke 8) ide] if "| (ety Aa, £)—_K (ary £)] \dE 


Let us assign the value p, arbitrarily small, in advance. On each side of 
every one of the p points €,, &,, ---, & in which the line x = ~, is cut by the 
system of curves of discontinuity of A’(«, &) lay off a distance 47 such that 


Eitan a 
i) | K(, €)||dé| <e 


=} 
i—2 


in accordance with the condition (d) of the theorem. Take 


= (chN(eh} 


Take Ax <7, and small enough so that none of the curves of the system are 
cut by any of the lines = & + 7/2 in the interval 1 =w=a,+ Av. We 
shall then have 


PAR =e. ws f 1 K(% + Ax, €) — K(2,£)|\de| |, 


where the integration is now extended over the sections of the line x =~, 
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remaining after the p pieces have been removed. And since A’(«, &) is con- 
tinuous in these closed regions (the shaded regions in the diagram, Fig. 5), 
Ax may be chosen small enough so that 

nae Pa 

| K(x + Au, 6)— K(x, Sea —a)2N 





Accordingly we have, finally, 


p 








JAR|= 5 MiGs a) 2 {Bi - A} So toe rayne P 3 
and F’ is continuous in ¢;, i. e. continuous in ¢ except for the points a,, ---, @,, 
since 6 is as small as we please to take it. Moreover, /’ is finite in ¢ since 
| |= NM. 

The same proof applies to the function 


R(a) -{ Hq Cat aieVle c= Rae 


showing that it is continuous except for the points a and 
finite, in ¢. 
The function 





| ze, é\n(&)dé 


itself satisfies the conditions laid on rays For it is con- 














tinuous except for the points a and finite. Consequently, 
as is seen by mathematical induction, every term, and every 
integral appearing in every term, of the series is an r(@), 


HL, LtAxr 
Fia. 5. 


with points of discontinuity included in the points a,, ---, @,. 
We now show the absolute and uniform convergence of the series 


(3) u(a)={ K(a, Ep EME+ | K(x, gE) [ «CE, E)6(E\cbdeeae 


in the region t;. If we write it as 


Y tas (@) 


its general term is 


ga— 1) 


wae =f KOOP KEEL fo HEM, ENHEr MED -dkae. 


We have immediately 


4) at@EN [8 [ 


gm—1) 


ee aie 1) ,o° d&™.. - dé dé, 
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and in that part of the region t; for which ~ lies in the first of the intervals 
mentioned in (c), i. e., a=ax=a,, it follows that 
Unt (x) | = NS ? 
independently of 5. We may write this, for convenience, as 
(5) tpg (@)|EN{(n +1) MH, reer 
We can establish corresponding inequalities of the type (5) for any interval 


, toa,, by a process of mathematical induction. or if we assume the formula 
gn—1) 


ae fixe (imei [| KG, g-)|ae.-aeag 
(6) =N{(n +1) Myo 


to hold independently of the value of 6 for the first i — 1 intervals of 1, i. e., 
when j = 1, 2, ---, 7 —1, respectively, we can show that it holds for the ith 
interval, j =i, as well. It is obvious, since M= H and | u,,,(2)|= NM", 
that the formula holds in the ith interval when n=i— 2. Also, since M= H, 


N{(n a 1 yd cele keane = N{ n+ il ) M } 42-1 Ft ?-Ja 


if j, > j,3 hence the formula 
En— 1) 


mn OlEN[ ROLL EOL [  UEEM elae...azae 
MO aye ager pay 


holds if x is in any of the first 2 — 1 intervals. 
Now, by rearrangement of the integral in (4) we have 


ae 
iM | (a, pily BGtaye Af eC D, EM) | dem... ae | ag 
“fimo Pix 


ilsf |K(E, aye 


g—1) F , 
of | (EP, EM) | deo ae'| ae | dé+ | | K(x, ef |K(E, £)| 


e ai-1 


ay |X CE eat” a EE, Edg...ae” ae’| dé dk 


wf | A (2, pif! [ese pif ease) 


Q1 


g(n+2— —1) g(n—1) 
x ff Ae i] | A’ ( leg a &”) | dé” sheore agent | dECt1-0 Pn dé. 
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These n + 3 — 7 terms we have already a means for treating. For, as we have 
shown on page 401, we can apply to the integrals within the { } the formula 
(7). For the single remaining integral inside the square bracket, in the first 
n +2 —7 terms, we may write 


fo e(E0, Bom) age a. 


The terms outside both brackets we may write as less than or equal to a power 
of H. The last term we have directly = NH”*?~* M*-'. We may write, then, 
for the ith interval of ¢, 





| Unt (x) 


MN { (n 2 9h of 1 ) Meas H'43-% (or Nni-? Mo Hees 
+ HMN{(n—2+1)M} 7? (or Nin—1) OM As) 
+ H?MN{(n—8 +41) M} B38 (or Nin—2) 7M I) 


+ HH" MN {(i—1)M}'°H (or N(i—1 7 
oe NMi-! H"+2-4, 
Hence we have 


= NM At?-i [ni ?-+(n peaks | oa “ (n—2)? + vaelck (i—1 y?P+1] : 





| Unt (a) 


where there are in the bracket n + 38 —i terms. Hence, since i=2, 


= NMO Bn 4 1) S NM ed 





| v.41 (@ ) 


and finally, 
| Une (@) | =N{(n aa 1) 2h) ae 


the desired result, which holds now not only for the 7th interval of ¢,, but also 
for any point « in the first 7 intervals. Hence we have for any point x of the 
k intervals of ¢;, 


| #,41(%) =N{(n + 1M ee, 


a value independent of the magnitude of 6. The series of constants, composed 
of terms of the type of the right hand side, is convergent by the simplest test. 


Suppose its value is 2; then 
|u(w)|=2, 


where = is independent of 6. Since the series is a uniformly convergent series 
of continuous functions in ¢;, it represents in ¢; a continuous function, regardless 
of the value of 6, (6> 0). 
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§ 8. Existence of a Solution. 
If we define 


(8) U (a) = $(@) + (a) 
we know that U(x) is a function continuous in ¢ except for a finite number of 
points, which are among the points y,, ---, Y,, %5 °++, 4,3 and finite == + N. 


It is now easy to show that U(«) is a solution of the integral equation (1). 
If we write for this purpose 


U(x) ae S,(@) ts R(x), 


where S (a) is the sum of the first n terms, the three functions U(a#), S(x), 
F(x) are of the type r(a), § 2, and 


[ Kw, )U(e ae = [ Kw, 8,(E)dE + [E(w €)R, (EA 


f KC, EU (Ede f K(x, £)S (£)dé = { KC, £) R(£) dE. 


Hence 


lim( f(x, £)U(£)dé— {lest £)S,(£)4E ar 


n=0 


for 


[xe E)R,(E)aE| = [| K(o. E)| | R,(E)| dé; 


and since | R, («)| can be made less than an arbitrarily assigned ¢ by a suitable 
choice of n, we have 


([ xe. ER (BE se [| K(x, E)|dé, 


which in ¢; is =eM and can therefore be made as small as we please by taking 
n large enough. 
Hence 


[lw B)U(E)ag = tim [HK (w, £)8,(E)8 


and we can integrate the series term by term. We see in this way that U(x) 
and 


be) + [ Ka, £)U(E) dé 


are identical, and that consequently U(«) is a solution of the integral equa- 
tion (1). 


Trans, Am. Math. Soc. 27 
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§ 4. Uniqueness of the Solution. 


If w(«) is any solution whatever, finite, and continuous in ¢ except for a finite 
number of points, 


v(x) = u(x) —U (2x) 


will be a function of the same kind, and since 


u(v)=(x%) + [ xe, E)u(&)dé 
and 


U(w)=$(a)+ | K (a, E)U(E) AE 


v(x) will be a solution of the homogeneous integral equation 


Ola) [ Ke. E)v(&)dé. 


Consequently 


ce é go 
(ene il K(w, €) [ACE &) [1 cof K (#8) de... .d€, 
Ja, a" : a a nt 
and 


x t 
jo(a)|e0 [| K(w, £1 [KE €) 


(n—1) 


| (£0, 8) | db. . dé 





But by the analysis of § 2, this last inequality leads to 
|o(e)|=N{(n+1)M}* 1H", fates Ae 


and since 7 <1 and n is arbitrary, the right hand side can be made as small 
as we please. Hence for any point of ¢, 


v (2%) = 0) 


and U(«) is the only solution of the given type. Thus the theorem of §1 is 
proved. 

A few examples will show its scope. A kernel A(x, &) that satisfies the 
given conditions is 1/2(@—a). Here 


f \K@, O1ae=3, 


and we know that there is one and only one finite solution of 


u(e)=¢ b(2) +f tes aula ag 
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through any finite range, a to 4, whatever. A more complicated example of the 
same kind is 


1 
5(@—a)y’ ee el eee , ¢=xc=2,;3 
i 
H =<. 3) ae a : SS Sess 
LE (2, 6) = 5(a,— a)’ 5 a=t=x, 
1 1 tT <eb. 





Pes 

5(«,—a)* 2(%—x,)’ ata 
Other examples, of theoretical importance, will appear later. An example 
where the theorem does not hold we get by putting K(x, &)=2/(~—a). 


This fails to satisfy (c), for 
fie, &)\d=p 


and we can choose no first interval small enough so that 


f |K@@)\@sH<1 


within it. As a matter of fact, in this case there is more than one finite solution. 
A second case, where (c) is satisfied but where (a) fails to be, is obtained by 
choosing 


1 
5(e@—a)’ 


1 


= 


IIA 


Ca Vie es 


K(a, £)= 


eet aca: 


§ 5. Related Theorems. 


There are other theorems more or less closely related to the one that we have 
developed, as extensions or as special cases. Practically the same proof holds 
when we replace (A), (2), (a), (0), (c), by: 

(A’) AK (a, &) is continuous in general* in 7’ except in the neighborhood of 
a system of curves of the kind specified in Condition (A). 

(B’) $(#) is continuous in general in ¢ except in the neighborhood of a finite 
number of points, and is finite. 





* By ‘‘ K(x, €) is continuous in general except_in the neighborhood of a system of curves of 
the kind specified in Condition (A),’’ we mean that there exists a finite number of curves of the 
kind specified in Condition (A) such that if every one is enclosed by a strip of width 2p, i. e., p 
on each side, where p is arbitrarily small, and a region 7, formed from 7 by taking away these 
strips, then K(«, €) will be continuous throughout 7, except for a finite number of curves of 
the kind specified in Condition (4). An analogous meaning is attached to ‘‘¢(«) continuous 
in general in ¢ except in the neighborhood of a finite number of points.’”? Thus 1/ sin 1/z is 
‘*continuous in general except in the neighborhood ”’ of the point x = 0, Fig. 6. 
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(a) The integral 
f | (@, &) ae 


converges in ¢ except in the neighborhood of a finite number of points ,, ---, A,, 
and remains finite. 

(6') There is a finite number of points a, ---, a, such that when the region ¢, 
is constructed there remain in it merely a finite number of points a, ---, a, 
not necessarily independent of 6, such that when e and 6’, (0 <6’ =8), are chosen 
at pleasure and ¢;, constructed by removing from ¢; regions of width 28 con- 
taining respectively the points a, there is a length » for which 


oe in €% 


y+7 
{ [A (ese) abe ce ee and (w, y¥ +7) in 7. 


(c’) ¢ can be divided into & parts, bounded by points a=a,, a, +--+, a,_,, b=a, 
such that 


os ay oS 
C= as 


i ee ee Hf independent of 6, 0. 


The conclusion in this case is that there is one and only one solution of the 
equation continuous in ¢ except in the neighborhood of a finite number of points. 

An obvious special case of the theorem of §1 is where the kernel is con- 
tinuous throughout 7. Another is the equation 


. z K(x, &) . 3 
W(2) = 62) +f eae —ayesay Oe 





where A’( x, &) is continuous throughout 7,and’¥+u+v<1. 
The condition (A) can be replaced by conditions on the integral 
of the kernel; for instance (A) and (b) can together be replaced 
by the condition which follows : 
The integral 


il K(x, &)r(&)dé 
where r(a) is finite in t and continuous except for a finite number of 


points, shall converge except at most for a finite number of values of 
! xv, and the function of « thus defined shall remain finite ; further- 





2a 3 


more, it shall be continuous except at most for a finite number of 
values of «, denoted by a,, «++, 4,, which are independent of the 
choice of r(a). 

A special case of this theorem, elegant on account of the simplicity of the 


Fia. 6. 
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conditions imposed, has been treated by Dr. W. A. Hurwirz.* The hypotheses 
for this case were: 

(B”) }( x) continuous in ¢; 

(a’) fe K(x, &) | dé converges in ¢; 

(5”) ft "| K(a, €) | d& represents a continuous function in ¢; 

(") | (2, &)|=|A(#,, &)| when x, > a,. 
Here (a’) implies (a) of § 1, and (b”) and (c”) imply (6) and (c). For since 





| A (a, &)| =| (o,,F)], — & > Wy, 


and 


fixe. gies" K(b, &) | dé, 


and it follows from the convergence of 


f | K(b, £)| dé 
that both (b>) and (c) must hold. 


6. Application to a Non-Integrable Kernel. 
Pl g 


An interesting application of the general theorem is to integral equations 
where the kernels have such singularities that they are no longer integrable. 
Let us consider the equation 


(9) u(a) = (2) + f Ae w(Eyde, 


where K(«, &) satisfies Condition (A) and is finite, where $(2) satisfies 
Condition (B) and vanishes at « =a in a way to be explained below, and 
where f(&) is continuous in ¢ and unequal to zero except at the point a, where 
it may vanish in any way. We assume for convenience that 


i [ dg 
1m FF 3e 
* As a problem in Professor BOCHER’s course in integral equations: Harvard University, 
1907-08. Dr. HURWITZ also suggests the theorem: If 
(1) K(«, &) increases with x for any value of £; 
(2) le | K (a, &)|d& converges and represents a continuous function 
(3) 9(«) is finite and integrable ; 
then the equation has one and only one finite and integrable solution. 
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does not exist; otherwise the case comes under the theorem of $1. Without 
loss of generality we may take 


|\K(x,#)|SH <1, 


putting whatever multiplicative constant is necessary into the denominator with 


J(&). 


If we transform this equation by means of the substitution 
(10) u(x) = r(a)v(x) 
we obtain 
bod SECTS FO bial (2 
r (a )v( x) = p(x) +. {| aoc eyae, 


so that 


u(x) 


r(x) 





v(x) = 


will be a solution of the equation 


(a) a 92) r(E)_ 
a Abc MC esaes ONS 





and conversely, if v(a) is a solution of this last equation, 


u(x) = r(x)v(a) 


will be the solution of the first. 

Now let us see if we can so choose 7 (a) that the kernel in equation (11) shall 
satisfy the conditions (a), (b), (c) of the fundamental theorem. That is, r(&) 
will have to be such a function that it will not only erase the singularity 
due to /(&), but will also have enough vanishing left so that by means of the 
integration it will suffice also for the singularities due to r(w). Obviously, 
no function with a vanishing point of finite order at a, except in the single case 
where f(&) vanishes to the first order (a case that is taken care of also by the 
succeeding formulas), will suffice, for the order of vanishing of. its integral is 
greater only by one. And therefore we must look for functions that have 
essential singularities at the point a. A satisfactory choice is 


b dx 
(12) TD \aere Sem, 
With the substitution defined by this value of r(a), the equation for v(a) is 


b dx 
Ba dx x é ‘Tete trae IF (€) | 


(13) Ba) pia ye on + | K(w,£) 79d, 
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and the new kernel is 


bd. 1. 
Jt dx 4h iy 


f(z) | (é) | 


Us ante * 


This new kernel K satisfies the conditions (a), (b),(c). For the integral 


fk, £) | dé 


converges, a=x=b, except for a finite number of points X,, ---, dA, and is 
See = A,, +2 :, A,. 

Since | A(x, &)| = H we see, when we have defined the points «, --- a,, that 
there is a length » such that 


(14) K(a, €)= K(x, £)- 


Ub Re Wot 
f [A(xe, &)| dee, (x,y) and (w%,¥+7) in 7;. 
y 
And finally we can show that 


(et Sor 


[ \€@ |desact, {l Eee 


F 
b 
pee it Ss Gia 


F(€) 








© @ Sor te ane 
ae Hf dé 


f aCe FI 


In this integral let 


dé ne 
ore =f iain ees s= | F(z): 


dé 
IFCE) 


When & = a, we have € = + oo, and when =~, we have € =z, so that 


b dx 
dp TF@) 1 af ee 


| re 
[ esat=[-e],, 


which has the value 1. Whence 








then 
df= — 





becomes 


f |£@, &)1aesx. 


Hence there is one and only one v(«) which is a solution of (18) finite and 
continuous in ¢ except for a finite number of points, provided that 
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dx 


b(n)e/* Wer 


remains finite as x approaches a. Hence by (10) there is at least one solution 
of the given equation (9), provided that 


b dx 
p(x )e x | f(a“) | 
remains finite, namely, 
dx 


sf 0 eee 
(15) u(x) =e /* VOT y (a), 
It vanishes at the point a at least as sharply as 


dz 
= [ Rieck a 
const. e Se Tay : 


The case where f(&) is discontinuous at a finite number of points is no 
more general than this that we have treated, for the discontinuities may be 
taken up by the K(#, &). The case where f(&) vanishes again in the interval 
is more complex. If it vanishes as a result of a finite jump, the problem may 
be treated by the previous analysis if we replace the equation (13) by 


beta ee » dé 
Je | F(%) | S IF(E) | 


v(x) = (a) +f K(x, ) = are me 
where a, is this second vanishing point of f(&) and where 
: Jo yet pa | ate 
B(e)=s(nje + | K(x, £)<— gy of EE, 


v(&) being known in the interval (a, a,) as a solution of the equation just 
studied. 





§7. A Generalization of Equation (9). 
An equation closely similar to (9) is 


(16) n(x) = (0) + fray reyu EAE, 


where the continuous functions f(x), g(x), which vanish in ¢ only at «=a, are 
such that the limit 


lim { genes. 
y=a dy WE) Le) 
does not exist. If we multiply through by g(a) we get the equation 


(ew) (@) = (w)o(w) + [prey u(Eae, 


and if we put w(%) = u(x)g(a), 
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* K(x, 
w(se) = $ (2) g(@) + f EE bee: 


This equation has a finite solution w(x) continuous in ¢ except for a finite 
number of points, if 





dx 
$(x) g(a) e/* Wa iiaer 


remains finite as « approaches a. Moreover, at the point a, w(a) vanishes as 
strongly as 


-{)_ = 
const-e 77 lf@) 119%) 1, 


Hence the u(a), which is given by 
w(x) 
g(")” 





w(%) = 


vanishes at the point a as strongly as 


-f{° dx 
e /* fe) io@)l, 





const : 
nst - 
9(#) 
§8. A Generalization of Equation (16). 


Finally let us investigate the equation 


(17) u(w) = (2) + [/ SGP) ag, 
"gE TILE — Wl) 


where 
Pp 
Dr =rA<1 
tl 


and the yw, are various arbitrary continuous functions. 
This equation is equivalent to the equation 


(18) wr) =="0 (3 ) al se NN £) w(&)dé, 
ETL E-@s 


for (17) is reducible to (18) by the substitutions 


w(c)=ul(x)g(x), O(x)=$(x)g(@), he) = a(x )g(x); 
and conversely, (18) is reducible to (17) by the inverse substitutions. We 
shall suppose, as we can without loss of generality, that | A(#, &)|=H<1. 
The a we shall leave undetermined for the present. 

By the substitution w(x) = r(#)v(a) the equation (18) is equivalent to 


: _ O(a) at Ge.) ah (mu, é) 2 
19) =e) * MET ea oh (E)de. 
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Let us denote by v any positive number we please less than 1 — 2X, and choose 


r(x) so that 
S\aceyrcay)” 


‘shall be convergent. Such a choice is 




















dg 


b dz 


* a(x) | TAD”, 


ES i hi 


For if we make the substitutions 


ag 
Srey [ie =~ Tipe 


the given integral reduces to 





v+aA v+aA 


v+aA 2 v+aA v+a ver 
(a) f (ety rdba(ey ry [tt endnat—er (o% see) 
lim z v+a . 

v 





v+x utr, 


z2=a 


But z=lim,_, z when «=a, so that the second term of this last expression for 


a 


the integral is less than or equal to 1, and for the given choice of r(&) we have 


re 


h(E)r(x) 
It must be remembered that r(a), by its definition, depends on a. 

Let us now consider the integral of the absolute value of the kernel of equa- 
tion (19) and show that with this definition of r(a) it can be made < 1 through- 
-out t by properly choosing the constant a. 

It is obvious that if a, 6, m, m are any numbers whatever not negative, 


v+ta 


Rede ale 








a” b” = qrtn + pus. 
-and that if v is any positive number 
a™ f= qty = bmvtn . 
Moreover if a, m, b,,-°+, bys My sey M,, are any numbers whatever not 
negative, 
it... +My 


a" bbe, aN be Sa" v OR ee a8 Oe a afd sak anda Fo 


og P 
Now 
p 


S| appanage ED 


I é-ve) 7 
a _tr(E) 
Salt | h(E) (a) 





1 
[E—v,(@)]* 





dg 











Ai 


dé. 











We=sa5) ¥,(%) 
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The integrand now, however, is a product of which the factors are all positive. 
We have then, according to what we have just seen (putting m = 1), 


r(é) eS ACS 1 
Bee) exes Wi(@)| h(E) (a) +2 E— v,(a) 


and the given integral is less than or equal to 


1+A/v Pp v+a 


>] 



































erat (ey | v+A 
oH licens)” E+E J i 
Since v + 7 <1 we can choose 
v+aA M 
dé, Gini, 
so that the integral of the absolute value of the kernel is 
=aH(1+P), vc int, 
the a being involved only explicitly ; and by choosing 
ieee SP 
Tah roe, 


this becomes =H <1. There is then under these conditions a solution of 
equation (19) if @(a)/r(a) remains finite. 

In regard to (17) we know that there is one solution continuous except at a 
finite number of points provided that 


$(x)9(#) 
r(a) 
remains finite as « approaches a. 
The number of solutions of such equations as these — (9), (16), (17) — we 
have not investigated. Conceivably there may be, often in fact there are, other 
finite solutions. 


HARVARD UNIVERSITY, 
February, 1910. 





EIN SEITENSTUCK ZUR MOEBIUS’SCHEN GEOMETRIE DER 
KREISVERW ANDTSCHAFTEN * 


VON 
H. BECK 


Ofter wiederholt sich in der Mathematik, und insbesondere in der Geometrie, 
die Erscheinung, dass Gruppen von Lehrsatzen, die durch gleiche logische 
Prozesse verbunden sind, in sonst verschiedenen Theorieen auftreten. Es ent- 
_stehen dann sogenannte Ubertragungsprinzipe, fiir die der von S. Liz gefun- 
dene Zusammenhang zwischen Liniengeometrie und Kugelgeometrie das wohl 
beriihmteste Beispiel abgibt. Wir erinnern hier an die Tatsache, dass die von 
Moestvs begriindete Art von Kugelgeometrie nicht dem Gedankenkreise der 
Euklidischen Geometrie (aus dem Moesitus sie abgeleitet hat) eigentumlich ist, 
sondern dass sie in gleicher Weise in den verschiedenen Arten von Nicht- 
Euklidischer Geometrie auftritt. Fiir Erscheinungen dieser Art hat man in 
der Sprache der Gruppentheorie einen prazisen Ausdruck gefunden. 

In der Kreisgeometrie von Morxnrus zum Beispiel wird der Begriff des 
Kreises derart umgrenzt, dass er auch die geraden Linien umfasst, und es wer- 
den dann, bei konsequenter Ausgestaltung der Systematik, ausschliesslich solche 
Eigenschaften dieser ‘“ Kreise’’ betrachtet, die nicht zerstort werden konnen 
durch solche Punkttransformationen, die Kreise in Kreise tiberfiihren. Diese 
Transformationen bilden, wie Morsius selbst schon gefunden hat, eine —nach 
unserer heutigen Ausdrucksweise— gemischte Gruppe (G‘,, //,), deren allge- 
meine Transformation von sechs Parametern abhingt. 

Die kontinuierliche Gruppe G’, enthalt nun dreigliedrige Untergruppen, die 
nach Lir’s Terminologie dhnlich sind zu den ebenfalls dreigliedrigen Bewe- 
gungsgruppen der Euklidischen und—je nach Wahl der Raumelemente (Punkt 
oder geeignetes Punktepaar)—der sphirischen oder der elliptischen, sowie der 
pseudospharischen oder der hyperbolischen Geometrie. Danach erscheint es 
dann als vollkommen selbstverstindlich, dass in jeder dieser verschiedenen Arten 
von Maassgeometrie, also in der Euklidischen Geometrie und in den 2-2 Haupt- 
arten der Nicht-Kuklidischen Geometrie an bestimmter Stelle die Lehrsatze von 
Moestvs’ Kreisgeometrie auftreten miissen. Aber diese Lehrsitze haben, wie- 
wohl sie unter einander die gleiche Verkettung aufweisen, doch nicht die gleiche 





* Presented to the Society, September 7, 1910. 
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Bedeutung; sie ordnen sich in verschiedene Gedankensysteme ein; sie kénnen 
zwar oftmals mit ahnlichen, nicht aber mit den gleichen Worten beschrieben 
werden, wenigstens nicht, wenn man auf die urspriinglichen Definitionen zuriick- 
geht: Ein Areis in der spharischen Geometrie zum Beispiel ist nicht Dasselbe, 
wie die mit dem gleichen Namen bezeichnete Figur der Euklidischen Geometrie. 
Eben darin ist das Interesse begriindet, das solehe Wiederholungen derselben 
Schlussketten haben konnen, trotzdem sie Wiederholungen sind. 

In andern Fallen ist eine so weitgehende logische Aequivalenz nicht vorhan- 
den. Die projektive Geometrie auf einer Kugel zum Beispiel ist sehr verschie- 
den von der Geometrie auf einem Hyperboloid. Erst, wenn man den elemen- 
taren Standpunkt der naiven Betrachtung mit einem andern vertauscht, offenbart 
sich auch hier eine weitgehende Ubereinstimmung, zu deren Verstindnis wie- 
derum die Gruppentheorie den Schliissel liefert. Denkt man sich namlich die 
Gruppen der automorphen Kollineationen von Kugel und Hyperboloid ins kom- 
plexe Gebiet erweitert (analytisch fortgesetzt), so sind diese erwetterten Gruppen 
wiederum zu einander dhnlich (namlich zu einander komplex-projektiv). 

Daraus ergibt sich, dass alle Lehrsiatze der projektiven Geometrie, in denen 
reelle Figuren keine Sonderstellung einnehmen, von der Kugel auf das Hyper- 
bolord iibertragen werden kénnen, und umgekehrt. Ebenso verhalt es sich mit 
Lin’s Kugelgeometrie und der PLUckeErschen Liniengeometrie. Man hat in 
solehen Fallen, wie erklarlich, bisher vielleicht zu viel auf das Gemeinsame der 
verschiedenen Disziplinen, als auf die doch auch vorhandenen und tiefgreifenden 
Unterschiede geachtet. 

In der vorliegenden Untersuchung sollen nun die bekannten Beispiele solchen 
Zusammenhanges zwischen Theorieen verschiedenen Ursprungs durch ein wei- 
teres vermehrt werden. Die vorzufiihrende Art von Konstruktionen verhalt 
sich zu den Konstruktionen von Moersrus’ Kreisgeometrie, die ja von der pro- 
jektiven Geometrie auf einer Kugelflaiche nicht wesentlich verschieden ist, ganz 
so, wie die Geometrie auf einem Hyperboloid zur Geometrie auf der Kugel. 

Das zugehorige Ubertragungsprinzip gehdrt also zu der zweiten der beiden 
eben unterschiedenen Arten; erst im komplexen Gebiete failt unsere Geometrie 
in logischer Hinsicht zusammen mit der von Moesius; im Reellen sind sie 
beide sehr verschieden, unbeschadet des Umstandes, dass die tiefer liegenden 
Analogieen sich natirlich auch hier schon fuhlbar machen. 

Die Geometrie der Zykeln, von der wir reden wollen, entsteht aus der ebenen 
hyperbolischen Geometrie, wenn man als Raumelement den Pfeil betrachtet, 
namlich ein wohlgeordnetes Paar von Punkten auf dem gewohnlich als Kegel- 
schnitt aufgefassten Ort der unendlich fernen Punkte. Diese Pfeile sind das 
Analogon zu den Punkten der Morsrusschen Geometrie. Sie werden den 
Transformationen einer gewissen Gruppe unterworfen, die zu der zuvor 
genannten Moesius’schen Gruppe ein Seitenstiick ist. Die den Kreisen von 
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Moestivs’ Geometrie analogen Figuren endlich sind dann eben die weiterhin zu 
erklarenden Zykeln. 

Da es uns nicht nur darauf ankommt, das Gemeinsame unserer Geometrie der 
Zykeln mit Morstus’ Kreisgeometrie hervortreten zu lassen, sondern uns auch 
daran gelegen ist, unsere Disziplin selbstandig zu entwickeln und das Unter- 
scheidende zu seinem Rechte kommen zu lassen, so stellen wir uns von vorne- 
herein auf den Standpunkt der hyperbolischen Geometrie des reellen Gebietes. 
Alle vorkommenden Grossen und Figuren setzen wir als reel/ voraus. 


SL.) Dera fei. 


Das absolute Polarsystem wahlen wir in der Form: 


(1) ©, Y, — L,Y. — ©, Y,= 9, 
oder in Linienkoordinaten : 
(2) 19, —%9, — 2,9, = 0. 


Dann lasst sich das binare Punktgebiet des absoluten Kegelschnitts auf fol- 
gende Weise darstellen : 
(3) 0% Uy? By ae AT NS SAS ASS BAA 


Jedem Werte von A,:A,, mit Einschluss des uneigentlichen Wertes co, entspricht 
dann gerade ein unendlich ferner Punkt, und umgekehrt. Als positiv soll die 
Umlaufsrichtung auf dem absoluten Kegelschnitt bezeichnet werden, in der 
A, : A, wachst. 

Als Raumelement wiahlen wir den Pfeil.* Darunter soll verstanden werden 
die Figur zweier in eine bestimmte Reihenfolge gesetzter Punkte des absoluten 
Kegelschnitts. Ein Pfeil hat demnach einen Anfangspunkt und einen End- 
punkt. Liegen beide getrennt, so heisst der Pfeil eigentlich. Sein Triger ist 
eine zugdngliche Gerade. Sie traigt auch den entgegengesetzten Pfeil, d. i. den 
Pfeil, dessen Anfangspunkt und Endpunkt zusammenfallen mit Endpunkt und 
Anfangspunkt des ersten. 

Fallt der Anfangspunkt eines Pfeils mit seinem Endpunkt zusammen, so 
reden wir von einem Punktpfeil. Ein Punktpfeil ist zu sich selbst entgegen-— 
gesetzt. Die Gesamtheit der Punktpfeile fungiert mithin als Verzweigungs- 
mannigfaltigkeit. Trager eines Punktpfeils ist eine Minimalgerade (Tangente 
des absoluten Kegelschnitts). 

Eine unzugangliche Gerade tragt keine Pfeile. 

Bin Pfeil kann durch ein Paar geordneter Zahlen (N=A,:A,, M= My? My) 
dargestellt werden, wobei (vgl. Gl. 8) X,: 2X, seinen Anfangspunkt, , : 4, seinen 





* Vgl. analoge Begriffsbildungen bei Hrn. E.StupDyY: Beitrage zur Nicht- Euklidischen Geometrie;. 
American Journal of Mathematics, vol. 29 (1907); Uber Nicht-Euklidische und Lanien- 
geometrie, Jahresbericht der Deutschen Mathematiker-Vereinigung, Bd. 11 (1902), 
Bd. 15 (1906). Diesen Arbeiten ist die Terminologie grésstenteils nachgebildet. 
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Endpunkt bedeuten soll. Das System (#,:#,, ,:A,) gibt dann den entgegen- 
gesetzten Pfeil. Verschwindet der Ausdruck 


(4) (AM) = Ay hy — Ag bys 
so liegt ein Punktpfeil vor. Die Zahlen d,:A,, 4,:, sollen Pfeilparameter 
genannt werden. 

Die Gesamtheit der co” eigentlichen Pfeile wird durch die ' Punktpfeile 
zu einem abgeschlossenen HKontinuum ergdanzt. 

Zwei Pfeile mit zusammenfallenden Anfangspunkten werden a-parallel 
genannt. Entsprechend heissen Pfeile w-parallel, wenn sie gemeinsame End- 
punkte besitzen. 

Sind zwei Pfeile zu einem dritten a-parallel (w-parallel), so sind sie es auch 
zu einander. Zwei Pfeile, die zugleich a-parallel und 
w-parallel sind, fallen zusammen. Zwei Punktpfeile kon- 
nen parallel nur sein, wenn sie zusammen fallen. Durch 
einen Punkt, der dem absoluten Kegelschnitt nicht ange- 
hort, gibt es zu einem Pfeil stets gerade einen a-parallelen 
und einen -parallelen Pfeil. 

Es gibt stets einen einzigen Pfeil, der zu einem ersten 
Pfeil a-parallel und zu einem zweiten Pfeil w-parallel ist. hott 
Er soll Verbindungspfeil (1-2) genannt werden (nicht zu 
verwechseln mit dem Verbindungspfeil (2-1)). Vegl. Fig. 1. 

Die Konstruktion des Verbindens eines ersten Pfeils mit einem zweiten ist 
stets, ohne irgend welche Ausnahmen ausfihrbar. 

Als Koordinaten der geraden Linie r, die den Pfeil (2, ») trigt, findet man: 





Yyit,:ts = — (A, Hy ar Ay Hy) Ay My — Dy My t Ay My 1 ry My» 
Setzt man noch: 
(5) Vy = (AB) = Ay Hy — Ay 


so durfen die vier Verhaltnisgrossen 


(6) YY tt, 2h; = Ay By a4 Ay My ser (A, My #H A, H,) : Ny Me — Ay! Ay Me a Ay My 
als Pfeilkoordinaten verwandt werden. Zwischen ihnen besteht dann die- 


Relation : 
(7) mti—y y=. 


Fur Punktpfeile hat man: ry, = 0. 
Dureh die Aoordinaten eines Pfeils sind auch wieder dessen Parameter 
vollkommen bestimmt: 
A, 34,44 ih, — =H thik th 


(8) 


Mth = — Gh SKU th BG 
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Die Gleichung (7) zeigt : 

Das Pfeilkontinuum lisst sich ausnahmslos eindeutig umkehrbar abbilden 
auf die Gesamtheit der Punkte einer singularitatenfreien geradlinigen Flache 
zweiter Ordnung. 

Diese Fliache, die als einschaliges Hyperboloid angesehen werden darf, soll 
kurz Parasphire genannt werden. Entgegengesetzten Pfeilen konnen zwei 
Punkte der Parasphire zugeordnet werden, deren Verbindungsgerade den 
Mittelpunkt der Fliche trifft. Die Punktpfeile werden dann abgebildet auf 
den Schnitt der Parasphiire mit der uneigentlichen Ebene des &,. 

Die Pfeilparameter konnen mit den passend gewahlten Parametern der 
Erzeugenden der Flache identifiziert werden, sodass sich z. B. entsprechen : 


Anfangspunkt eines Pfeils, Link-seitige Erzeugende ; 

Endpunkt eines Pfeils, Recht-seitige Erzeugende ; 

a-parallele (w-parallele) Pfeile, Punkte derselben link-(recht-)seitigen 
Erzeugenden. 


§ 2. Die parazyklische Gruppe. 

Zu dem erklirten Pfeilkontinuum gehort eine sechsgliedrige Transformations- 
gruppe, deren reelle Transformationen die Pfeile in der Weise unter einander 
vertauschen, dass die Anfangspunkte fiir sich und die Endpunkte fiir sich pro- 
jectiv unter einander vertauscht werden : 


Ay = (% + %) Ay + (4, — Ot, ) ros = (By+ Bs) by nS (B, =a By) bys 

(9) Ap = (4+ YA A (ey — Hy) Age Hy = (8 + B,) oH + CB — By) ae 

N(a)= a+ a —a—a+0, N(8)=8)+ 8; —-8; —B; =. 0: 
Wir nennen sie die parazyklische Gruppe und bezeichnen sie kurz als G;. 


Die genannten reellen Transformationen umfassen vier getrennte Transforma- 
tionsscharen, die durch folgende Ungleichungen charakterisiert sind: 


Vita \t>0, VN (8) > 0: NV ( a OR ee 
N(a)<0, N(8)>9; V(e)<07 eee 
Die erste Schar bildet mit jeder der drei tibrigen zusammen eine Gruppe; die 
von den Transformationen der ersten und vierten Schar [ V(a)-V(8)>0] 
gebildete Gruppe werden wir die engere Gruppe nennen und mit G’; bezeichnen. 
Eine parazyklische Transformation verwandelt Punktpfeile im Allgemeinen 
nicht wieder in solche; sie zerstort die Eigenschaft zweier Pfeile, entgegenge- 
setzt zu sein. Dagegen bleibt «-Parallelismus ( und @-Parallelismus) erhalten, 
denn es gelten die Gleichungen : 


(AT) =N(a)-(l), (am!) = N(B)-(um), 


wo (/,:1,, m,:m,) einen zweiten Pfeil bedeutet. 
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Die Gruppe G, kann leicht in Pfeilkoordinaten dargestellt werden; man 
kann sie folgendermassen schreiben : 


(10) Uz = Cigly + Cy ly + Cigks + C525: (i=0, 1, 2, 3) 
Darin haben die ¢,, nachstehende Werte : 
Cn = a By AF a, B, ae a, B, wa hoy 
Shae a, By ate a, 8, 2% a, By mn ts By 


(10) 

Cop = 48, — 2,8, — 4,8, + 2,83, 

Cg = 8, — 2, 8, + a, 8, — 2, 8;, 
Cy, = —% 8B, + 4,8, + 4,8, — 4,8, Coie — 2,0, +a, 8.—2,f,, 
Cy» = — 4, B, + 4,8, —2,8, + 4,8,, Coy = — % B, + 4,8, + 4,8, — 4,8,, 
(= — 4,8, +,8, —«,8,+,8,, Cy = — 4,8, + 2,8, + 4,8,—4,8,. 
C= 48, +4,8,— 4,8, — %Be, Cy. = — 4,8, — 4,8, — 4,8, — 2,8, 
6, = — 0,8, — 4,8, — a8, — 2,8,, ¢,, = — 4,8, — 4,8, + 4,8, + 2,8, 
Co = a,8,+%,8, +4,8,+4,B,, C71 = a,8, + 4,8, — 4,8, —4,8,. 


Es ist dann: 
LM + EY — Lo, — Hy, = Va) M(B) -(ty + LY — La, — E595), 
wo die ty die Koordinaten des Pfeils mit den Parametern (/,:/,, m,:m,) sind. 


Die geometrische Bedeutung des Verschwindens der so gefundenen Simultanin- 
variante ergibt sich sofort aus der Gleichung: 


Loo + U1 1 — TaY2 — Lay = 2(A1) (mm). 
Die parazyklische Gruppe liasst sich aber eleganter darstellen. Dabei wird 
sich zeigen, dass die den Gleichungen (10) anhaftenden Unsymmetrieen nicht 
vermieden werden konnen. 


Wir bedienen uns eines Systems komplexer Zahlen in vier Einheiten mit 
folgender Multiplikationstafel : * 


€, é, €, es 
é —e é —eé 
1 0 3 2 
(11) 
Cay &s ie Lape i 
e, €, é, €, 


* Das System wird aus dem der Hamiltonschen Quaternionen durch eine lineare nicht reelle 
Transformation erhalten. Vgl.Enzyklopadie der mathematischen Wissenschaften, 
IA 4, p. 167, Zweite Gestalt der Quaternionen. Das dort unter VI’ angegebene System bedarf 
nur ganz geringfiigiger Abanderung, die hier aber zweckmissig erscheint, um in die Form (11) 
uberzugehen. 

Trans. Am, Math. Soc. 28 
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Es sei nun: 
A= Aye, + HC + A,l, + ses, p= Bye, + B,e, + Bye + Bye. 
Weiter bedeute %=a,e,— a,e,— a,e,— 4,e, die zu a konjugierte Qua- 
ternion. Dann ist, da e, der positiven reellen Einheit gleich gesetzt werden 
darf : 
GO A = IV (2) = Vo). 


Ist y = 4-8, so gelten auch die folgenden beiden Gleichungen : 
Y=B-2, N(y)=Ma)-M(B). 
Man darf durch « dividieren, solange V(a) + 0. 
Setzen wir noch: 
t= Uy ey H UO, — Un ly — Ugo 


so stellt sich die parazyklische Gruppe durch die eine Formel dar: 


(12) = a-E-B. 

Die beiden Grossensysteme a, und 8, (i = 0,1, 2, 8) sollen Parameter der 
parazyklischen Transformation genannt werden. Jedes dieser Systeme darf, wie 
die Gleichungen (9) zeigen, noch mit einem beliebigen (nicht verschwindenden) 
Zahlenfaktor multipliziert werden, ohne dass die dargestellte Transformation 
sich andert. 

Es ist nun leicht, mehrere parazyklische Transformationen hintereinander 
auszufiihren. Bedeutet namlich S,, die Transformation mit den Parametern 
a,,8,(¢=9,1, 2,3), und ist (in WreneERscher Bezeichnung) 


r{ Sop }E {Ser tk =f awarenee s 
aa Padi BH =H 4B’, 


wenn die neuen Quaternionen a und 8” folgende Bedeutung haben : 


so erhalt man: 


(13) a” = aa, B= B-f’. 
Die Gleichung : 


N( a"). N(B") = N(a)-N(B). N( a) NB’) 
zeigt, wie die engere Gruppe G‘, zu Stande kommt. 

Es gibt stets eine und nur eine parazyklische Transformation, die die Figur 
dreier wohlgeordneter Pfeile, von denen keine zwei parallel sind, in eine gege- 
bene ebensolche Figur iiberfiihrt. 

§38. Der Zykel. 


Die einfachsten Pfeilmannigfaltigkeiten sind die, deren Gleichungen (in 
Pfeilparametern dargestellt) linear oder bilinear sind. 
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Es gibt zwei Arten von linearen Pfeilmannigfaltigkeiten : 


(pry=0. (qu) =. 


Die Gleichung (pr) = 0 stellt ein Biischel a-paralleler Pfeile dar, oder wie 
wir kurz sagen wollen, ein a-Biischel. Entsprechend bedeutet die zweite 
Gleichung ein w-Biischel. Beide Gebilde sind Trager binirer Gebiete. 

Jeder Pfeil bestimmt ein einziges o-Biischel und ein einziges w-Biischel. 
Ein a-Biischel und ein w-Biischel durchdringen sich stets in einem einzigen Pfeil. 
Zwei getrennte a-Biischel (w-Biischel) haben niemals einen Pfeil gemeinsam. 

Die oo’ a-Biischel bilden eine einzige Klasse bereits gegeniiber den Trans- 
formationen einer jeden der vier Scharen, ebenso die oo! -Biischel. Ein 
a-Bischel kann aber durch eine Transformation von G’, niemals in ein -Biischel 
tbergefiihrt werden (doch vgl. § 4). 

Verbindet man einen Pfeil mit siimtlichen Pfeilen eines a-Biischels (w-Biischels), 
so entsteht ein a-Biischel (ein einziger Pfeil). 

Verbindet man siimtliche Pfeile eines a-Biischels (w-Biischels) mit einem Pfeil, 
so entsteht ein einziger Pfeil (ein w-Biischel). — 

Jede bilineare Pfeilmannigfaltigkeit ist in der folgenden Form enthalten : 


(14) ar, My + >, My + Ay dy by a yy Neg bg = 0. 


Alle durch solche Gleichungen dargestellten Gebilde sollen Zykeln genannt 
werden. 


Der Zykel heisst reduzibel, sobald seine Diskriminante 


(15) 4D, = %4 a,,a 


1 22) ee “12 “97 


verschwindet. Er besteht dann aus einem a-Biischel und einem @-Biischel. 
Er besitzt einen Wittelpfeil, den Durchdringungspfeil der beiden Buschel. 

Durch irgend drei getrennte Pfeile, von denen gerade zwei parallel sind, geht 
stets ein und nur ein reduzibler Zykel. Die oo” reduziblen Zykeln bilden eine 
einzige Klasse gegentiber den Transformationen einer jeden der vier Scharen 
von (,. 

Zwei getrennte reduzible Zykeln durchdringen sich in zwei getrennten Pfeilen, 
oder sie haben ein ganzes a-Biischel (-Biischel) gemeinsam (orthogonale 
Zykeln, vgl. spater § 5). 

Liegt ein a-Biischel (w-Biischel) nicht ganz in einem reduziblen Zykel, so 
haben beide Figuren stets einen einzigen Pfeil gemeinsam. — 

Durch drei getrennte Pfeile, von denen keine zwei a-parallel oder w-parallel 
sind, geht stets ein einziger irreduzibler Zykel. 

Um mit diesem Begriff gleich eine Anschauung zu verbinden, betrachten wir, 
indem wir die Ergebnisse spaterer Entwicklungen (§7) antizipieren, die ver- 
schiedenen Gestalten der irreduziblen Zykeln. 
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Zuniichst ist zu nennen der absolute Kegelschnitt (als Ort aller Punktpfeile). 

Ferner jeder zugingliche Punkt (als Ort aller Pfeile, deren Trager durch ihn 
hindurchgehen) und jede zugingliche Gerade (als Ort der Pfeile, von deren 
Tragern sie senkrecht geschnitten wird). 

Die tibrigen irreduziblen Zykeln lassen sich in der Weise zu Paaren anordnen, 
dass von den beiden Zykeln eines Paares jeder aus dem anderen hervorgeht, 
wenn man jeden Zykelpfeil in den entgegengesetzten Pfeil verwandelt. Zu den 
beiden Zykeln eines Paares gehort demnach ein und dieselbe Geradenmannig- 
faltigkeit, und diese umhiillt eine irreduzible Kurve 2. Klasse (und 2. Ordnung), 
die den absoluten Kegelschnitt doppelt berthrt (wobei noch die beiden Beruh- 
rungspunkte zusammenfallen konnen). Dadurch, dass man diese Kurven (oder 
ihre im Unendlichen zusammenhangenden Zweige) orientiert, kann man die 
beiden Zykeln des zugehérigen Paares anschaulich unterscheiden. 

Doch konnen von den angefihrten Kurven nur diejenigen Zykeln liefern, die 
tiberhaupt zugangliche Tangenten besitzen. Indem wir fiir diese Kurven die in 
der hyperbolischen Geometrie One Benennungen verwenden, erhalten wir 
folgende Zusammenstellung : 

1. Zugangliche Kreise mit bestimmtem Umlaufssinn (Fig. 2). 

2. Zugiingliche Abstandskurven (LIEBMANN), deren Zweige in entgegenge- 
setztem Sinne durchlaufen werden (Fig. 3). 


C) 


Fig. 2. Fia. 3. 


3. Zugiingliche Grenzkurven, deren zuginglicher Zug in bestimmter Richtung 
durchlaufen wird (Fig. 4). 


ape. 


Fia. 4. Fia. 5. 
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4, Unzugiingliche Kurven zweiter Ordnung (und zweiter Kasse), die mit dem 
absoluten Kegelschnitt in ree//er Doppelberiihrung liegen, und deren Tangenten 
ins zugdngliche Gebiet eindringen. Die Orientierung ist aus der Figur 5 
ersichtlich. — 

Uben wir auf den durch die Gleichung (14) dargestellten Zykel die parazy- 
klische Transformation S,, aus, so reproduziert sich die Diskriminante bis auf 
den Faktor V(a)-V(8): 

Die co* irreduziblen Zykeln bilden eine einzige Klasse gegeniiber den Trans- 
formationen der Gruppe G',. Liisst man dagegen nur Transformationen von 
G, zu, so erweist sich das Vorzeichen der Diskriminante als wesentlich, und 
man hat zwei Klassen. Von den eigentlichen irreduziblen Zykeln (D> 0) 
sind dann zu unterscheiden die uneigentlichen (D<0). Zu den uneigent- 
lichen irreduziblen Zykeln gehoren ausser den Geradenzykeln (§ 6) nur noch jene, 
bei denen die von den Pfeilen umhiillte Kurve zweiter Ordnung und Klasse im 
unzuginglichen Gebiet liegt (Fig. 5). 

Ein a-Biischel (w-Biischel) und ein irreduzibler Zykel haben stets einen einzigen 
gemeinsamen Pfeil, und umgekehrt : 

Eine Pfeilmannigtaltigkeit, die mit jedem a-Biischel und jedem w-Biischel 
gerade einen Pfeil gemeinsam hat, ist ein irreduzibler Zykel.* 

Zwei getrennte irreduzible Zykeln haben zwei, einen oder keinen gemein- 
samen Pfeil. Ein reduzibler und ein irreduzibler Zykel durchdringen sich in 
einem oder in zwei Pfeilen. 

Die Gesamtheit der «* Zykeln lisst sich durchaus eindeutig umkehrbar 
abbilden auf die Gesamtheit der E’benen des f,. 

Den reduziblen Zykeln entsprechen dabei die Ebenen einer singularitiaten- 
freien Fliche zweiter Klasse. Diese Fliche kann mit der Parasphire identi- 
fiziert werden. Ferner lisst sich die Abbildung so einrichten, dass sich 
entspricht : 


vereinigte Lage von Pfeil und Zykel, _-vereinigte Lage von Bildpunkt auf der 
Parasphire mit Bildebene. 


Um diesen Gedanken auszufiihren, beachten wir, dass sich die Gleichung (14) 
des Zykels in folgender Gestalt schreiben lasst : 


(16) [Ar] = 4,2, + 4,4, + 4,2, + 4,2, = 9- 


* Dieser Satz bedarf aber, um nicht falsch verstanden zu werden, einer Erlauterung. In der 
Tat hat ja jedes orientierte zugiingliche Oval, als Ort von Pfeilen aufgefasst, mit jedem a«-Biischel 
(w-Biischel) gerade einen Pfeil gemeinsam ; aber die Aufgabe, die Durchdringungspfeile einer 
solchen Pfeilmannigfaltigkeit mit einem a-Biischel (#-Biischel) zu finden, fiihrt auf nicht-lineare 
Gleichungen fiir die Parameter. Erst wenn man durch Einfihrung komplexer Pfeile den irre- 
duziblen Zykel zu einer zweifach ausgedehnten Mannigfaltigkeit erweitert, und auch den Begriff 

‘des irreduziblen Zykels sachgemiss abiindert, wirde der Satz im Text ohne weitere Zusitze 
richtig sein. 
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Dabei haben die A nachstehende Bedeutung : 
(17) 2A4,:24,:24,:24,=a,—a,:—(a,, + yy ) t Ay, — Ay, 2 Ay + Ay) 


Die vier Verhiltnisgréssen A, sollen als Zykelkoordinaten verwandt werden. 
Deuten wir sie als Ebenenkoordinaten im /,, so ist damit die eben erwahnte 
Abbildung vollzogen. 

Man erkennt leicht die Richtigkeit folgender Gleichung : 


(18) 2.(A,B, a a, a A, bs A, B;) aa A, 5 a5 Oa, 1 — Gy On, — Gay Ores 


wofur wir kiirzer schreiben 


(18) 2.(AB)-=D,,. 


Eigentlichen (uneigentlichen) irreduziblen Zykeln entsprechen also bei der 
Abbildung auf die Parasphare soleche Ebenen, deren Pole inbezug auf die 
Parasphire innerhalb (ausserhalb) * der Flache liegen. 

Die parazyklische Gruppe geht bei dieser Abbildung iiber in eine sechs- 
gliedrige projektive Gruppe des ,, deren Transformationen die Parasphare in 
Ruhe lassen. Jetzt erkennt man sofort den tieferen Unterschied zwischen 
den Transformationen der vier in §2 erwahnten Scharen. Ist namlich 
N(a).-N(8) <9, so werden die beiden Gebiete, die wir soeben als Inneres und 
Ausseres der Parasphire unterschieden haben, vertauscht. 


Fiir reduzible Zykeln hat man (vgl. Gl. 15) 
(AA) =3D > =0; 


§ 4. Hrweiterung der parazyklischen Gruppe. 


Gegeniiber parazyklischen Transformationen besitzt die Figur von irgend vier 
Pfeilen zwei wnabhingige absolute Invarianten, die wir als a-Doppelverhaltnis 
und w-Doppelverhaltnis bezeichnen : 








¢ (Ay Ag) (AgAg) | (4 Bs) (Hy 2) 
ae > (Ay Ay) (Ag AQ)’ Caer (H, My) (Hy Be)” 
Dabei sind durch die Indizes jetzt nicht Pfeilyarameter, sondern Pfeile 
unterschieden. 
Fir irgend vier Pfeile eines a-Buschels (w-Biischels) ist das a-Doppel- 
verhaltnis (@-Doppelverhaltnis) unbestimmt. 
Das a-Doppelverhiltnis von vier Pfeilen eines irreduziblen Zykels ist 
gleich ihrem w-Doppelverhaltnis. Umgekehrt: 
Ist das a-Doppelverhiltnis von vier Pfeilen, von denen keine zwei a-parallel 
oder w-parallel sind, gleich ihrem w-Doppelverhiltnis, so gehoren die vier 
Pfeile einem irreduziblen Zykel an. 








* Als innerhalb bezeichnen wir das Gebiet, in dem der Pol der uneigentlichen Ebene liegt. 
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Die Gruppe G’, der parazyklischen Pfeiltransformationen erweitern wir noch 
durch Hinzuftigung der absoluten. Spiegelung,* d. i. der ausgezeichneten 
Transformation, die alle Pfeile umkehrt: 

Apt Ay = byt Myy My My = AIAL, 
(19) Uy EU, EM, Ly = Uy Ly the tly, 
v=f 
Aus den parazyklischen Transformationen gehen so hervor die antiparazy- 
klischen : 


= (%) + Os) My + (%, — O) Mes M, = (8, + Bs), + (8B, — By) ro, 
ry sa (a, te a, ) My as (4, Le As) My» bs; ad (B, 7 B,)r, “ (B, i B,) ry, 
N (x)= 0; Wien eae 


Sie konnen vermittelst unserer Quaternionen in die kurze Formel zusammen- 
gefasst werden: 


(21) Y= at-B. 


Die a,, 8,(i = 9, 1, 2, 3) sollen wieder die Parameter der Transformation 
heissen. Die Zusammensetzung irgend zweier Transformationen der gemischten 
Gruppe (G,, H,) bietet jetzt keine Schwierigkeit : 

Es sei S,, (Z,,) die parazyklische (antiparazyklische) Transformation mit 
den Parametern a,, 8,. Dann hat man (vgl. § 2): 


S B . Saas = al’/B” 
i s Surg’ =— Dngy 


(20) 


| amad, B= 8.8, 

22 

( ) S B C Lge Dgn 8 ; B 
Sa ale B= ae fe 

{hy - fh => Syipn 


Auch die Gesamtheit H, der antiparazyklischen Transformationen zerfallt in 
vier getrennte Scharen, die entsprechend, wie die von G‘, charakterisiert sind. 
Die Gruppe (G,, 7, ) enthilt wieder eine sechsgliedrige Untergruppe (G‘,, H;), 
charakterisiert durch die Ungleichung 


N(a)-N(8)>0. 


Hine antiparazyklische Transformation vertauscht a-Parallelismus und 
w-Parallelismus ; sie vertauscht ferner das a-Doppelverhiltnis mit dem 
o-Doppelverhiltnis. 

Die Gruppe (G,, H,) umfasst alle Transformationen von Pfeilen, die 
Biischel paralleler Pfeile in ebensolche, und Zykeln in Zykeln iiberfiihren. 


* Der Name wird weiterhin ($5) motiviert werden. 
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Die letzte Hilfte dieses Satzes kann auch folgendermassen prazisiert werden : 

Es gibt stets eine einzige antiparazyklische Transformation, die die Figur 
dreier wohlge ordneter Pfeile, von denen keine zwei parallel sind, in eine 
vorgegebene Figur derselben Eigenschaft uberfthrt. 

Gegeniiber der Gruppe (G,, /7,) gibt es nur noch eine Klasse von Biischeln 
paralleler Pfeile (vgl. § 3). 

Bei der am Schlusse des vorigen Abschnitts erwahnten Abbildung der Zykeln 
auf den Ebenenraum geht die Gruppe (G‘,, /Z,) itiber in die Gruppe aller pro- 
jektiven Transformationen der /?,, die die Parasphire in Ruhe lassen, (G',, 4, ) 
in die Gruppe aller projektiven Transformationen des 7,, die ausserdem die 
beiden Seiten der Parasphiire nicht vertauschen. 


§ 5. Spiegelung am Zykel. 


Mit jedem irreduziblen Zykel A ist eine involutorische antiparazyklische 
Pfeiltransformation verbunden, die wir als Spiegelung am Zykel A bezeichnen: 


(03) = eh As) My aE (A, — A,)M,; by i (Ay ae A,)r, a8 (A, ‘ai A,)d,, 
A, > i (A, in A,) my ae (4,+ Ay) My bs fae (A, ats A,)d, + (Al= A,)),. 

Von zwei durch diese Transformation zugeordneten Pfeilen sagen wir: jeder 
liegt inves zum andern inbezug auf den Zykel A. 

Liegen zwei Pfeile invers inbezug auf den irreduziblen Zykel A, so 
gehoren ihre beiden Verbindungspfeile dem Zykel an. 

Dieser Satz liefert eine héchst einfache Lésung der Aufgabe: 

Hinen Pfeil (X, ») an einem irreduziblen Zykel A zu spiegeln. (Fig. 6.) 

Man zieht die beiden Zykelpfeile, die dem 
gegebenen parallel sind. Sie ergeben gerade 
noch einen Verbindungspfeil; dieser ist der 


pe’ 
‘e: 








gesuchte zu (A, ») inbezug auf A invers 
liegende (A, uw’). Die Konstruktion versagt 
niemals. 

Jeder Pfeil liegt zu dem entgegengesetzten 
Pfeil invers inbezug auf den Zykel der Punkt- 
pfeile. Dieser wird spater als absoluter Zykel 
bezeichnet werden, und daraus motiviert sich 
die Bezeichnung absolute Spiegelung (§ 4) fiir 





ay 


die ausgezeichnete Transformation, die alle mane 


Pfeile umkehrt. 

Die Pfeile des spiegelnden Zykels selbst, und nur diese, sind ihre eigenen 
Spiegelbilder. 

Das Spiegelbild eines «-Biischels ist ein w-Biischel, das eines irreduziblen 
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(reduziblen) Zykels wieder ein irreduzibler (reduzibler) Zykel. Eigentliche 
(uneigentliche) Zykeln werden wieder in eigentliche (uneigentliche) iibergefiihrt. 

Bilden wir die Gleichungen (28) fiir einen reduziblen Zykel, so verschwinden 
die Transformationsdeterminanten. Von Spiegelungen an reduziblen Zykeln 
reden wir daher nicht. 

Durch Zusammensetzung einer geraden (ungeraden) Anzahl von Spiegelungen 
an Zykeln erhalt man alle parazyklischen (antiparazyklischen) Transformationen 
der engeren Gruppe (Gi, H,). 

Die Transformationen von (G‘,, /7,), die der engeren Gruppe (G;, 7’) nicht 
angehoren, konnen nicht durch involutorische parazyklische oder antiparazy- 
klische Pfeiltransformationen erhalten werden. 

Wir stellen die Spiegelung am Zykel A nunmehr auch in Pfeilkoordinaten 
auf. 


—r= 2-.A,-[Ar]—(AA)p,, 
—r= 2.A,-[Ar] —(A4)z,, 
—ry=—2.A,-[Ar] —(AA)z,, 
—i7, = — 2.A,.[ Ag] —(AA)z,. 


(24) 


Bei Benutzung von Zykelkoordinaten hat man : 
X', = (AA)X, —2(AX)A,, (i=0, 1, 2,3), 


(25) : 
(CERO ZIAD OOO) OCA ste Oe ae 


Bei der Spiegelung an einem Zykel bleiben (ausser ihm selbst) oo” Zykeln 
einzeln in Ruhe. Diese sollen zum spiegelnden Zykel orthogonal genannt werden. 
Ist ein irreduzibler Zykel VY orthogonal zu dem irreduziblen Zykel X, so ist 
auch X orthogonal zu VY. Diese Beziehung wird ausgedriickt durch eine sym- 


metrische Gleichung (vgl. Gl. 18) 
PO] 


Diese Gleichung definiert die orthogonale Lage eines irreduziblen (oder reduzi- 
blen) Zykels zu einem reduziblen, wo die obige Erklarung versagt. Aus der 
Symmetrie dieser Gleichung folgt, dass man jetzt allgemein von zu einander 
orthogonalen Zykeln reden darf. Jetzt wird auch die bereits in §3 
gebrauchte Bezeichnung orthogonale Lage zweier reduzibler Zykeln gegen- 
einander motiviert ; insonderheit darf jeder reduzible Zykel orthogonal zu sich 
selbst genannt werden. 

Orthogonale Lage zweier Zykeln bleibt bei jeder parazyklischen und jeder 
antiparazyklischen Transformation erhalten, d. i. auch dann, wenn die Trans- 
formation nicht in der Gruppe (G, /7;,) enthalten ist. 

Die hier aufgetretenen Analogieen mit der Lehre von den Moersius’schen. 
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Kreisverwandtschaften erstrecken sich noch auf eine Reihe von weiteren Satzen, 
bei deren Aufzihlung wir uns kurz fassen werden. Nur abweichendes Verhal- 
ten soll besonders betont werden. 

Die Figur aller 0? Zykeln, die zu einem Zykel orthogonal liegen, bildet ein 
Zykelbiindel. Der Zykel, zu dem alle Zykeln des Biindels orthogonal liegen, 
heisse Mittelzykel des Zykelbiindels ; er gehort dem Zykelbiindel aber nur dann 
an, wenn er reduzibel ist. Wir klassifizieren die Zykelbiindel : 

1. Mittelzykel irreduzibel 0°. ine Klasse. 

a. Mittelzykel eigentlich 00°. Eine Klasse. 
b. Mittelzykel uneigentlich oo°. Eine Klasse. 

2. Mittelzykel reduzibel 00%, Eine Klasse. 

Die Einteilung (1, 2, ---) soll sich (wie auch bei der Klassifikation der 
Zykelbuschel) auf die cae (G,, H,) beziehen, wahrend die EKinteilung 
(a, 6) sich ergibt, wenn man nur Transformationen von (G, 7;,) zulasst. Es 
gibt also gegeniiber (G',, H,) zwei, gegentiber (G,, H,) drei Klassen von 
Zykelbiindeln. 

Zwei getrennte Zykelbiindel durchdringen einander in einem Zykelbiischel. 
Diese werden klassifiziert durch Betrachtung der in ihnen enthaltenen reduziblen 
Zykeln. 

1. Kein reduzibler Zykel. co*. Eine Klasse gegeniiber (G,, H,), zwei 

Klassen gegentiber (G,, HZ;,): 
a. Das Biischel besteht ganz aus eigentlichen Zykeln. 00% Eine Klasse. 
b. Das Biischel besteht ganz aus uneigentlichen Zykeln 00%. Hine Klasse. 
2. Zwei getrennte reduzible Zykeln. oo. Eine Klasse. | 
3. Ein (doppelt zihlender) reduzibler Zykel. 00°. Kine Klasse gegentiber 
(G,, H,), zwei Klassen gegeniiber (G,, H;): 
a. Alle irreduziblen Zykeln sind eigentlich oo*. Eine Klasse. 
b. Alle irreduziblen Zykeln sind uneigentlich oo*% Eine Klasse. 

4. Das Biischel besteht ganz aus reduziblen Zykeln. 001. Eine Klasse. 

Jedem Zykelbiischel ist ein zweites reziprok zugeordnet : 

In reziproken Zykelbiischeln liegt jeder Zykel des einen Biischels orthogonal 
zu simtlichen Zykeln des anderen Biischels. Reziproke Zykelbiischel gehoren 
demselben Haupttypus (aber in den Fallen 1. und 3. getrennten Untertypen) 
an. Jedes Biischel des Typus 4. ist zu sich selbst reziprok. 

Bildet man (§38) die Zykeln auf die Ebenen des £, ab, so erscheinen die 
Zykelbiindel als Punkte, die Zykelbiischel als gerade Linien. 


§ 6. Die Bewegungen und Umlequngen. 


Wir gehen jetzt zur elementaren Pfeilgeometrie iiber. Der Zykel der 
Punktpfeile wird als absoluter Zykel erklirt und es werden nur solche Trans- 
formationen von (G,, H,) zugelassen, die den absoluten Zykel in sich selbst 
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iiberfiihren. Diese werden dann Lewegungen oder Umlegungen genannt, 
jenachdem sie parazyklisch oder antiparazyklisch sind. 

Eine Transformation von G, (#,) ist eine Bewegung (Umlegung), wenn 
zwischen ihren Parametern die Gleichungen bestehen : 

fo Fs Fa eBay scab AER ct ae 
Die Bewegungen und Umlegungen sind also bereits in der Gruppe (Gi, HZ’) 
enthalten. 

Die Bewegungen und Umlequngen verwandeln entgegengesetzte Pfeile stets 
wieder in ebensolche. Sie umfassen alle Transformationen von (G',, /7,), die 
diese Eigenschaft besitzen. 

Nennen wir antiparallel zwei Pfeile, wenn der Endpunkt des einen mit dem 
Anfangspunkt des andern zusammenfiillt, so gilt der Satz: 

Antiparallelismus von Pfeilen bleibt bei jeder Bewegung und Umlegung 
erhalten. 

Die Bewegungen und Umlegungen umfassen samtliche Transformationen von 
(G,, H,), die antiparallele Pfeile stets wieder in ebensolche verwandeln. 

Man kann die Bewegungen und Umlegungen durch die Quaternionenglei- 
chungen darstellen : 


(26) t= a-L-a, Sr Nee ae 
Die Gleichungen (10) vereinfachen sich wesentlich : 
Cor = Cy = Cy = 9, Te Ree 29 = Cy) = 0, 
2 2 2 2 
Cog = %q “tA — A, — Oy 
2 2 2 2 
Cy = %H + A +O + OG, 
2 2 2 
Cyg = My — Oy — Hy Tr Me 
(27) 
whe fs soe a ao 
35 = Fp 1 2 3? 
aye): ae == Ot = —_ 
pe 2 (a, 0, Oty Oy ) Cop = 2( Sales Ot, Os ) 
Cy, = 2( — 4%, — %%) (3 = 2(— 4, + 4,4,), 
=< ne) 
Cy = 2(a,a, + 4,4), Cy = 2( 4%, — O44, ). 


Ubt man nach der Bewegung (Umlegung) a die Bewegung oder Umlegung 
& aus, so gilt jetzt fiir die resultierende Transformation a” in allen Fidillen die 


Gleichung : 


oder ausgeschrieben : 
ut s , / / , 
Ay = My Ay — A, A, + Ay Ay + A345, 
a, = 4,0, +40, + 4,4, — 4,4,, 
(28) ’ 


, , Vv / 
a = A4,4, + 4,4, + 4a, — a, a,, 


ut / , , , 
A, = AA, — A, A, + AA, + Aa. 
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Ferner ist : 
N(a") = N(a) va). 
Aus dieser Gleichung schliessen wir: 
Die Gesamtheit der Bewegungen zerfallt in zwei getrennte Schaaren : 
1) N(a)>0. Higentliche Bewegungen. 
2) N(a)<0. Uneigentliche Bewegungen. 

Die wneigentlichen Bewegungen kehren den Umlaufssinn auf dem absoluten 
Kegelschnitt, d. i. dem als Punktmannigfaltigkeit aufgefassten absoluten Zykel, 
um. 

Die Gruppe der eigentlichen Bewegungen ist kontinuierlich. Der Umlaufs- 
sinn bleibt ungeandert. 

Entsprechend haben wir bei den Umlegungen zu unterscheiden. Ligentliche 
Umlegungen lassen den Umlaufssinn ungestort [V(«)> 0]. 

Es bezeichne S ( 7’) eine eigentliche, S’ (Z”) eine uneigentliche Bewegung 
(Umlegung). i 

Driickt man dann durch die symbolische Gleichung 


(SiS) a8 


den Tatbestand aus, dass zwei eigentliche Bewegungen wieder eine eigentliche 
Bewegung ergeben, so gelten auch folgende Gleichungen: 


(SS) = 8S, (SS) 1S, (9 0) es eee 
(S'S) = S, (Si) as ee 
(TT) =) Se (eee 








TEA RES 
Es gibt also folgende dreigliedrige reell-gemischte Gruppen: 
LS, 7,2 |; | Seeks es a eS 











Bei einer Bewegung (Umlegung) werden die Anfangspunkte der Pfeile ebenso 
transformiert, wie die Endpunkte. Die Bewegungen und Umlegungen sind 
also auch Transformationen der Punkte des absoluten Kegelschnitts, d. i. des als 
Punktmannigfaltigkeit aufgefassten absoluten Zykels. 

Betrachtet nan bei dieser Auffassung jeden urspriinglichen unendlich fernen 
Punkt als Anfangspunkt, jeden transformierten als Endpunkt eines Pfeils, so 
entsteht eine Mannigfaltigkeit von oo! Pfeilen, die ein irreduzibler Zykel sein 
muss, da sie offenbar mit jedem a-Biischel und mit jedem w-Biischel gerade einen 
Pfeil gemeinsam hat. 

Der Bewegung a ist dabei derselbe Zykel zugeordnet, wie der Umlegung a3, 
er hat die Koordinaten a,:a,:%,:a,, also die Gleichung a,r,+ or,+ %,+ %!,=9. 
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Die identische Bewegung, ebenso demnach die absolute Spiegelung, fiihrt auf 
den absoluten Zykel 1:0:0:0. 

Die Theorie der Zykeln steht also in engem Zusammenhang mit der Lehre 
von den Bewegungen. 

Wir betrachten jetzt die involutorischen Bewegungen und Umlegungen. 
Fiir sie muss, wenn wir von der identischen Bewegung und der absoluten 
Spiegelung absehen, der Parameter «, verschwinden. 

1. Die eigentlichen involutorischen Bewegungen. N(a)>0. Kein Pfeil 
bleibt in Ruhe, dagegen werden oo! Pfeile umgekehrt. Die Trager aller dieser 
Pfeile laufen durch den (zugiinglichen) Punkt a, : a, : a,. 
Umwendung um den Punkt a, : a, %.* 


Der zugehérige Zykel besteht aus den erwiihnten oo’ Pfeilen und soll 
Punktzykel genannt werden. Er besitzt keine Punktpfeile und gestattet die 
absolute Spiegelung. Er gehort zu den eigentlichen Zykeln (§ 3). 

2. Die uneigentlichen involutorischen Bewegungen. N(a) <9. In Ruhe 
bleiben zwei entgegengesetzte Pfeile und damit auch die zugehérigen Verbin- 
dungs(Punkt-)pfeile. Auch hier werden so' Pfeile umgekehrt. Ihre Triger 


: — a, des ersten Pfeilpaares senkrecht. 


schneiden jetzt den Triiger a, : — a,: 


Umwendung um die Gerade a,: — 4,: — ag. 
Der zugehorige aus jenen oo' Pfeilen und zwei Punktpfeilen bestehende 
Zykel soll Geradenzykel genannt werden. Er gestattet die absolute Spiegelung. 
3. Die eigentlichen involutorischen Umlegungen. N(a)>90. Der (eigent- 


liche) Punktzykel mit den Koordinaten 0: ,: a,: a, bleibt pfeilweise in Ruhe. 


Spiegelung am Punkt a,:4,:4,. 

4, Die uneigentlichen involutorischen Umlegungen. N(a)<0. Der 
(uneigentliche) Geradenzykel mit den Koordinaten 0:a,:,:a, bleibt pfeilweise 
in Ruhe. 

Spiegelung an der Geraden a,: — a,: — a. 

Die Spiegelungen an Punkten und Geraden fallen unter den allgemeineren 
Begriff: Spiegelung am Zykel. Damit ist also die Frage nach der Konstruk- 
tion dieser Transformationen bereits beantwortet. Entsprechendes gilt auch fur 
die Konstruktion der Umwendungen. 


§ 7. Alassifikation der Bewegungen und der Zykeln. 


Jede von der identischen verschiedene Bewegung lasst sich auf ' Arten 
darstellen als Aufeinanderfolge zweier Spiegelungen. 


*Statt Umwendung um einen Punkt pflegt man auch zu sagen: Spiegelung am Punkt. Wir 
sind hier aber gezwungen, eine Trennung in der Bezeichnung vorzunehmen, und verwenden das 
Wort Umwendung nur fiir Bewegungen, das Wort Spiegelung nur fir Umlegungen. 
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Es sei 
S,= 7-7, 
Dann darf, wie man auf Grund der Gll. (28) leicht bestatigt, gesetzt werden : 
By: B, : B,:B, =0: OE Mareen he Yad (05% aes oa, ) ere (7,4, re: T,%,)s 
Yo? M12 Va Ys = 0: 7,4, — Ty, 3 — (7.4, — 7, 4,)2 — (7,0, — Ta 


Dabei sind die o und 7 durch folgende Relationen verbunden : 


T= Ao, — 4,0, + 4,0., 
T, = — 4,0, + 4,0, 4 .4,0,, + (0): 0,30, == a eae 
™T% = %40,—4,0,+ 4,0,, 


Ferner ist 
N(a)=N(8)-N(y). 

Eine eigentliche Bewegung kann zusammengesetzt werden aus zwei Spiegelun- 
gen an Punkten oder auch aus zwei Spiegelungen an Geraden. 

Um eine wneigentliche Bewegung zu erhalten, hat man die Spiegelung an 
einem Punkt zusammenzusetzen mit der Spiegelung an einer Geraden. 

Wir untersuchen jetzt die verschiedenen Fille, indem wir mit den eigentlichen 
Bewegungen beginnen. 

1. aj —aS—aj}>0. Die beiden Geraden 8, : — 8,: — 8, und y,: — y,: — ¥3, 
laufen durch den Punkt a,:a,:a,. Kein Pfeil bleibt in Ruhe, ebenso kein 
reduzibler Zykel, wohl aber der Punktzykel 0: a,: a,:a,. 


Drehung um den Punkt a, : 4,2 5. 


Besonderer Fall: a, = 0. Umwendung um den Punkt @,:a,:4,. 

2. af —a}—az;=0. Die beiden vorhin erwahnten Geraden sind jetzt 
parallel. In Ruhe bleibt ein Punktpfeil und ein reduziber Zykel, der die 
absolute Spiegelung gestattet. 


Gleitung * lings des Punktpfeils 0: a,: —a,: — a,. 


3. af —a>— ai <0. Jetzt stellt das System a, : — a,: — a, eine zugiingliche 
Gerade dar, die Verbindungslinie der Punkte 8,:8,:8, und ¥,:7,:,, oder 
gemeinsame Normale der Geraden 6,: — 8,:— 8, und y,:—Y,:—%- In 
Ruhe bleiben die beiden Pfeile auf der Geraden a, : — a,: — a,, sowie die zuge- 
horigen Verbindungspfeile, ferner vier unschwer zu beschreibende reduzible 


Zykeln, endlich der Geradenzykel 0: a,:a,: a,. 


Gleitung lings der Geraden a,: — 4,: — a,. 
Ist die Bewegung S, uneigentlich, so sind die Mittelelemente der Spiege- 
lungen 7, und 7, Punkt auf der Geraden «,: — a,: — a, und Gerade senkrecht 


*Von Hrn. E. Stupy benutzt. Das sonst tibliche Wort Schiebung wird besser vermieden, 
da es Analogieen suggeriert, die nicht existieren. 
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zu ihr. Es bleiben dieselben Gebilde in Ruhe, wie bei der eben besprochenen 
Gleitung. 
Uneigentliche Gileitung lings der Geraden a,:— 4,: — a,. 

Besonderer Fall: a, = 0. Unwendung um die Gerade a,: — a,: — a,. 

In allen Fallen ist die Maassinvariante (Winkel, Offnung *, Abstand) der 
Mittelelemente der beiden Spiegelungen gleich der halben Grosse der resultie- 
renden Bewegung (Drehwinkel, Gleitoffnung,} Gleitstrecke). 

Uberall in diesem Abschnitt darf das Wort Spiegelung ersetzt werden durch 
Umwendung. 

Wir geben jetzt im Zusammenhang die Parameter einer Bewegung von vorge- 
schriebenen tiblichen Bestimmungsstiicken an. 

1. Drehung um den Punkt durch den Winkel 27: 


2 2 2 ab « “me 
— Vx? — x? — x? cot 3: %, 20,2 X,. 


2. Gleitung lings der Minimalgeraden r durch die Offnung 20: 


1 

ARS ae mr ae — t,-T 
3. Gleitung lings des (eigentlichen) Pfeils y durch die Strecke 27: 

y, coth n:1,: —Y,: — 23. 
4. Uneigentliche Gleitung lings des Pfeils durch die Strecke 27: 

rtgh n:r,:—1¥,:— V3. 
* Vol. tiber diese Begriffe weiter unter die folgenden beiden Fussnoten. 
+ Hierzu bemerken wir noch Folgendes: Eine inrariante Grosse, die durch zwei Punkte einer 


Minimalgeraden (oder, was dasselbe ist, durch zwei parallele Gerade) bestimmt ware, gibt es. 
natirlich nicht. Erklirt man die Offnung zweier paralleler Gerader x und zr’ durch die Gleichung 


Wats lake 
Eee Oy eg ba 








—20=[¢,7]= 


so ist zu beachten, dass diese Grosse invariant ist nur gegeniiber den Bewegungen der im Texte 
unter (2) aufgefiihrten eingliedrigen Gruppe, die also nur einen einzigen unendlich fernen 
Punkt in Ruhe lassen, nimlich den unendlich fernen Schnittpunkt der beiden Parallelen. 
Sofern die Figur zweier getrennten parallelen Geraden, die in eine bestimmte Reihenfolge gesetzt 
sind, eine Bewegung der soeben beschriebenen Art vollig bestimmt, darf man von der Offnung 
dieser Bewegung reden. 

Invariant ist aber die Offnungshalbierende zweier paralleler Geraden, eine dritte zugiangliche 
parallele Gerade, die Symmetrieaxe der Figur der beiden ersten ist. 

Will man den Begriff der Offnung vermeiden, so empfiehlt sich etwa folgende Fragestellung: 
Wie heissen die Parameter der Gleitung lings der Minimalgeraden L,: L,, die die Minimalgerade 
M, : M, riberfiihrt in die Minimalgerade N,: N,? Man findet: 


2(L£M)( LN . a 
2 EM CES, eos Vo72 4 12212-13398 La, 


wo L,: L, den Beriihrungspunkt der ersten Minimalgeraden darstellt (vgl. 21, Gl. 3) und das. 
Symbol ( IN) die folgende Bedeutung hat : 


(MN) =M,N,—H,N,, usw. 
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Mit der Einteilung der Bewegungen ist gleichzeitig bereits die Klassifikation 
der irreduziblen Zykeln (gegeniiber Bewegungen und Umlegungen) vollzogen. 
Wir stellen kanonische Vertreter fiir die einzelnen Typen auf. 

I. Lrreduzible Zykein. (AA) + 0. 
a. Higentliche Zykeln. (AA)>9. 
1. A?— AZ— Ap> 0. 
a) A,+0. Drehzykel. 0%. co’ Klassen. 


cos #-r, — sin dr, = 0 (0<9<4r). 
8) A,=0. Punktzykel. oo”. Eine Klasse. 
C= 0. 


2. A? — Ai— A= 0, 
a) Nicht alle A,;(i=1, 2, 3) verschwinden gleichzeitig. 
“Grenzzykel. oc. Hine Klasse. 
to ti+t,= 9. 
8) A,=A,=A,=9. Absoluter Zykel. Neo 


UX = 0 C 
38. A?—- AA A? <0. Glleiteykel. ’. coo! Klassen. 
cosh 7-1, — sinh 7-1, = 0 (0+ 7+ 0). 


b. Uneigentliche Zykeln. (AA)<0. 
1. A,+0. Oneigentlicher Zykel allgemeiner Art. oc’. 
oo! Klassen. 


sinh 9-1, — cosh 7-1, = 0 (O+7+ 0). 
2. A,=0. Gleradenzykel. oo”. Eine Klasse. 
i= 2 


Il. Reduzible Zykeln. (AA)=9O. 
1. A,+0. Mittelpfeil eigentlich. 007, Eine Klasse. 
Y+ryR=0, Am=O. 
2. A,=0. Der Mittelpfeil ist Punktpfeil. oo', Eine Klasse. 
ytiy=9, Aw =O. 
Radius des Drehzykels, Grenzabstand des Grenzykels* und Abstand des 


* Uber die Invarianz dieses Ausdrucks gelten entsprechende Bemerkungen, wie in der vorigen 
'Fussnote. Gegeniiber den hyperbolischen Bewegungen, die nur einen einzigen unendlich fernen 
Punkt y in Ruhe lassen, hat ein zuginglicher Punkt x die Invariante {x, y}: 


eit yea eas aes 
V2? —22 —2? 
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Gleitzykels (iiber die Gestalten dieser Gebilde vgl. §3) hingen mit den Gréssen 
2h der zugehdrigen Bewegungen (Drehwinkel, Gleitoffnung, Gleitstrecke) 
zusammen durch die Gleichung 





co ie. 

e? +e 2 
r|=loge— r+ 

6% —@ 4 


wenn man der Reihe nach setzt: 
’=—1, = 0, ’P=+1. 


Im Falle ¢ = —1 gibt die Gleichung den bekannten Zusammenhang zwischen 
Lotlinge und Parallelenwinkel. — 

Bezeichnet man die Zykeln, die die absolute Spiegelung gestatten, also die 
Punktzykeln, Geradenzykeln und den zweiten Typus der reduziblen Zykeln als 
spezielle Zykeln, so gilt der Satz: 

Hin Zykelbiischel enthalt einen einzigen speziellen Zykel, oder es besteht 
ganz aus solchen. 

Im ersten Falle hat der spezielle Zykel einfache geometrische Bedeutung 
(Mittelpunkt des Drehzykels, gemeinsame Normale der beiden Pfeile, in denen 
sich zwei Zykel durchdringen, Scheitelpunkt des Grenzzykels u. s. w.). 

Jeder zum ubsoluten Zykel orthogonale Zykel ist speziell. 


§ 8. Honstruktionen im Pfeilgebiet. 

Von der elementaren Pfeilgeometrie kehren wir noch einmal zu allgemeineren 
Betrachtungen zurtick. Es ist zuniichst zu zeigen, wie man beliebig viele Pfeile 
eines durch drei Pfeile bestimmten irreduziblen Zykels konstruieren kann. 
Daran scbliessen wir noch einige andere Konstruktionsaufgaben an. 

Irgend drei Pfeile, von denen keine zwei parallel sind, bestimmen, wie schon 
gesagt, eine Abbildung des absoluten Kegelschnitts auf sich selbst von folgender 
Higenschaft : 

Das Doppelverhiltnis von irgend vier urspriinglichen Punkten ist gleich dem 
Doppelverhaltnis der transformierten Punkte. 

Deuten wir jeden urspriinglichen Punkt als Anfangspunkt, den transfor- 
mierten als Endpunkt eines Pfeils, so erfiillen die oo‘ auf diese Weise erhaltenen 
Pfeile den ganzen durch die drei gegebenen Pfeile bestimmten Zykel. 

Ist also der Zykel pfeilweise bekannt, so ist dadurch die ganze Abbildung 
gegeben. 

Man kann sich nun auf den Standpunkt stellen, dass nur die speziellen Zykeln 





Es geniigt, dieser Grosse, die wir als Grenzabstand des Punktes x gegen den Punkt y bezeichnen, 
positive Werte beizulegen. Der Ort der Punkte x, die gegen einen unendlich fernen Punkt 
gleichen Grenzabstand besitzen, ist eine Grenzkurve. Der Abstand zweier Grenzkurven, die zu 
ein und demselben unendlich fernen Punkte gehoren, ist gleich der Differenz der Grenzab- 
stande. 

Trans. Am. Math. Soe. 29 


436 H. BECK: EIN SEITENSTUCK ZUR MOEBIUS’SCHEN [October 


unmittelbar gegeben seien, und dann die Aufgabe stellen, unter Benutzung nur 
von spexiellen Zykeln die Abbildung herzustellen und damit auch nicht-spezielle 
Zykeln zu konstruieren. 

Das kann auf folgende Weise geschehen: (wir setzen voraus, dass der zu 
konstruierende Zykel nicht schon speziell ist). 

1. Die Anfangspunkte (a,b, ¢) der drei Pfeile verbinden wir mit einem 
(nicht unendlich fernen, sonst aber) beliebigen Punkt P, Es entsteht ein 


> => 
spezieller Zykel, gegeben durch die drei PfeileaA bB, 60. 
2. Jetzt verbinden wir einen zweiten (nicht unendlich fernen) Punkt P, mit 
den Punkten A, B und C durch Pfeile. Der neue spezielle Zykel ist durch 


> > > 
die Pfeile A’A, B’B, C’C gegeben. 
3. Sind die Punkte P, und P, passend gewahlt, so ist es stets moglich, 


einen dritten Punkt P, so zu finden, dass die orientierten Verbindungsgeraden 
—_ > 


A’P,, B'P,, C P, dev Reihe nach durch die Endpunkte a’, 0’, c’ der drei 
gegebenen Pfeile laufen. 

Wendet man diese Konstruktion auf einen vierten unendlich fernen Punkt d 
an, so erhalt man den zugeordneten Punkt d’ und somit einen vierten Pfeil des 
durch die drei gegebenen laufenden Zykels. 


Die drei Punkte P,, P,, P, kann man z. B folgendermassen wihlen: (Fig. 7) 
Ea 05 cea ie Ped 008). EP == (00 he 


Die Punkte P existieren stets. _Vorkommen kann es aber, dass der eine oder 
andre von ihnen unendlich fern liegt. Der 
Fall kann dann durch Ejinschieben noch 
eines vierten speziellen Zykels stets ver- 
mieden werden. Auf gleiche Weise be- 
seltigt man unbequeme Lageverhiltnisse. 

Benutzt sind nur die drei linearen Fun- 
damentalkonstruktionen der ebenen projek- 
tiven Geometrie : 

1) Zwei Punkte zu verbinden. 

2) Zwei Gerade zum Schnitt zu bringen. 

3) Den zweiten Schnittpunkt einer Ger- 
aden mit einer Kurve zweiter Ordnung zu 
finden. erent) 

Da wir von dem durch die drei Pfeile aa’, bb’, cc’ gehenden Zykel auf Grund 
dieser linearen Konstruktionen jetzt beliebig viele Pfeile zeichnen konnen, 
erklaren wir als 

1. Erste (lineare) Fundamentalkonstruktion der Pfeilgeometrie: 

Durch drei Pfeile, von denen keine zwei parallel sind, den Zykel zu legen. 

Durch zweimalige Anwendung dieser Konstruktion lost man die Aufgabe : 
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2. Hinen Pfeil an einem irreduziblen Zykel zu spiegeln. 

Es ist zwar noch ein Pfeil mit einem andern zu verbinden ($1, Fig. 1); das 
ist aber keine neue geometrische Konstruktion, da der Pfeil eben als Punktepaar 
erklart worden ist ; den Trager hatten wir in den Begriff des Pfeils nicht mit 
aufgenommen. 

3. Es soll die parazyklische (ancl are tae) Pfeiltransformation kon- 


—-, 
struiert werden, die ge: page aA, DB, C0, von denen keine zwei parallel 


sind, in die Pfeile a 7A’ : WE ae To iiberfihrt. 
Man konstruiert im ersten Falle die beiden Zykeln 
=> > > > => 
ad’, bb’, ec’ und AA’, BB, CC’; 
im zweiten Falle dagegen die Zykeln 
— => > a 
GA. bB eG. und Ade BU EOt. 
Das weitere Verfahren, zu einem vierten urspriinglichen Pfeil dD den trans- 
formierten zu finden, bedarf keiner Erlauterung mehr. 
4. Den zweiten Durchdringungspfeil zweier irreduzibler Zykeln zu zeichnen, 
wenn der erste gegeben ist. 
Ein Pfeil r wird beliebig gewiihlt, aber so dass er keinem der beiden gegebe- 


nen Zykeln A und B angehort. Dann spiegeln wir ihn an den beiden Zykeln 
A und & und erhalten die Spiegelbilder und 3. Kurz geschrieben : 


pAly 6 ¢{ Bie. 


Jetzt wird der Zykel r3 gezeichnet. Wird der gegebene Durchdringungs- 
pfeil I der beiden Zykeln A und B am Zykel (1ry3) gespiegelt, so erhalt man 
den zweiten gesuchten Durchdringungspfeil IL: 


I {rh3} I 


Damit die zuletzt angegebene Spiegelung am Zykel méglich ist, muss natiir- 
lich der Zykel (13) irreduzibel sein. So lasst sich aber der Pfeil y stets 
wahlen. 

5. Durch einen Pfeil y den Zykel zu legen, der zu zwei getrennten irreduzi- 


blen Zykeln A und B orthogonal ist. 
r{A}y, x{B}s. 
Dann ist der Zykel (13) der gesuchte. Es gibt oo' Losungen, falls der 
reduzible Zykel, fiir den der Pfeil y Mittelpfeil ist, mit A und ZB in einem Zykel- 
biischel liegt, in allen tibrigen Fallen eine einzige Liésung. Das soeben ange- 


gebene Verfahren fiihrt jedoch nicht zum Ziel, wenn der Pfeil y einem der beiden 
gegebenen Zykeln angehért. Dann benutzt man am bequemsten Aufgabe 9. 
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6. Den Zykel zu zeichnen, der zu zwei getrennten reduziblen Zykeln A und 
B orthogonal liegt und durch den Pfeil x lauft. 

Man legt durch r und die Mittelpfeile der beiden reduziblen Zykeln den 
Zykel. Es darf r nicht bereits Mittelpfeil eines der beiden reduziblen Zykeln 
sein; dann gibt es oo’ Lisungen; ebenso wenn die Mittelpfeile der beiden 
gegebenen reduziblen Zykeln beide zum Pfeil y a-parallel (w-parallel) sind. 

T. Den Zykel zu zeichnen, der durch den Pfeil x liuft, zu einem irreduziblen 
und zu einem reduziblen Zykel orthogonal ist. 

Man spiegelt den Pfeil r, sowie den Mittelpfeil des reduziblen Zykels am 
irreduziblen. Dadurch hat man vier Pfeile des gesuchten Zykels. Auch hier 
kann das Loésungsverfahren versagen (wenn ry dem irreduziblen Zykel angehort), 
ferner gibt es in zwei unschwer zu beschreibenden Fiillen oo’ Losungen. 

8. Den Zykel zu zeichnen, der durch einen Pfeil x lauft und dem durch die 
beiden Zykeln A und B bestimmten Biischel angehort. 

Man benutzt (je nach der Beschaffenheit der beiden Zykeln A und B) eine 
der drei letzten Aufgaben und zeichnet zwei beliebige Zykeln orthogonal zu A 
und B. Sie mégen C und D heissen. Sie diirfen nicht reduzibel sein und 
diirfen nicht durch den gegebenen Pfeil laufen. Weiter: 

r{Chy, — r{ D}s. 
Dann ist der Zykel ry; der gesuchte. 

9. Den Orthogonalzykel dreier Zykeln A, B, C, die nicht einem Biischel 
angehoren, zu finden. 

Man wihlt einen Pfeil r, der keinem der drei Zykeln angehort, beliebig. 
Durch x legt man die drei Zykeln, die der Reihe nach den Biischeln (B, C), 
(C, A), (A, &) angehoren (vorige Aufgabe). Diese drei Zykeln durchdringen 
sich ausser in ¢ noch in einem Pfeil 1’. 

Diese Konstruktion wiederholt man mit einem zweiten Pfeil y und erhilt den 
Pfeil ty’. _<| So ee 

Die vier Verbindungspfeile 1-1’, 1-1, y-y’, y—y gehoren dem gesuchten 
Orthogonalzykel an. Durch die soeben angegebene Konstruktion lassen sich 
auch die oben (bei 5 und 7) erwiihnten Fille erledigen, wenn die dort’ aufge- 
fiihrten Methoden versagen. 

Als quadratische Konstruktion ist die folgende zu betrachten. 

10. Die beiden Durchdringungspfeile zweier Zykeln zu zeichnen. 

Die beiden Zykeln seien A und B. Man zeichnet zwei weitere Zykeln C 
und PD beliebig, die zu beiden orthogonal sind. Dann bestimmen die drei 
Zykeln C’, D und A einen Orthogonalzykel O. Dieser liegt mit A und B in 
einem Buschel. Die Durchdringungspfeile von A und B sind daher identisch 
mit denen von A und O. Die Aufgabe ist also etwas vereinfacht und es gilt als 

11. Zweite (quadratische) Fundamentalkonstruktion der Pfeilgeometrie: 
Die Durchdringungspfeile zweier orthogonaler Zykeln zu zeichnen. 
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Sie ist in dem erklirten Gebiet, in dem es nur reelle Pfeile gibt, natiirlich 
nicht immer losbar. 


§ 9. Die Hauptarten Nicht-Euklidischer Geometrie der Ebene. 


Um der Pfeilgeometrie eine Stelle im Ganzen der Geometrie zuzuweisen, 
miissen wir etwas weiter ausholen und z. T. bekannte Dinge ausfiihren. Dabei 
werden sich dann gleichzeitig manche der eingefiihrten Benennungen motivieren. 

Die Gesamtheit der eigentlichen reellen Punkte der Ebene kann bekanntlich 
auf zwei verschiedene Arten zu einem abgeschlossenen Kontinuum ergiinzt werden. 

A. Zunichst zum projektiven Kontinuum. Ein Punkt wird durch drei homo- 
gene reelle Koordinaten ,:,:x, dargestellt. Die zugehérige achtgliedrige 
Transformationsgruppe ist kontinuierlich : 

== 6. e+ 6, 1 Ce. f= 1,.2\,3). 

B. Das zweite Kontinuum wird dadurch erhalten, dass man das erste dop- 
pelt tiberdeckt : 

Zyklisches Kontinuum.* Es hat den Zusammenhang einer singularitiaten- 
freien Flache zweiter Ordnung, die reelle Punkte, aber keine reellen Erzeugen- 
den besitzt. 

Der Punkt des zyklischen Kontinuums kann daher durch eine komplexe Zahl 
—E—£:€, dargestellt werden. Die zugehorige Gruppe ist sechsgliedrig 
(zyklische Gruppe = Gruppe der Mosrusschen Kreisverwandtschaften). Sie 
ist gemischt und besteht aus zwei getrennten Transformationsscharen : 


Ei an a, &, + Ay ae 5 =a ae oe lyee 
is = ay 2 SE Oy, E,« 5 aa be 4 ee 


Zyklische Transformationen. Antizyklische 'Transformationen.+ 
Die zyklische Gruppe ist enthalten in der unendlichen konformen Gruppe: 


f= f(é). f=f(&). 
Konforme Transformationen. Antikonforme Transformationen. 


A. Man betrachtet nun gewisse Untergruppen der projektiven Gruppe, 
indem man ein absolutes Gebilde (einen irreduziblen /egelschnitt) einfiihrt, 
und nach den Transformationen fragt, die es in Ruhe lassen. Diese bilden 
eine kontinuierliche{ dreigliedrige Untergruppe und sollen Bewegungen genannt 
werden. 


* Es ist das Kontinuum, mit dem man es in der Theorie der Funktionen einer komplexen 
Verinderlichen zu tun hat. Man koénnte es vielleicht besser als sphdrisch bezeichnen. Ebenso 
berechtigt ware dann aber, wie wir noch sehen werden, der Name pseudosphdrisches Kontinuum. 
In unserm Zusammenhang ist die im Text eingefiihrte Bezeichnung vorzuziehen. 

+ Durch € soll, wie tiblich, der zu & konjugiert-komplexe Wert bezeichnet werden. 

{Es ist zweckmissig, als gemischt nur solche Gruppen zu bezeichnen, deren Erweiterung ins 
komplexe Gebiet noch gemischt ist. 
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Der absolute Kegelschnitt besitzt Der absolute Kegelschnitt besitzt 
keine reellen Punkte: reelle Punkte : 
oF + 02 + 02 = 0. xo? — 02 — a2 = 0. 
LEilliptische Bewegungen : Hyperbolische Bewegungen: 
Ci AN -. == BOs 





Dabei bedeutet : 
A= 4,6, + 4,6, + A, + 2,6,, 


Co Og CG Ong aang Oo aera 
c= x 6, +%,0, + X,6,. 


Das benutzte System komplexer Zahlen ist 





GaN er ake, 8 ites Gy: cee 
Cire LUAS com 8 Co oe Saas 
Nerd alae ey 5 ee Oh aoe 
€, €, —e —& Mee ee, 
Erste Gestalt der Quaternionen Zweite Gestalt der Quaternionen 
(Hamiltonsche Quaternionen). (vgl. § 2). 
Die Transformationsdeterminante hat den Wert: 
2 2 2 2\3. 2 2 yet 
(Og Patt ae eae (ag + a ay az )s 
Sie ist stets positiv. Sie kann das Vorzeichen wechseln. 


Die Gruppe der reellen elliptischen Die Gruppe der reellen hyper- 
Bewegungen bildet ein einziges Kon- | bolischen Bewegungen umfasst zwei 
tinuum. getrennte Kontinua : 

2 2 2 2 } 

1) @4+e0—2-—a2>0. FHigent- 
liche Bewegungen. 

9 2 2 AS a In 4 4 

2) o2 +a?—a2— 02 <0. Uneigent 
liche Bewegungen.* 





B. Entsprechende Uberlegungen stellt man fiir das zyklische Kontinuum an. 
Ein irreduzibler /reis wird als absolutes Gebilde erklart.+ Er bleibt in Ruhe 
bei einer dreigliedrigen gemischten Gruppe. Diese heisst Gruppe der Bewe- 
gungenund Unlegungen. Die Bewegungen sind die zyklischen, die Umlegungen 
die antizyklischen Transformationen der fraglichen Eigenschaft. 





*Manche Autoren nennen Bewegungen nur die, die wir als eigentliche Bewegungen 
bezeichnen. Unsere uneigentlichen Bewegungen werden Ofter mit den Umlegungen der 
sphirischen Geometrie in Parallele gesetzt, was aber nicht zutreffend ist. 

+ Besser gesagt : Als absolutes Polarsystem wird das mit einer gewissen (nicht semidefiniten) 
binadren Hermiteschen Form verbundene erklart. 
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os es arene By EE):EE ae Eirescre ee £6288 4 fei. 


m2 2 2 a; 
e2 — oe? + o2 + 2 = 0. 


Es folgen jetzt unmittelbar folgende Satze : 


Die Gruppe der sphdarischen Bewe- 
gungen ist holomorph zur Gruppe der 
elliptischen Bewegungen. 

Die Gruppe der sphdrischen Bewe- 


gungen und Umlegungen ist mero- | 


morph zar Gruppe der elliptischen 
Bewegungen. 





Die Gruppe der pseudosphirischen 
Bewegungen ist holomorph zur Gruppe 
der hyperbolischen Bewegungen. 

Die Gruppe der pseudospharischen 
Bewegungen und Umlegungen ist mero- 
morph zur Gruppe der hyperbolischen 
Bewegungen. 


Der Meromorphismus kommt dadurch zustande, dass der Identitat zugeordnet 
wird die ausgezeichnete Transformation 


a 
4 ye —) 


IS: 


4%) 
die beide Blatter der Ebene vertauscht. 

Ein wesentlicher Unterschied zwischen spharischer und pseudospharischer 
Geometrie besteht in Folgendem : 

Die vierte Koordinate #,, durch deren Einfithrung aus dem Punkte , : x, : x, 
des projektiven Kontinuums die beiden wbereinander liegenden Punkte 


und Yi —,i:—%,:— 2 


U2, 2X, 3X, 0 


3 


des zyklischen Kontinuums hervorgehen, ist im sphirischen Falle stets reell ; in 
der pseudosphirischen Geometrie indessen nur, solange «? — #2 — x? nicht 
negativ ist. 

In der pseudosphiarischen Geometrie sind als reell (ausser den Punkten des 
absoluten Kreises) nur zu bezeichnen die Punkte des doppelt iiberdeckten 
“ zuganglichen”’ Gebietes. 

Wiihrend also die sphdrische Ebene das ganze zyklische Kontinuum erfiillt, 
besteht die pseudospharische Hbene, die denselben Zusammenhang besitzt, 
nur aus den Punkten einer doppelt zahlenden kreisf6rmigen Scheibe, deren 
Rander zusammenhiangen. 


$10. Paraspharische Geometrie. 


Wir stellen jetzt die Frage, was fiir eine Geometrie entstehen wiirde, wenn 
man das unzugdngliche Gebiet der. hyperbolischen Ebene doppelt tiberdeckt, 
wobei wieder der absolute Kegelschnitt Verzweigungsmannigfaltigkeit sein soll. 

Wir definieren eine vierte Koordinate x, jetzt durch die Gleichung 


2 Ye ao i 
x? + 0? — x? pit== Or. 
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Der absolute Kreis besitzt keine reellen | Derabsolute Kreis besitzt reelle Punkte: 
Punkte : 


Pe bee 0: i(€,£,-—&£)=0. 
Sphiirische Bewegungen: Pseudosphirische Bewegungen: 
E = (% + ia, )E+ (4% + tm) &, E = (% — 45) & + (% + %) Fay 
£ =(—a,+ ia,)£, +(a, —ia,) ,. EF = (a — 4%) E + (% + 4) Eo. 
Sphirische Umlegungen: Pseudosphirische Umlegungen : 
Bi = (= % — tm) E, + (% + ia) bs, E = (% — 45) E, + (a, + %)E, 
Eo =(—a, + ia,)E, + (— a, + ia, )é,. = (a, —2,)&, + (a + a,)&. 





Die a,(i = 0,1, 2, 38) sind reed zu nehmen. 

C. Man stellt sich jetzt die Aufgabe, den Punkt & des zyklischen Kontinuums 
durch vier reelle homogene Koordinaten «,:#,:#,:%, so darzustellen, dass der 
absolute Kreis der sphiirischen (pseudospharischen) Geometrie tbergeht in den 
absoluten Kegelschnitt der elliptischen (hyperbolischen) Geometrie, dass ferner 
iibereinander liegende Punkte beider Blatter der Ebene dargestellt werden durch 
die Systeme : 

ee eee und ov 


og: — ©: — ©: — &,. 


Zwischen den « besteht dann eine quadratische Relation; das absolute 
Gebilde erscheint als Verzweigungsmannigfaltigkeit.* Setzt man jetzt : 


C= HC + Xe, +H, 6, + XE, 
so ergeben sich die einfachen Formeln : 


Bewegungen : Umlegungen : 
Oe= lates ofr We REY 
Bei Benutzung der ersten (zweiten) Gestalt der Quaternionen erhalt man die 
sphirischen (pseudospharischen) Bewegungen und Umlegungen. 
Die « haingen mit den & und unter sich durch folgende Gleichungen zusam- 
men : 
1. Spharische Geometrie : 


eR as oP Pipers 30 Er i(E£, ra Nap rr i fF 


2.0 Sey Oe ae 
0? — uw? — 02 — w? Ore 





* Diesen Sachverhalt verkennt Hr. F. KOLMEL: Bewegungen und Umlegungen der Ebene bei 
projektiver Maassbestimmung, Lahr bei Schauenburg, 1900, pag. 18. Wir weisen darauf hin, da 
Hr. KOLMEL seine Behauptung, der absolute Kegelschnitt sei ebenfalls doppelt tiberdeckt, 
halten zu kénnen glaubt. Auch in einer Strassburger Dissertation [A. MAGENER, Anallagma- 
tische Punktkoordinaten im Kugelgebiisch und ihre Anwendung auf die Nicht-Euklidische Geometrie, 1906] 
werden tatsichlich bestehende Unterschiede verwischt. Der Verfasser hiilt es fiir unzulissig, die 
Punkte der von ihm zusammengefassten Punktepaare einzeln zu betrachten (!) 
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Ein Punkt »,:a,:2,: a, dieses Kontinuums (der parasphirischen Ebene, wie 
wir sagen wollen) kann dann durch zwei reelle Parameter (A, «) in folgender 
Weise dargestellt werden. 


— Hq +X + Lys Le = r My — Ny My 2 Ay Me 2 Dy My? Ay My — Dy My Ay My + Dr, My» 


Die “ parasphiirischen Bewegungen und Umlegungen ” werden, wenn man 
sich der Koordinaten w bedient, durch genau dieselben Gleichungen geliefert, 
wie die pseudosphiirischen : 


i 


maga, « 


I 
1 
12: 

Q 


In den Parametern (2, «) lauten sie: 
ry i (a, + a) r, te (a, ¥ ) Ags be, a (a, 2 OL) fy ak (a, — A) Me, 
dy aa (4, is JAG Pia, = as) ro bh = (4, + Gy) fy (a — at, ) fy 
(Bewegungen) 
y+ 5) oy + (4, — 2) Me, My = (a, + a,)A, + (a, — %,)A,, 


Oy + Oy) fy tH (%) — Oy) Mas Hy = (A + % )A, + (% — 5) AQ- 
(Umlegungen) 


A, = ( 
A, = ( 


Die Ubereinstimmung ist aber nicht nur formal; die parasphirischen 
Bewegungen und Umlegungen unterscheiden sich von den pseudosphirischen 
vielmehr nur durch die Objekte, nimlich durch die verschiedenen Ungleichungen, 
denen die zu transformierenden Veriinderlichen zu gentigen haben, wahrend die 
Transformationsformeln dieselben sind. 

Diese Ubereinstimmung erstreckt sich aber nicht mehr auf umfassendere 
Gruppen. Die parasphirischen Bewegungen und Umlegungen lassen sich 
namlich zu einer sechsgliedrigen Gruppe erweitern, (parazyklische G'ruppe) 
die von der Morsiusschen, von uns zyklisch genannten Gruppe ganz verschie- 
den ist. 

Die zyklische Gruppe ist nimlich holomorph zu folgender Gruppe : 


Peas, = RD 
Zyklische Transformationen. Antizyklische Transformationen. 
Dabei hat man x? + «? + #2 + «?= 0 zu setzen und sich der ersten Gestalt 


der Quaternionen zu bedienen.* 
Wahlen wir nun wieder die zweite Gestalt der Quaternionen, setzen jetzt aber 


t+ or—v—w= 0, 


* Deutet man die x in den letzten Gleichungen als homogene Punktkoordinaten im #,, so 
stellen diese Gleichungen die Gruppe der elliptischen Bewegungen und Umlegungen dar. Doch 
ist der Zusammenhang dieser Gruppe mit den sphiirischen (pseudosphirischen) Bewegungen und 
Umlegungen viel komplizierter als bei den entsprechenden Verhiiltnissen der parazyklischen 
Gruppe, wie wir hier nicht niiher ausfiihren konnen. 
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so liefern die Gleichungen die parazyklische Gruppe, die in den (A, #) durch 
die Gleichungen (9) und (20) ausgedriickt wird. Die beiden Transformations- 
scharen der Gruppe werden konsequent folgendermassen benannt : 
= a-a-B, oe = a-a-B. 
Parazyklische Punkttransforma- Antiparazyklische Punkttransforma- 
tionen. tionen. 


Dem Aufbau der zur parazyklischen Gruppe gehorigen Geometrie stehen 
Schwierigkeiten nicht entgegen. Man wird es aber als Mangel empfinden, dass 
sie sich im unzugdnglichen Gebiet abspielt. Diesen Mangel beseitigt die abso- 
lute Korrelation, indem sie aus der Gesamtheit der doppelt iiberdeckten wnzu- 
ganglichen Punkte hervorgehen lisst die Gesamtheit der doppelt tiberdeckten 
zugiinglichen Geraden. Die doppelte Uberdeckung des Geradengebietes voll- 
zieht sich nun vermdge des Orientierungsprozesses; die Gerade wird durch 
zwei eigentliche Pfeile ($1) ersetzt. Die Pfeilkoordinaten (§ 1) ergeben sich 
einfach : 

Uo3%y Ly le — Mp eee 
Die Pfeilgeometrie erweist sich somit als Bild einer Punktgeometrie, die an 
und fiir sich wenig Interesse zu bieten schien, andererseits aber, obwohl sie 
nicht die reelle Euklidische Geometrie zur Grenzlage hat, doch eine Liicke der 
vorhandenen Systeme Nicht-Euklidischer Geometrie ausfiillt.— 

Unsere Pfeilgeometrie ist ferner eine von drei zusammengehorigen Disziplinen, 
die als elliptische, hyperbolische und Huklidische Pfeilgeometrie unterschieden 
werden konnen. Die hier allein behandelte wiirde als hyperbolische zu bezeichnen 
sein. Zur elliptischen Pfeilgeometrie gelangt man durch folgende Uberlegungen: 

Man kann auf der Kugel eine gegenseitig-eindeutige Zuordnung vornehmen 
zwischen den Punkten und den orientierten Hauptkreisen. Irgend ein Punkt 
liegt zu dem ihm entsprechenden orientierten Hauptkreis so, wie der Nordpol 
der Erdkugel zu dem von West nach Ost durchlaufenen Aequator. Gehen wir 
nun durch Zentralprojektion zur projektiv abgeschlossenen und dann doppelt 
tiberdeckten Ebene iiber, so werden die orientierten Hauptkreise zu orientierten 
Geraden, Pfeilen. Ein Pfeil kann dann also durch einen komplewen Parameter 
dargestellt werden. Dieses elliptische Pfeilkontinuum besitzt aber ganz anderen 
Zusammenhang wie das hyperbolische. Es gibt keine Verzweigungsmannig- 
faltigkeit. Kin Analogon zu den Punktpfeilen gibt es (im reellen Gebiet) 
nicht. 

Die Gruppe der zyklischen Punkttransformationen geht tiber in eine Gruppe 
von zyklischen Pfei/transformationen. Die Formeln sind eben nur anders 
zu deuten. 

Als Bewegungen und Umlegungen sind zu erklaren diejenigen zyklischen 
bezw. antizyklischen Pfeiltransformationen, die entgegengesetzte Pfeile wieder 
in_ebensolche uberfihren. 
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An die Stelle der bilinearen Formen in Pfeilparametern, deren Nullstellen in 
der hyperbolischen Pfeilgeometrie die Zykeln lieferten, treten binire Her- 
mitesche Formen. Den definiten Formen entsprechen nllteilige Zykeln, d. i. 
solche, die keine reellen Pfeile besitzen. Von den reduziblen Zykeln ist nur 
der Mittelpfeil tibrig geblieben. 

Verloren geht die Umkehrbarkeit der Beziehung zwischen Bewegungen und 
irreduziblen Zykeln. Ebenso verschwindet der Begriff: Parallelismus von 
Pfeilen und die daraus folgenden Tatsachen, z. B. auch die einfache Konstruk- 
tion der Spiegelung am Zykel. 

Man darf daher wohl die hyperbolische Pfeilgeometrie als die interessantere 
erklaren. 

Beide Pfeilgeometricen lassen sich nun ins komplexe Gebiet fortsetzen. 
Diese ihre Erweiterungen lassen sich dann geradezu identifizieren, wie wir noch 
kurz andeuten wollen. 


Hyperbolische Geometrie : Llliptische Geometrie : 
Absoluter Kegelschnitt reell mit Absoluter Kegelschnitt reell ohne 
reellen Punkten. reelle Punkte. 


Oly Wy? Wy = AZ 4-AZZAZ—AZDANg, | 9, 2 Wye = AZ— Zi (A+ AZ) 2 Ay Ay, 
wobei der Parameter 2,:A, jetzt alle moglichen komplexen Werte durchlauft. 
Gehort der Punkt y des absoluten Kegelschnitts zum Parameterwert 4, : “,, 0 
kann der komplewe Pfeil mit dem Anfangspunkt w und dem Endpunkt y darge- 
stellt werden durch die Koordinaten : 


HA. G. 20,2 0,2¥5 = Ay My — Ay Hy 2 — (Ag Hy $ Ay My) Eg My — Ay My TA Hy + ALM 
Hti-h-B=9. 

E. G. Lo 2X, 2 Ly Ly = Ay My — AQ hy 2 Ay My — De My? OCA, My + A, My) 2A, My + ALM,» 
buku. 


Die beiden Kontinua komplexer Pfeile lassen sich nun durchaus eindeutig- 
umkehrbar aufeinander abbilden, am bequemsten dadurch, dass man _ solche 
Pfeile einander zuordnet, die zu gleichen Parameterpaaren 2,:),, “,:, gehoren. 
Wir erklaren nun: Ein Pfeil heisst veel/, wenn seine Hoordinaten reell sind, 
a. 


wenn seine Parameter einzeln reell 


bd . 
| wenn seine Parameter entgegengesetzt, 


| 
| 


sind: _ reziprok und konjugiert-komplex sind: 
AA, — AA, = 0, Hy Hy — byw, = 9. Ay Hy, + ALB, = 0. 
Kontinuum der reellen Ayperbolischen | Kontinuum der reellen  elliptischen 
Pfeilgeometrie. _ | Pfeilgeometrie. 
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Man erhalt nun noch ein drittes ebenes Pfeilkontinuum, indem man nur die 
eigentlichen Geraden der Ebene doppelt tiberdeckt und den so gewonnenen 
eigentlichen Pfeilen die wneigentliche (unendlich ferne) Gerade als uneigent- 
lichen Pfeil hinzufiigt. Die zugehorige Geometrie mit siebengliedriger Gruppe 
umfasst die elementare Euklidische. Das neue Pfeilkontinuum darf daher als 
Euklidisches bezeichnet werden. Es hat den Zusammenhang eines einteiligen 
irreduziblen Aegels zweiter Ordnung. Auf weitere Mannigfaltigkeiten, die als 
zur Euklidischen Geometrie gehorige Pfeilkontinua erklirt werden konnen, 
wollen wir hier nicht eingehen. Das hier erwiahnte findet man behandelt in der 
Dissertation von W. BLASCHKE.* 


§ 11. Die aequidistanten Pfeiltransformationen. 

Um den Zusammenhang zwischen der Morsrusschen Geometrie und der para- 
zyklischen bis zu einem gewissen Grade zu erschopfen, werfen wir noch einen 
kurzen Blick auf die Differentialgeometrie im Pfeilgebiet der hyperbolischen 
Ebene und zeigen das Vorhandensein einer wnendlichen Gruppe von Pfeiltrans- 
formationen, die dieselbe Rolle spielt, wie in der Morstusschen Geometrie die 
konforme Gruppe. ; 

Wir fuhren inhomogene Pfeilparameter ein: 

i Hy 
A= % : p= ie : 

Dadurch erleiden die folgenden Entwicklungen Einschrankungen, mit deren 
Angabe wir uns aber nicht aufhalten wollen. 

Ein Pfeil (A, «) schneidet einen benachbarten (1+ dd, w+ du), wenn 
du:dX positiv ist. Zwei dem Pfeil (A, w) benachbarte Pfeile (> + d,A, 
&+d,w) und (X+d,r, «+ d,w) bestimmen eine Strecke 7: 


d,r-d,m— d,r-d, w 
d,X-d,m + d,r-d, w 





teh n= 


Ist d,u:d,%>0, d,u:d,r> 0, so ist » die Linge der Strecke, die auf dem 
ursprunglichen Pfeil von den beiden benachbarten abgeschnitten wird. 

Fir d,u:d,r» <0, d,w:d,rx <0 bestimmt jeder benachbarte Pfeil mit dem 
urspringlichen eine gemeinsame Normale; 7 ist dann der Abstand dieser beiden 
Geraden. 

Ist endlich d,w:d,X%> 0, d,uw:d,¥ <9, und bezeichnet 7’ den Abstand des 
Schnittpunktes (A, w; A, +d,A, »+d,m) von der gemeinsamen Normalen 
(A, Hs AX+d,r, w+ d,m), so ist 


d,r “db = dr “dy be 
d,X-d,4+d,r-d, pm 
* W. BLASCHKE, Untersuchungen iiber die Geometrie der Speere in der Euklidischen Ebene ; 


Monatshefte fiir Mathematik und Physik, 21. Jahrgang (1910). Herr BLASCHKE 
war so liebenswiirdig, zu unserm Aufsatze die Figuren zu zeichnen. 





= coth 77. 
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Man erhalt nun sofort den interessanten Satz: 


Jede Pfeiltransformation 
A= F(X), K=(4), (parakonforme Transformation) 


die a-parallele (w-parallele) Pfeile in ebensolche iiberfiihrt, ebenso jede Pfeil- 
transformation 


Aa E(t), M=(2X), (antiparakonforme Transformation) 


die a-Parallelismus und o-Parallelismus vertauscht, ist aequidistant. 

Dabei bedeuten /’ und ¢ irgend welche differenzierbaren Funktionen von X 
bezw. #; aber sie miissen umkehrbar sein, d. i. es miissen durch die beiden im 
letzten Satze angegebenen Gleichungen wirklich nicht-ausgeartete Transforma- 
tionen geliefert werden. Diese Transformationen lassen also den Abstand 
zweier Punkte (Punktzykel) invariant. 

Man kann die eben erklirte, parakonforme Gruppe noch anders darstel- 
len, wobei der Zusammenhang mit der konformen Gruppe evident wird. 

Dazu bedienen wir uns eines komplexen Zahlsystems in zwei Haupteinheiten 
e, und e,, dessen Multiplikationsregel durch folgende Gleichungen definiert ist : 


DS ae a —_— — 2 — 
=e, Cenc ey), Gl = 6. 


Dann bilden wir aus Pfeilparametern die komplexen Zahlen 
z2=H-e, + Me, Z=pm-e+d-e,, 
deren zweite als zur ersten konjugiert-komplex bezeichnet werden darf. Funk- 


tionen dieser komplexen Variabeln werden definiert als Summen von Potenz- 
*. * . . % . . 
reihen. Dann lasst sich die parakonforme Gruppe einfach schreiben : 


== (2). ata): 
Auch diese Schreibweise wollen wir noch etwas modifizieren. Setzt man 
namlich 
Get Goes k, 2E=rA+ 4p, 
Quire Gr 2n = A— Bp, 
so erhalten wir: 
& + en = f(E+ en), E +en =f(E—en), 


Parakonforme Transformationen. Antiparakonforme Transformationen. 
eax + 1. 


Ebenso wie die konforme Gruppe von Punkttransformationen winkeltrew ist, 
ist also die parakonforme Gruppe von Pfeiltransformationen in gewissem Sinne 
lungentreu. 

In der elliptischen Pfeilgeometrie gedeutet, ist die konforme Gruppe aber 
ebenfalls liingentreu. 


448 H. BECK: GEOMETRIE DER KREISVERWANDTSCHAFTEN [October 


Ein korrekter Ausbau dieser hier nur oberflachlich gestreiften Dinge bietet 
keinerlei Schwierigkeiten. Bemerkt werden muss aber, dass die Benutzung der 
hier aufgetretenen komplexen Grossen nicht immer vorteilhaft ist. 

Wir konnen jetzt die Pfeilgeometrie in ihrer ganzen Struktur erkennen und 
stellen die aufgetretenen Gruppen denen der Morsiusschen Geometrie gegeniiber. 


2. oo” konforme Gruppe. 2. co” Parakonforme Gruppe. 
Konforme f Parakonforme Test 
Antikonforme Antiparakonforme ss 

| 

2. oo° Zyklische Gruppe. 8. oo° Parazyklische Gruppe. 

Zyklische f Parazyklische f 

hee 's ‘ : 
Antizyklische ; Antiparazyklische te 

200" 2.2. 00% 4.. 2% 

Sphiarische Geometrie. Pseudosphirische Geometrie. Paraspharische Geometrie. 
Bewegungen Bewegungen Bewegungen 
Umlegungen Umlegungen Umlegungen 

| a a 

por De. 

Elliptische Geometrie. Hyperbolische Geometrie. 
Bewegungen Bewegungen 


Die aequidistanten Transformationen der Euklidischen Ebene kénnen aus der 
parakonformen Gruppe durch einen Grenziibergang erhalten werden. Die 
fragliche unendliche Gruppe ist von Herrn G. ScHEFFERS bestimmt worden ; 
sie fiihrt auf das dritte System komplexer Zahlen in zwei Einheiten, welches 
von Herrn E. Stupy in der Geometrie der Dynamen verwandt ist. 


HANNOVER, 2. Mai. 1909. 





VECTOR INTERPRETATION OF SYMBOLIC DIFFERENTIAL 
PARAMETERS * 


BY 


LOUIS INGOLD 


[. INTRODUCTION. 


The purpose of this paper is to establish a relation between the symbolic 
theory of invariants of differential forms, due to the late Professor MAscHKE,+ 
and the theory of extensive quantity (vectors), due to GRASSMANN. { 

It will be shown that those symbolic expressions used by Mascuke which 
lacked an interpretation in his theory, may be represented as vectors of the 
GRASSMANN type, and that all of MascuKe’s expressions, including his actual 
differential parameters, are expressible in the vector system. The theory of 
such vectors will be extended, new formulas in the symbolic theory will be 
obtained and applications to geometry will be made. 

A preliminary section on space of two dimensions is given, in order that the 
well known geometric representation of vectors in two dimensions may serve as 
a basis for a compact treatment of the general theory. 

The general theory is stated for three dimensions in concise form, proofs 
being omitted when their details are simple extensions of the two dimensional 
ease; the obvious generalization to Euclidean space of n dimensions is then 
indicated. 

The less obvious extension to surfaces in three dimensions and, generally, to 
arbitrary k-dimensional spaces imbedded in an Euclidean space of » dimensions 
is treated in more detail. This involves an application of the GRASSMANN 
theory to non-uniform spaces and furnishes an example of a vector system based 
on variable units. 

The paper closes with a section’ dealing with differential parameters which 
involve second and higher derivatives of the symbols. 





* Presented to the Society (Chicago), March 30, 1907, in somewhat different form, under the 
title : Vector theory, in terms of symbolic differential parameters. 

+ MASCHKE, A Symbolic Treatment of the Theory of Invariants of Quadratic Differential Quan- 
tics of n Variables, Transactions of the American Mathematical Society, vol. 4 
(1903), pp. 445-469. 

tH. GRASSMANN, Ausdehnungslehre, 1862. References are to GRASSMANN’s collected works 
edited by F. ENGEL. 
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Il. THe Two-DIMENSIONAL CASE. 


1. Comparison of the properties of vectors and symbols. Given any binary 
quadratic differential form, 


(1) A= E(x, y)dv’ + 2F (a, y)dady + G(x, y)dy’, 

Maschke replaces the form by a symbolic square 

(2) A=[fy(a y)de + fala, yay]? 

and writes symbolically 

(3) fa(@s y)=E(@, y)s Say Y a(%s¥) =F (2, Y)3 Sa (@ y)= (a, y). 


In the special case # = G=1, /=0, the differential form represents the 
square of the element of length in a plane; we have then 


(4) A = ds? = do? + dy? = (fide + fy dyys 


where 7, and f,) are constant, and where 


(5) Ja =1, Sn Fo = 0, Se =1. 


The formulas (5) suggest the properties of so-called inner multiplication of a 
set of unit vectors in a plane. Thus if e, and e, are unit vectors along the x- 
and the y-axis respectively, and if a= a,e, + a,e, and b= 0,e, + b,e, are any 
vectors, the inner product is 


(6) [| 6] = 4,6, + a,b,.t 
Then for inner multiplication 
(7) LejeJ=er=1, [e,|e.J=e,=1, [e,|e.] =[e,/¢,] =9. 


On account of this agreement, the Muschke symbols f,, and fi, may be 





* MASCHKE, loc. cit., p. 448. 
The general quadratic differential form 


% 
3S aydxj dx, 
t=) 


in n variables x1, %2,---, % is replaced by [ fay dx 4+-fi2) dz +---+ fim) dtn]2, so that symboli- 
cally fii) fin ay ; for the special differential form 


n 
> da, 
i=1 
these equations become 
pts | Os Oma 
Sifa= ih ; i=j. 


{ The inner product is also defined to be ab cos ab, where a means the length of a, i. e., 
V a? +a?,b=YV b?+0?2, and ab is the angle between aand b. This definition is equivalent 
to the one given in the text. 








1910] OF SYMBOLIC DIFFERENTIAL PARAMETERS 451 


thought of as a set of unit vectors e, and e,, the multiplications in (5) being 
inner multiplications. 

It will be shown later that this correspondence of properties persists between 
the Maschke symbols and the vectors of Grassmann’s theory in space of n dimen- 
sions, every essential property being identical in the two cases. 

We proceed just now to show that many —in fact all—of the various sym- 
bolic expressions used by Maschke for two dimensions have a meaning in the 
vector theory, if we set f, =e, and f, =e, as suggested above; and that the 
relations existing between his symbolic expressions correspond to geometric 
relations. 

2. Notations. It is found convenient in the symbolic theory to introduce 
other symbols, ¢,,), ,) equivalent to /,), f,, in the sense that 


bi) =f, Pa) Pa = Ff, Pi) = G, 


according to equations (3). With theaid of two sets of symbols, f,), f3 $)5 $s 
expressions quadratic in the /’, J’, G may be represented symbolically; thus, 


i = fi bis ELF = fib Pas 2 (LG — £") = (faba —Saby)’, ete. 


When convenient, still other symbols are introduced, equivalent to f and ¢, 
in the sense described above. It is agreed, however, that no more than two 
symbols of the same kind shall occur in the same product, and that in every 
product two symbols of like kind, i. e., two 7/’s or two ¢’s, etc., occurring as 
factors are to be interpreted according to equations (8) [or equations (5) in the 
special case we are now considering]. Otherwise the symbols are subject to 
the same laws as ordinary algebraic quantities. The discriminant 7G — F” of 
the general quadratic form (1) is denoted by 1/8*.* In general, 8 is a funce- 
tion of x and y; but 8 = 1 for the special differential form (4). 

The symbols f,,,, 7.) were regarded by Maschke as partial derivatives of a 
symbolic function f(x, y), so that f,, = 0f/0Ox, fi.) = Of /Oy.t 

In the special case (4), since f,, and f,, are constant we may write 
S=Say® + fiy- . 

The Jacobian 

T Ze 

Gay Viay| 
| 
Te Vor! 
of any two functions U and V is of frequent occurrence and will be denoted 
briefly by {U, V}. Still more frequently occurs the expression 8 { U, V}, 
 * This notation is also used for the discriminant of the quadratic differential form in n 
variables. 

{In general throughout this paper, subscripts in parentheses will denote partial differentia- 
tion. Thus U(x, y) being any function of « and y, Ua) =0U/dx, U2» =O U/dy. This differs 
slightly from the notation of MASCHKE, as he used subscripts without parentheses. 

Trans, Am. Math. Soc. 30 
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8 being defined as above; this expression is denoted by (U, V); for our 
special case, since 8 = 1, we have (U, V) = {U, V}.* 

If U and V are invariants of the differential form then (U, V) is again an 
invariant.} 

3. Differential parameters involving linear functions. Consider the system 
of straight lines 

a(v, y)= Wy — a,x = const. 
parallel to the vector 
a=a,e,+ a,e,. 


Since f,, =e, and fi, =e, we may write a=(/, a). 

Hence, if a is any linear function, the differential parameter (f, a) may be 
interpreted as a vector parallel to the system of straight lines a = const. 

In particular, (f, y)=e,, (f/f, —%) = e,. 

Other differential parameters expressed in symbolic form are (jf, a)(f, 6), 
(7, ¢)(f, 4), (£5 6) (fF, @)(¢, 6) =(a, 6), where a and 6 are functions of « 
and y, and f and ¢ are symbolic functions of the differential form. We pro- 
ceed to find their vector meaning when a and 6 are linear. 

The product (f, a)(f, 6), when expanded, equals a,b, + a,b,, where as 
above a=a,y—a,x,andb=by— b,x. 

Comparing with the definition, p. 450, we see that this result is the inner 
product of the two vectors a= a,e, + a,e, and b=b,e, + 6,e,. The product 
(,7)(%, a), when expanded, equals —f,,¢, + f,¢,- Interpreting f,), f) as 
before, we see that this is a vector perpendicular toa=(/, a); with Grass- 
mann we call this the complement§ of the vector a and denote it by |a@; thus 


(P,P )(f «) = |@. 


Finally the expression|| 


(7, ¢)(S5 @)(¢, 6) = (a, 6) = 4,8, — a,b, 


is the so-called outer product ¥ of a and 6b. 

4, Differential parameters involving arbitrary functions. We investigate 
now the meaning of these same differential parameters when the functions @ and b 
are arbitrary functions of » and y. 

The equation of the tangent to the curve a= const. at a given point @,, y, on 





* The same notation is used in the n-dimensional case ; {a,, ---, a} represents the Jacobian 
of the functions a,(2%,, -+-, tn), °**, Qn(%,°°*, In), and (a,,-°+, an) =—B{a, --*, an}. 

+ For definitions of ‘‘ Invariant of a differential quantic,” ‘‘ differential parameter,’ etc., see 
MASCHKE, loc. cit., p. 446. 

t Notice that aa) = 0a/ox=— a, and ag) = da/ody=a1. 

§ For the general definition of complement see p. 457. 

|| Cf. MASCHKE, loc. cit., p. 453, equation (34). 

{ The outer product [ a, J of two vectors is usually defined to be 4 - B-sin ab, where A and 
B are the lengths of aand b. This is easily seen to be the same as a, b, — a,b. 
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Oa Oa k 
ss Ow spat y ey x=2XO - eanet 


the curve is 


Y=Yo y=Vo 
or 
we [ae | aces a Y [ dy | x=x9 — hk; . 
Y=Yo Y=Vo 
Let 
ieee Wheel pacer eee fee cs 
y=Yo y=Yo 
then 
oe L ) = (f > a ) r=29 = fi i Ay | xr=%9 — fo C4) ] r=aty 5 
y=YO y=Yo Y=Yo 


but, by Art. 8, (ff, Z) is directed parallel to the straight lines Z = const., and 
these straight lines are parallel to the tangent of that curve of the system 
a = const. which passes through the point «,, 7,; hence we have 

THEoreM 1. Jf the symbols f.,), fix, of the differential form dx? + dy’ are 
interpreted as unit vectors along the x- and y-axes respectively, then the sym- 
bolic differential parameter (f, a) may be interpreted as a vector function of 
position, tangent at each point of the plane to the curve a= const. which 
passes through that point. 

As in the case where a and 6 were linear, the product (f, a)(/, 6) may be 
regarded as the inner product of the two vectors represented by (/, @) and 
(f, 6). The expression (¢, /)(¢, @) represents a vector perpendicular to 
(f, @) and therefore normal to the curve @=const.; and the expression 


(f, 6)(f, 4)(¢, ©) is the outer product of the vectors (f, a), (f, 6). 
The length* of the vector represented by (/, @) is 





Po Aa 2 2 
Vf, a= Va? + diy. 
The angle 0 between two curves, a = const., 6 = const., is given by ¢ 


(Ff; a)( Sf b) Lis A) Oy) Ke Aa) Dx 
Aer ac, |" V(¢, 6) Na + ay) vb? + 63, 














cos 6 = 


or by t 
(a, b) = 1) Be) Ets A) Oa) 
Nf, 4) Vb, 6)" Vag) + aG VOQ) + OG) 
5. Change of variables. We obtain greater generality for the plane by 
changing to curvilinear codrdinates. Let us make the substitution 











sin 0 = 





: U=Ue, y), U=O( LY); 
we have then 
du = u,,,dx + Udy, dy = Vda + dy. 





* Cf. p. 450, second footnote. 
+ Cf. p. 450, second footnote. 
£CE£. p. 452, last footnote. 
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Solving for dx and dy, we have 


Uy) TU — Uy) dv sine Udv — Vv) du 
de = : dy = 
(90, a) 


(u,v) 


Substituting these values in the expression for ds, we have 


(8) ds =f, du + fis) dy = es °} du + ony dv. 











By Theorem I, the coefficients of dw and dv represent vectors tangent at any 
point w,, v, to the curves v = const., w = const., respectively. 
Suppose that the vector function f(a, y) transforms into the vector function 
t(w,v); we have 
Tay = ba May + hay Fay = tea ay + be) %)- 


and ¢,,,, we have 


oor wale 


Solving for ¢,, 








The quantic giving length of are 


ds’ = (fi, du + fi dy)? = dx’ + dy’ 


transforms into 


(10) (t,,du+t,dvy = Edw + 2Fdudv + Gdv’, 


where ¢7) = LE, t,t) =, (%) = G, so that the function ¢(w, v) into which 
J(«,¥) transforms is a symbolic function of the transformed differential quantic; 
hence 

THeorEM IL.* Jf A = Hdw? + 2Fdudv + Gdv’ is the differential form 
giving length of arc in a plane, the parameters u and v being arbitrary, then the 
derivatives ty, t, of a symbolic function of the form A may be interpreted 
as vector functions of position, of length VE, VG, respectively, tangent at 
each point of the plane to the parameter curves which pass through that point. 


This gives rise to a vector system based on two wnits, 
a buys oe a) ’ 


tangent to the parameter curves v = const., « = const., respectively; these units 
are themselves variable from point to point, both in length and in direction. 
Again, remembering the factor 8 = (HG — F”)-}, we have 


(11) (fia)=(t,4),  (fra)(frd)=(t, a)(t, 8),¢ ete, 
where the expressions on the right involve derivatives with respect to « and 


* Cf. Theorem V. 
t+Since (f, a), (f, 0), etc., are invariant expressions. See MASCHKE, loc. cit., p. 449. 
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y, while the expressions on the left involve derivatives with respect to uw and v. 
These expressions, therefore, have always the same geometric interpretation, 
even when the parameters w, v are changed. In particular, the expression 
(t, 7)(t, a), where ¢ and 7 are equivalent symbols of the quantic 


Edw + 2Fdudy + Gdv’, 


still represents the complement of the vector (¢, a), so that in this notation the 
operation of taking the complement is invariant.* 


III. Vecrors 1n THREE Dimensions; AXIOMS. 


6. Fundamental notions. In order to extend the preceding work to space of 
three dimensions, we shall explain briefly a vector system in that space, following 
in spirit Grassmann. 

Let us start with three mutually perpendicular linear vectors, e,, e,, e,, which 
are of unit length and lie along the three axes; equivalence of such linear vec- 
tors, their addition and their multiplication follow the rules for two dimensions. 
The expression ae, + be, + ce,, where a, b, ¢ are ordinary numbers, represents 
a unique vector defined by these rules, namely, the vector from the origin to the 
point a, b, c, or any parallel vector of equal length; conversely, any vector in 
space is expressible in that form. 

In order to multiply vectors, we may proceed as in ordinary algebra, provided 
the fundamental products of e,, e,, e, in pairs are defined ; we shall introduce 
three of these products ° 


(12) E,=[e,, e]; E,=[e,, e,], E,=[e,, e, | 


as new units, and call them vectors of the second order. Each may be thought 
of geometrically as a rectangle of which the factor vectors are sides, or as any 
equivalent area on any parallel plane. The other products are defined to be 


(138) Lé., e,|=—E,=—-[e,, e, |, [e,, Py oa on Sree. 


The products used in (12) and (18) are called owter products. It is to be 
noted that the area of the rectangles mentioned is equal to the product of the 
lengths of the sides into the sine of the included angle,—a rule given in two 
dimensions on p. 452, footnote. This rule applied to the remaining products gives 


(14) [e,,¢]=[e,,e]J=Le,, e,]=9. 


The outer product of any two vectors is obtained in terms of E., E,, E, by 





*The Grassmann definition of complement is given in terms of the units. In general (i. e., 
except for special transformations) the complement of a vector referred to a new system of units 
differs from the complement referred to the original units. 
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multiplying algebraically the expressions for the two vectors: thus if 


a=ae,+4,e, + a,€,, b= be, + b,e,+ b,e,, 
then 


(15) [a, bie = (a,6,—a,b,)E, a (a,b, ahs a,6,)E, PE (a,b, ral a, 6,) E,. 


It is usual to represent such a sum as occurs in (15) geometrically by a 
rule for addition of vectors of the second order, similar to the familiar parallel- 
ogram law for linear vectors ; the parallelogram being replaced by a parallelopiped 
determined by the two addenda, and the sum being represented by a diagonal 
parallelogram of the parallelopiped; thus the expression h,E, + kh, E, + hE, 
may be represented by a certain parallelogram, or by an equivalent area on any 
parallel plane. It should be noted that the sign of this-vector is reversed by 
reversing the sense in which the perimeter is directed. It follows that the outer 
product [a, 6] of any two linear vectors may be represented by the parallelo- 
gram which they determine, with its perimeter taken in the direction shown by a. 

The outer product of all three units might be represented in a similar fashion, 
as a vector of the third order ; geometrically, a parallelopiped of edges e,, e,, e,; 
it is more usual, however, to notice that all such vectors in space of three dimen- 
sions are numerical multiples of one another. It is customary, therefore, to 
characterize such a vector solely by the number which expresses its volume; we 
define, then, 

16 [e,5 5 &,] = [e. €,e,] = [es &, & | =1, 
Le,, €,e ] = [e,,€,e] = [e,,¢,e]J]=—1. 

The outer product of any three linear vectors can be obtained either by 
algebraic multiplication and use of (16)+ or by computing the volume of the 
parallelopiped determined by the three vectors; thus if 


a=a,e,+ a,e, + a,e,, b=b,e, +6,e,+ b,e,, c= c,e, + ¢,€, + C€,, 


then 





Ci Bree 
(17) [ a, b,c|]= a, b, C\9 
hy OTS | 





and, using parentheses as equivalent to brackets, we also write 


(18) [ a, 6, c] = (arb cy —=(a.211b 01 


On occasion, however, we shall distinguish temporarily 3-dimensional vectors 
from ordinary numbers. 





* Cf. definition for two dimensions, p. 452. 
+ A product in which one of the units is repeated is zero, since the volume of the correspond- 
ing parallelopiped is zero. 
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T. Complements; regressive and inner products. Let E be the outer 
product of several of the unit vectors; we define the complement of E, 
written | E, to be the outer product of the unit vectors not used in forming E, 
with a sign such that [E,|E] = +1. 

It follows * that |E® =[E”, E°-?] E°~®, where E@~ is the outer product 
of the unit vectors not used in forming E™, taken in any order. 

The complement of any linear function of several vectors is defined to be the 
same linear function of their complements ; thus + 


(18) |(A,£, + A,E,) = A,|E, + A, E,. 


The outer product of two vectors A, B has been defined only for the case in 
which the sum of the orders of A and B does not exceed three. In case this 
sum is greater than three, the sum of the orders of |A and |B is less than 
three; hence in this case [|A, |B] is defined. In terms of this product we 
define [A, B]. 

Definition. If the sum of the orders of A and B exceeds three, then the 
outer product [A, B] is a vector, C, such that |C=[|A, |B]; in this case 
the product is called regressive ; when the sum of the orders of the factors 





is less than three, the product is called progressive; both are called outer 
products. 

Definition. The outer product t [ A, |B] of a vector A and the complement 
of another vector, B, is called the inner product of A and B.§ 

8. Vector formulas. The following formulas enable us to determine the 
vector represented by a given regressive product. First we consider the regres- 
sive product of two units of the second order ([e;, e,], [e,,e,]). We have 
by definition 


(Le: J, Leis & J) = (Leis &> Jen Leis &» & Je) 
=—[e,, e,s eli fe, e, | = [e,, €.'|3 
This by definition is the complement of [e,, e,, e, ]e,; hence 
(19) (Leis J, Les e]) = [ene e,Jell 


Next consider the product ([e,, a], [e,, €, |) where a = a,e, + a,e, + a,e,. 





* Capital letters in black face type will be used to denote vectors of any order. If it is desired 
to specify the order an upper index in parentheses will be employed ; thus E“ means a vector of 
the i-th order. Small black face letters invariably represent linear vectors. 

{ From the definition of complement and formula (18) it follows that |(|A)=-+A. 

t It is customary to omit the comma and regard the complement sign | as the sign of inner 
multiplication. 

§ This definition, and others of this section are in accord with the corresponding definitions 
for two dimensions in Art. 2. The definitions as stated here are at once extensible to n 
dimensions. 

|| We have here assumed 7, 7, x all different, but the formula holds if any two, or if all three 
are equal, for in that case both sides reduce to zero. 
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Substituting this expression for a we have 
(20) (Le, ¢], [e,¢,])=,(Le,e], [ee] +a(Le el, [es &]): 
a a,(Le;5 e, |, Le, e, |) a a,([e;, e,], [e,. e; |) .* Le, a, e, Je; 


Continuing we find, for any three vectors, a, 6, c, 


(21) ([a, 5], [\a, ¢)] = Pano ed a. 


Formulas (19) and (20) are special cases of (21). 

We are now able to see the geometric meaning of a regressive product [A, B] 
in case A and B are vectors of the second order ; let the planes in which A and 
B are supposed to lie be produced to meet, and let a be a vector in their line of 
intersection; then, by properly choosing 6 and c, we may write A=[a, b | 
and B=[a,c]. By (21), then, we see that [A, B] is a vector of the first 
order lying in (or parallel to) the line of intersection of the planes of A and B.* 

The inner product of two vectors 


3 3 
a= Dower. b =e te: 
t=] t=1 


may be found by applying the definition and multiplying out algebraically ; thus 


3 3 3 
(22) [a|b] = fe a, e,, 2d ble; | == |e. ver €7) 2, 4,),=a,), + a,b,+ Dz. 


This is seen to be the extension to three dimensions of the definition of inner 
product given on p. 450. 
Again, the inner product ([a, 6 ]|c) may be found similarly to be 


(4,6, =r a,b, )( C,e,— e,) 46 (a, Oe as b, )( C,€3— C,€, ) 18 (a,b,— a,05)( Ps ie C5). 
If the inner product of this vector and a vector | 
3 
d = >a d, e. 

be formed, the result is A 
(La, b| | c)| d} = (a, 6, = a,b )(¢,d, aa c,d,) 

a (a, 6, % a,b,) (c,d, — c,d, ) st: (a, 6, on a,b.) (¢,d, ai c,d.) 
and this same result is found for the inner product ([a, b}|[¢,d]); hence 
(28) (La, 6] |[e, d]) = {([a, b]|e)|d}. 


We proceed to obtain certain other fundamental formulas: let a, b, ¢ be any 
three independent linear vectors, and d any other linear vector. Then we may 


*In n dimensions if the product [A, 8] is progressive, it represents a vector in the least 
space containing A and B; if regressive, a vector in the greatest space common to A and B. 
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write 

d=—la+mb+4+ ne, 
where 7, m, n are ordinary numbers. To obtain J, m, n, take the outer 
product of d with [a, 6], [b,c], [c¢, a], respectively. We thus obtain 
(24) (a, 6, d|—n|a, b,c}, [b, c,d)=i/a, b,c), fe, a,d]|=—m[a, 6, c]; 
hence 


fee, a Leo SI pene [a, b,d] 


facia Trim Lat Baca ONE b,c]' 
Again, taking the outer product of d with c, we have 


[e,d] =I[e, a] — [b,c]; 


hence 
(26) (La, 6],[¢,d])=—J([a, 6], [a,c])+m([, a], (6, ¢}) 
= —l[a,b,cla—m[a,b,c]b*=[a,c,d]b—[b,c,d]a. 
Similarly 
[a, b]=-[a,d]—" [a,c]; 
hence 
(27) ides aC.) ) =| @..0, d:|c | @..b, cid: 


If we represent the two-dimensional vector [¢, d] in (26) as the complement 
of a linear vector v, we have 


(28) (La, b] |v) =[a |v]b—[b |vJa. 
Taking the inner product of both sides of this equation by another vector w, and 
using formula (23), we have 


| I[alv], [a|w] 
(29) ([a, 6) jf», w]) = [alo][5|o] [ble] [@|o] =|" | [@| 


[ble], [b\w] 

The vector formulas just given for three dimensions are readily extended to n 
dimensions. ‘The extensions of formulas (27), (28), and (29) are written down 
here for reference. They may be proved by methods analogous to those just 
indicated for three dimensions. 

Let [a,,a,,---,a,] and [6,, 6,, ---, 6] be two vectors in a space of n 
dimensions, of orders & and 7 respectively, and suppose k + 7>n, so that the 
product ([@,,a,,---,a@,], [6,, 6,,---, 6.]) is regressive. The extension of 
(27) may then be written 


Se ar ae is Dig <5: 
(27,) a 1 Pal [ 1 ]) 
— > [@,, eee 5 a5 b, yea Cc. 5 Ga | | es ie 5 Lis C ik 5 b, | 


* Cf. formula (21), p. 458. 
} Ausdehnungslehre, p. 83, no. 113. 
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where c,, ---, ¢,_, stands for a combination of »—k of the subscripts 
1,2,---,7,and ¢c,,¢,,---,c¢, are taken in such order that [6,,, 6,,, ---, 6, | 
== [ 5), 6,;---5 6 |. We have also 


(fajeat, =. a4 ||| (bi; bee eb 
=Di([4: Sir a, | | (uRe Asc Bol) dee 08) ioe 
[a,|5,], [a,|5]---[a,| 4] 
(29) (Lay, +++, @,]/[ 8. ++, J) =| El ed, Lo.) 2) --- Le] o.1 | 4 


Ca, | 6], [a,| b, | “iy [a, | b, | 


9. Awioms. The essential properties t used in what precedes may be stated 
in the following axioms, which will be seen to ensure the preceding facts for 
three dimensions, and which also furnish a sufficient basis for an immediate 
extension of all these ideas to space of m dimensions for a system of m mutually 
orthogonal linear unit vectors. The notation explained in footnote, p. 457, will 
be employed. Small letters in ordinary type denote ordinary numbers. 

I. If A, B, C are vectors of the r-th order, r =n, then 





(1) /A=Al; 
(2) (mA) = lmA; 


(4) 7A = 0 implies 7=0 or A= 0; 
(5) 7A + mB is a uniquely determined vector of order 7; 
(6) A+(B+C)=(A4+B)4C; 
(7) (A+mA=(l+m)A; 
(8) 7(A+B)=/A+/B.5 
II. There exist » vectors of the first order, e,, e,, ---,e,, such that any 
linear relation, /,e, + /,e,+---+7,e = 0, implies 7, =0, 1, = 0, ene 
Definition. k vectors of any order A,, A,, ---, A, are said to be indepen- 
dent if a linear relation, J, A, + 1,A,+---+1,A,=0, implies 7, =0,1,=0, 
“Ag Pa Ue 
III. If A® is a vector of the i-th order, and if B” and C“” are vectors of the 
j-th order (i +j =n), then 
(1) [A®, B®] is a uniquely determined vector of the (i + j)-th order ; 
(2) [A®, (BY + C%)]=[A®, BO] +[A®, C), 
© Ibid., p2.133, no. 173. 
f Ibid., p. 135, no. 175. 
{ This system of axioms is compiled from GRASSMANN ; all, however, are not given explicitly 
by him. Some are given as theorems ; others are implied in his definitions. The system, as 
such, is new. 


§ The property A + B—B+ A can be proved by showing that (A-}-B)—(B+A)=0, 
by use of (6), (7), (8); hence by (5), the result follows. 
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Definition. The expression [A%, B” ] is called the outer product of A® 
and B™, 
IV. If a and b are vectors of the first order 


(1) [ la, mb]=Im[a, 6]; 
(2) [a,b]+[b,a]=0. 


Nemltd.sa,; -*-,a.and b., b,, «-«, b, are vectors of the first order and if 
i+j7=n, then 
([@,; Fae a,|, [5,, b., a 42 6,])=[a, Gas *°*, G5 6, b,, rea} b,}. 


VI. n independent vectors e,, e,, ---, e, of the first order exist, such that 
fey, €,, ---,¢,|=1. 

Definition. Let e,,e,, ---,e, be any n independent vectors of the first 
order ; the products involving the different combinations of these vectors i at a 
time are called the multiplicative combinations of the i-th order of these 
vectors. 

VII. If A® is any vector of the i-th order, then n independent vectors 
e,,e,,---, e, of the first order and 

us n! 
ay amar 
numbers, /,,/,, ---, Zy,, exist such that A” = 1,E, + /1,E,+.--- +, Ey,, where 
the E’s are the multiplicative combinations of the i-th order of e,, e,, ---, e,. 

Complements, regressive and inner products are defined for n dimensions pre- 
cisely as on p. 457 for three dimensions. Applying the definition of inner mul- 
tiplication to the units we h ve 

Lele] = ? iu +)" 
(i=)), 


where the units are the e,, e,, ---, e, of Axiom VI. 


IV. INTERPRETATION OF SYMBOLIC FORMS AND COMPARISON WITH THE 
AXIOMS. 


10. Definitions. It will now be shown that symbolic differential parameters 
of the special form 


( 0) dix? + dy? + dz = (fide + fixydy +figdz) . 


may be regarded as vectors of a three-dimensional space by interpreting /,,,, 
JFsys fz) a8 unit vectors along the w-, y-, and z-axes respectively. This will be 
done by showing that with suitable definition of outer product, ete., they satisfy 
the Axioms I-VII for n = 8. 

Linear functions of any number of symbolic parameters of the type (/, a, 4), 
where f is a symbolic function of the differential form (30), will be shown to be 


* Compare with the formulas for fi: f(;), footnote, p. 450. 
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one-dimensional vectors; it should be noted that f,,, f,), f.) are themselves of 
this type, since fi.) = (fs Ys %)5 fi = (So 2 ®)s Sig = (Sr @ Y)- 

Also (f,¢,)(, W, a) is a linear function of parameters of this type since, 
when it is expanded, ¢ and w disappear according to equations in the footnote, 
p- 450. 

Linear functions of parameters of the type (f, 6, a) involving two symbolic 
functions will be shown to be vectors of the second order. 

For effecting transformations of certain symbolic expressions, the following 
determinant theorem, stated for determinants of the third order, is found useful. 








Denote 
id, eee 
| Gi, AU mae 
| 
| bs b, C, 





by |a, 6, c|; then 
|a,6,c|-|d,e,f|=|d,6,c|-|a,e,f|+]|e,6,c|-|\d,a,f|+|f,6,¢|-|d,e,a 
Let us use the notation 
A= F(F, $5 H) (Os Hs @) = daly + Ufa + Ui 
b=3(F, OV) (bs vs 0) = daly + bao + S@figs 
c= 3(Ff, 6, 4)(bs Ws 6) = Cah + Cota + C@Seys 


where a, 6, c are functions of x, y, 2. 


* 





We define outer products as follows: 
1 
[a, b | ae 21 (Sf, ?, Ww) (Ff; a, oO). 
[a, 6, cl=([a,6],c)=(ay bye) ae 


We take Axioms III.) and IV, as definitions of the expressions 
[A®, (BY +C%)] and [la, mb]. 


11. Comparison with the axioms. We proceed to show that with these 
definitions Axioms I to VII are satisfied. 





* For determinants of the n-th order 
n 
| a1, eye ty an| N | bi, be, oes bal — > |bi, 25 tn an| : |i, be, CEN a fms (om) big, AO Dis Bale 
i=] 


See MASCHKE, Differential parameters of the first order, Transactions of the American 
Mathematical Society, vol. 7 (1906), p. 70, equation (1). Cf. also E. Pascan, Lincei 
Rendiconti, 1888. 


+ This definition is given in order to conform to the customary definition of [a , b, c] which 
makes this product a number rather than a vector of the third order. A definition more in 
accord with the other definitions given here would be 


[a, bj c]=(f, ¢, v) (a, b, c)/V3!. 
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I,-+-I,) are satisfied by the fundamental assumptions in regard to symbols.* 
To show that II is satisfied we show that f,), fi), fi.) are linearly indepen- 
dent. Assume then a linear relation 
Phay + Wey + he) = 95 


multiplying through by f,,, we have 


Pe a5 Ahad) as hades) = 0. 


Butte — 1, Justi) = 9, Syd = 9- Hence: the relation reduces to p= 0. 
Similarly, multiplying in turn by f,), f., we find g=0,r=0. Hence f,,, 
hs and j,,, may be taken as the e,, e,, and e, of II. 

III. and IV_,, are satisfied by definition. 

III,,, is satisfied by definition in case the two factors are of the first order ; 
also in case the factors are one of the second order and one of the first order in 
the forms 

1 
and (f/f, ¢, +)(¢, ~, a)/2 respectively. There remains the case in which 
the factors are of the form (¢, Y, a) and (f, ¢, ~)(¢, W, 0). In this case, 
since (x, y, 2) =1, we may write 


(f, f, D=(P, Wy A)(a, Ys z)=(P, Wy @)(A, Y, z)+(H, Wy Y)(As 2%) +(; Wy 2)(G, &, Y) 


by the determinant theorem. Now 


(f >; H=(h db; P(e, ZA=(f Ys 2M Ws 2%) +S, 2 VG Vs YS & YP, Ws 2)- 


Hence 
(Ao W)(h%2= hy 2 (bs Vs 2) + (he hy 2)(b WY) 
+ (f, @ YF 2)(bs Ws 2) 
= fils Ws &) + haf % Y) thatia (hs Ws 2) = (5% %)3 
(Fr OVS 2%) =(bs 0), 
(Fr, P)(f,% y)=(bs Ws 2). 


(f,6,W)(4 @, 6) 


and similarly 


Hence finally 
(8. Hs) = (as 95 2)(fn bs WL ys 8) + (ts 2) br VS & 2) 
+(4,%y7) (AO V)A% Y)- 


Hence if 


1 | 
seariogg tor y, a) and B=3(f, > W)(¢ 4); 


* See p. 451. 
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then 


[A, B] =(a, y,2)(0, y, 2) + (a, 2, %)(6, 2, w) + (a, @, y) (0, &, YY). 


IV, is satisfied by a property of determinants. 

V is satisfied by definition. 

- VI is satisfied by taking a, b, c, equal to x, x, z, respectively. 

We shall prove that Axiom VII is satisfied by showing that every symbolic 
differential parameter of the type (f, @, 6) can be expressed linearly in terms 
of (f, 7,2), (f,2, x), (f, @, y) and that every symbolic differential parameter 
of the type (f, ¢, a) can be expressed linearly in terms of the three parameters 


Be Doe ), ee ’,Y)s ae p, 2). 


Using the determinant theorem we have 
(f,a,6)=(f, a, b)(x, y, 2) = (2%, @,6)(f, ¥, 2) (9,050) 
aie (2, a, 6) Fs xv, y)3 


and also 
(f,6,a)=(f, >, @)(@,y,2%) = (4, 9,2) (fF, Os @) 
+ (a,2,0)(f,b6,y) + (4,2, y)(f, >, 2)- 


It is shown in the next article that (f, ¢, a\/V2, CR y)/V2, (f,¢; 2)/V2 
are the multiplicative combinations of the second order of e,) = fi), € =f), 
€., =z. Axiom VII is, therefore, satisfied if we take 


(f, Ys 2%) =f» (f, 2%, %) =f» (fs @) ¥) =Se) 
as thee,, €,, €,. 
The statement made at the head of this section is therefore justified. 
The similar work for » dimensions is an easy generalization; hence we have 
TueoreEM III. The symbols f.,,, fi, +++ 5 fo)» of the special differential form 


n 
> dx? 
1? 
i=) 


may be regarded as unit vectors along the coordinate axes ; linear functions of 
parameters of the type (fry fos *+*s hus Gs Us +++5 ,_,) tmvolving k symbolic 
Junctions f,, +++, f;,, may then be interpreted as k-dimensional vectors lying 
in the space determined by fas fisys «++ 3 Koy: 

In n dimensions we use the notation 


i} n 
i Cea ee Pale Prd ) (Py 9 Pa 19 4) = 2 diy Sor 


1 
5b = (n—1yt Pv She sis\q pane Drs sate 9 $13 b:), 


and define outer products as follows : 
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it 


[a,,a as ,a,)= (4; ae) Pras 5 f(b) Ae “5D, x Dae tity ChE )s 


(n—k)! vk! 
1 
Bee ae: We +))! 


x (Py, a aret ?.1 kj? las : 95 Sats) (Pys tins! Pian By tty Ay b, ie ee. 6.) 
(kK+j<n). 





V. FoRMULAS AND APPLICATIONS. 


12. General formulas. The symbolic expressions for various combinations 
of vectors will now be obtained and the formulas will then be applied to obtain 
new relations connecting symbolic differential parameters. We first give dif- 
ferent symbolic expressions for the units and their multiplicative combinations. 


oy ee b)($5 vs 2) =(L, 9 2), €,% Ay ES AUnG gf 
(81) =H, O,¥)(6.4, 9) =(f 2 &); Crm TS A Oma 


For, +(f. 9; SE See) a age y). ra ne - Df Cea 


(f,9,v)=(f ni) (20, Uae) ‘ | 
= (f. 4; 2)\(, Ww, xe) +(f; 2, we )(d, vr, yy) +(f, >, ¥)(o, br, 2) real I5 Au, 


and 
: 4(f,$,0)(¢, 0.0%) =$1{2(f,y¥,2)} =(f,y> 2), 
since 
(¢, VY, a)(¢, Vv, ©) = 2 
and 


(bs OE Hs) = (654, 2)(8, 45 2)= 0. 
Similarly for the others. 


By definition 
Cn 4(f; ?, wh) (¢, yr, %). 


For the units of the second order we have 


1 i a 
LE GSS IG aA mares ZONE i linn: gira aD £4,617 LAS, f Aduay 
T Ayxss 
1 1 ~ 
$2) [eng] = leeds Wh 2) =e (ds Wy), a 
1 ye 
Beach ema csea rg lV I ay Pe kes V3.2): 


For, by definition, |e, = [e,, e,], where e,=3(f, 6, +)(¢, %, y) and 
e,=i(f, , ~)(¢, v, z) and by definition, p. 462, 


1 
Le, e, | = 79 p, wh) (Ff; Us) 


aX T Wy nS, AG nd, 
A 1.5.0, 


AIA A LS,a 758, 


“4 T.dif, 
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that (f, 6, b)(f, 7,2) =(¢, W, @) is proved by writing 
(ys d, vv) a (fs ?; Wh) (a, Ys 2), 


etc., as in the proof of formulas (81). 
By this same method it may be shown that 


(33) a=3(f, ¢, b)(P,%, 4) =(4Y; ze, +(a,2, w)e,+(a,%, y)es3 


for (6, v, a) =(¢, ¥, a)(w, y, 2) =(¢, , w)(a, y, 2), ete, and 
4(f,6,¥)($, v, @) = &,, ete. 


Other important formulas follow: 
1 
4. =a es ’ 5 a he 
(34) Ja= 5 (6.4) 
for by (83) 





ja=(a,y, z)|e,+(a, 2, x) e,+ (a,x, y) |e, 
1 


a v2 i(@, Ys z)(, Vv, @ ) er (a, as v)(p, V, y) oF (a, 2 y) (¢, > %)}s 


. and 


1 AN 
(4 vv, a) —s Na? Vv, a)(x, Ys 2)= na Ys z)(¢, , cs 
etc., as above. 


[a|b]=3(f,6,4)(f; b,b)=(a,y,2)(b,y,2)+(a,2,0)(b,2,%) 


(35) 
+(4,%,y)(b,2,y)= Aq) Oqy + Ua) Oy) + Ag) D5) 


Proof. By (88) 
b=(b,y,z)e,+(6,2, w)e,+ (6, x, y)e,; 


hence 
[a|b] =(6, y, 2)[ale,] + (6,2, x)[ale,] +(6, x, y)[aje,) 
and by definition, p. 462, 


[ale l=(4,4, 2); 
etc., where 


1 
a=i(f, ?, W)(d, %, a) and beg 2 , W)(Fs Ys 2)3 
hence 


[a|b] =(a, y,2)(B,y, 2) + (a, 2, @)(B, 2,2) + (a, @, y)(B, wy). 


* Except for a numerical factor the complement of any vector expressed in symbolic form is 
obtained by multiplying by a factor (f, ¢, ~) made up wholly of symbolic functions, includ- 
ing the symbolic functions which occur only once in the expression for the vector, or by leaving 
out such a factor in case it is present. 





1910] OF SYMBOLIC DIFFERENTIAL PARAMETERS 467 
Again 


(f,6,a)(f, 6,5) = {(a, 4, 2)(f, >, @) + (4,2, @) (Ff, $s y) 
+ (a, vs, UVES d, z)}{(6, Ys z)(fs $, a ) 
+ (6,2, x)(f,6,y) +(5,2,y)(f, >, 2)} 
== 2{(a, y,2)(6, y, 2) + (a, 2, &) (0, 2, x) 
+(a,x,y¥)(b, x, y)} 


and this proves formula (85). 
1 =IAS, Slab 
A ie ay Ab % Ra 
(36) La, ] a p, v)(f, a, 5) f in 2 3 
= (2, a, b)[e., e, | + (Y;, a, b)Le;, e, | + (2, a, b)Le,, e, |. 
The proof is similar to the proof of (83). 


(37) Ila, 6J=[|a[b]=(f, @, 4); 
for from (86) 


iL, b] =(#, a, b)e, + (y, a, b)e, + (2, a, b)e, =(#, 4, b) (fs 9s 2) 
+ (yp 4, B)(f, 2% @) + (% a (fs, y) =(f, 4, 0). 
(38) (La, b], [e,d])=(f.b, W)(b, 4, B)(H, c,d). 
Proof. By definition, 
(La, 6], [e, 4})=(\La, 6] | Le, 4]) =[E(#, a, b)e,, D(a, ¢, de] 


_ |(@, a, 6), (x, ¢, d) (y, a,b), (y,¢, 4) 
(Ys a,b), (ys & @) (2, a, 6), (2, ¢, d) Less es] 
(2,4, 6), (2, c, d)| ; 
(x, a, sear. e, d)| Les S43 


Le,, e,]+ 











again, 
(f,$,)(?, a, 5)(W, ¢,d) = ($, a, b){(f, 6, @)(%, ys 2z)(H, ¢, @) 
+(f, bP y)(%,2,")(%,¢,d) + (f, >, 2z)(W, 2%, ¥)(W,e, d)} 


=($,0,0)i(/, },%)(v, c,d) + Cis , Y)(Ys c,d) + Gh; p,2)(2,¢,da)}. 
Now 


(f,$,x)($,4,6)=(f, y, %)(b, 2%, @)(, @, 5) 
+(f,2,x)(6,%,y)(¢,a,6)=(y, a, b)(f, y, 2%) + (2,4, 5)(f,2,%), 
with similar expressions for (f, ¢, y)(¢, a, 6) and (f, 6, z)(¢, @, 6). Sub- 


Trans. Am. Math. Soc. 31 
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stituting, we have finally 

(fr bs V(b, 4 B(Hs es D=((ys as b) (fs 45 #) 
H(z, a Bf, 4 #)} (2, 6, DE & NA a N+ & NA a DI & A) 
+ {(2, a, b)(fy 2, 2) + (ys D)(Fr 9s 2)}(% &> 4) 


xf (2, a, 6), (%, ¢, d) é (y,@, 0), (7, Cua 
Fry, a5), (ys e,d)] 4] (2, 0,8), (es ed) 


(2, a, 6), (2, ¢, d) 
(2, a, 0); (Scns 














+ (f, 2, @) 


The expression found above for |([ a, 6], [¢, d]) is clearly the complement of 
this final expression for (f/f, 6, v)(¢, a, 6)(, c, d); hence the formula is 
proved. 

(39) (La, b]\e)=(f, 4, ¢)($, a 6). 
For by (88) or (84) 


|¢ SP AO ic z)[ €,, CALE 
hence 


(La, b]le)=(c,y,2)([a, b], [e, e]) +(e, 2, 2)([a, 6], Le, &]) 
+(c,x,y)([a, 6], [e, e]) 
=($,4,b)2(c,y,z)(f,6,v)(v,y,2) by (38), 
= ($54, b)=(f, b,@) (ery, 2%) = (fs $s €)(F @, 6). 


(40) (La, 6] |[e,d])=(f, a, 6)(f, ¢, d).* 
For, by formula (37), |[¢, d] = =(x, c, d)e,; hence 
(Le, 6] |[¢,4]) 
=(x,c,d)[a, b,e,]+(y,¢,d)[a, 6, e,]+(2z,c, d)[a, be, | 
== (v,c,d)(x, a, 6) + (y,¢, d)(y, 4,0) + (2, ¢, d) (2, ano. 
and (f, a, b)(f, c, d) expanded gives the same. 


We give below the extensions of the formulas (31)—(40) to m dimensions ; the 
proofs are similar to the proofs given above for three dimensions. 


1 
(31,) eae PEER Ch to RNG FE oe Mee 
Seah CoP oa Rick oO UNE 


* Except for a numerical factor the inner product of two vectors in symbolic notation is ob- 
tained by writing them both (or their complements) in terms of the same symbolic functions as 
far as possible. 
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t 1 
Le. Pe: e., | me Rapay eran ir alee athe AP Ser reg | ty a Go) 





(32,) 
Ff, = (f> ‘ac Tete 5 eais'9 Pn—x)s P= (>, exe Pn—1s Coy 9 aan ®e.)9 


where c,, ---, c¢, stands for any combination of k of the subscripts 
Dogars sand €..5,°+- 
Cet, 1+, 2,.)= +1. 


, ¢, are the remaining subscripts in such order that 


1 
@ = ays bay 1+ Pea) (iy 2219 by1) 
(38,) 


2a (% ONE SH a eR i tat @,,)e;. 


(34,) yo eee (f> soy fas @)- 


an “<3 
(35,) [a|6]= comand ia dn i) 4) Siw emacs o) 


[a,, a, on 





il 
(36,) me(7n — hy! Wei 6 a8 Deas dys oo adn) (Pir ++ +s Pans Gis 2? 2 @,) 
=> (4; +2) Oey Bs > Ue Pes. Bra Ail y 
[Las -++5 @] eens ao 


Gris tty a, ]) 





(37,,) 
“= V(n — ke oe. Bs lecus G14 ers a, )- 


lfk+j>n, 
if 
eee | Dae. D. |) as M, M,, 
(La, a], [5, 1) (n—k)! (n—j)!Vk+j—n)! a 


(38,) M, =(¢,; gat) PK an are 79 Jie ga) see) 9 


gee Danae Oey G4 825 OL) (Wis ey Wye Oy, 4's b,). 


1 
([a,, ses, Qi | | [6,, cia) ea Ae r)! ve 


M, aa (A) ou shy Pi+19 7k "> P,_59 b,, ae 5. \( Privy at $9 a, sae 9 Qyi,)s 
Byes ee bP O13..8, |) 


40, 1 
; = (n—~r)! Re Raat oars CA @,)( Pry v0 8s Pos Ops ++ 45,8, ) 











(39,) 
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18. Application to the symbolic invariant theory. Results of the Grass- 
mann theory may be employed to derive formulas in the symbolic theory. 
Three examples of this application are given below.* 


1. From formula (27,) follows by use of formula (38) 


(fy eet Vee Pi; aaa) ,,-;3 Vis Jima papeeney Cer 5 9S n—K? a, ‘oS a,) 


(n—k)! (n —j)! 
x ($5 is ,-59 1 esas (2n —k —j)! 


x Dh» 8 9S nk? Py: oe P53 Vis ges Veiga) 
c 


x Ge as a ee Ps er, },,-;3 b..s raat Bexe-n (As sty Qn bon pee #5 Oalor 
2. From formula (28) follows by use of formula (89, ) 


Ch a 5s Pri. ee. $,,_»9 b, ene, bP. ria $9 a) ys) A 


n—k—r)! 
2) = Goa Aiea ve adgces dep 19 MeNFis ++ +9 Faces by »* 9 8) 


x (d,, ae are ® $19 Bers ‘omc ey (Ps rea, Po Vi» as V,)- 
3. From formula (29,) follows by use of formulas (35,) and (40,) 





(41) 





1 . 
Comrale 3° Tae Os elas a,) (fis oe Bes, 6, ‘Sa? b,.) 
(fo a)(h> b,)s (fe a,)( fis bs)s et) (A> ah» b,,) 
2) 1 \ fos 2p) Clan Diora) ema +5 (for %) (Sos b,,) 





{(m—1)1}" 


— 








(as Q,) (Ses b.)s Gee a,) (tis b,), Plea Ap a) (Sys b,,) 
where ( f;, @;) = (fas Sigs ++ *oSin—19 G) and f, 18 a symbolic function equivalent 


to f. 


These formulas can be shown to hold for the general differential form. 


14. Applications to geometry. As heretofore, we regard the variables 
®,5 Vy,» +++, &, as cartesian coordinates of a point in an n-dimensional space; we 
wish to determine how the k-dimensional vector (f,, ---, f,, 5 +++, @—,) 18 
related to the surfaces a, = const., a, = const., ---, @,_, = const. 


First we show that the (mn —1)-dimensional vector (f,, ---, f,_,, @) is, at 





* Formulas (41) and (42) are new. 

For formula (43) see MascuKeE, Differential parameters of the first order, loc. cit., p. 73. 

Te, -°*, x4j-n stands for any combination of k+j7—~n of the subscripts, 1, 2, ---, j; 
Ci, ***, Cn_x are the remaining subscripts. In order to obtain the correct sign in each term, the 
order of the subscripts must be such that ¢, +--+, cxyj—n, Ci, ***, Cn—x may be obtained from 
1, 2, --+, 7, by an even number of transpositions. 
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each point of space, tangent to one of the surfaces a = const.; for when a is 
linear, by formulas (83,) and (84, ), 
1 n 
a(n—1)! (fio ttf @) = 2a 

is parallel to the planes @ = const. 

When a is not linear, then the linear space of n — 1 dimensions, tangent at 
a given point (%,, @,, ---, ,) to the surface a = const. which passes through 
that point, is given by 


7% 
L =) (4a),_-%,; = const., 
t=1 


and clearly 


(Sis eu er @)2=(f, Dene Ave L). 


The linear space tangent to the intersection of a, = const., a, = const. will be 
the space common to the linear spaces tangent to the two hyper-surfaces. A 
vector lying in this space is found by taking the outer product of the vectors 
(fis ecco tn1> %) and (f,, ---,f,_,,4@,).- By formula (387,) this product may 
be written, except for a numerical factor, (f,, --+, f, 95.45 %)- 

This argument can be repeated for three functions a,, a,, a,, and again, for 
any number, @,, @,, ---, @,_,3; hence we have: 

TueoreM IV. Jf the derivatives f..), fo. -++5 fy Of & symbolic function of 
the differential form 


n 
SS de? 
i=1 
are interpreted as unit vectors along the cobrdinate axes, then 


CARAS a “Sie a5 G5 oaks ay) 


may be interpreted as a k-dimensional vector, tangent to the k-dimensional 


spread which is common to a, = const., a, = const., +++, d,_, = const. 


a 


VI. THe GENERAL DIFFERENTIAL Form. 


15. Change of variables in three dimensions. So far we have been con- 
sidering differential parameters of a special type of differential form: namely, 
the differential form for length of are in an Euclidean space; i. e., a form of 
the type 


n 


>, dx?, 


t=1 
or any form into which such a form can be transformed. 
In this section it is shown that Theorem IV can be extended to apply to any 
space which can be considered a part of an Euclidean space (of higher dimen- 
sions) ; for example, to a surface lying in three dimensions. 
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Let us consider in an ordinary space of three dimensions the transformation 
U=U(L,Y, 2), V=V(%,Y,2), w= wW(L, Y, 2) 
We can find dx, dy, dz, in terms of du, dv, dw, by solving the equations 


du=u 


yF® + Uy dy + Uy) a2, 
dv = V4) dx + Udy + ¥)dz, 
dw = Wi, dx + Wy dy + We)dz. 


If the resulting values are substituted in 


ds = fi, de + fin ly + So) FH 
(fs) py (trv) g 


(u,v, Ww) (u,v, WwW) ae 


we obtain 
(u, %S)g 


(22 0-10) ae 





By Theorem IV the coefficients* of du, dv, dw may be regarded as linear 
vectors tangent to the intersections of v= const., w—=const.; w= const., 
u = const.; and wu = const., v = const., respectively. Let us denote these coeffi- 
cients by t,)5 ti), f)- It can be shown precisely as in the two-dimensional case 
that ¢.,), t.)» ti) are the derivatives with respect to u,v, w of the function into 
which the symbolic function f transforms. Hence the transformed function 
t(w, v, w) is a symbolic function of the differential quantic into which 
dx? + dy’? + dz transforms and the derivatives t,), t,)5 ti) (ie @ tays tes ty) 
may be interpreted as vector functions of position, tangent at each point of 
space to the parameter curves which pass through that point. The transformed 
differential form is given by ds? = df? = d? = (t,)du + t.dv + t,)dw)’ where 
by = (Fs Uae) (1, Vs 2 ete. 

16. The general two-dimensional case. On the surface w= a (a definite 
const.), dw = 0. In our formula for ds let us write a for w to indicate that 
only such values of x, y, 2 are to be used as will satisfy the equation w= a. 

We have, then, on the surface 


ds’ = (tydu+t,dv)* = Edw + 2Fdudv + Gdv’? 
where 


ti) = #, twla =f, t= Gt 


This gives rise to a vector system on a surface, having variable units bays &e 
which are tangent to the parameter curves of the surface. The usual vector 
expressions, as inner and outer products, and complements can be set up in terms 





* Observe that the common denominator of these coefficients is an ordinary number, being 
the Jacobian of the functions wu, v, w with respect to x, y, z. 

t The function /= f(,)-«-+ jf): y +fig)-2 represents the vector from the origin to the point 
x, y, 2; hence t(u, v) represents the vector from the origin to any point on the surface w—a. 
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of these variable units ; these expressions take the same form as the correspond- 
ing expressions in the plane given on p. 453. 

It should be noticed that here, since w= a is an arbitrary surface, we are 
considering a perfectly general binary quadratic differential form ; hence 

THeorEM V. Jf A = Hdw? + 2Fdudv + Gdv’ is any binary quadratic 
differential form, the partial derivatives 0t/Ou, Ot/Ov of a symbolic function 
of A may be interpreted as vectors, of length VE, VG respectively, tangent to 
the parameter curves of the surface characterized by A. 

17. The general k-dimensional case. In the same way we consider in an 
Euclidean space of n dimensions, the sub-space of & dimensions determined by 
a, = const., --- ,@,_,= const. For are length in the sub-space we shall have 
ds* = (Xt, du,)”, where 





t _ (%4 Ma Stee Skea tS a Co ES tiie led cihas eee, Oe) 
4 (%,, Bicaeiihy 9 Gy s 725 @.y) 
and where /(w,, ---,u,) =f(@,, +++, %,)- 


Precisely as in the three-dimensional cases it can be shown that ¢,) = 0¢/0u, ; 
hence we have 

TuHeorEM VI. Jf 

k 
A= = Edu, du, 

is the differential form giving length of arc in any space of k dimensions 
belonging to an Euclidean space of n dimensions, then the partial derivatives 
Ot/Ou,, ---, Ot/Ou, of a symbolic function of A may be interpreted as vectors 
tangent to the parameter curves of the sub-space characterized by A. 


VII. Sympouic DIFFERENTIAL PARAMETERS INVOLVING DERIVATIVES OF 
THE SECOND AND HIGHER ORDERS. 


18. Interpretation of the higher derivatives of the symbols. Let the space 
f?, whose are element is determined by 


ds? = 22; Fi.,du,du, = (= firdu,) 
OE os = 
be supposed to lie in an Euclidean space S, of r dimensions. The f;, may then 
be interpreted as vectors in S, tangent to #, along the parameter curves. 
Since these tangent vectors lie in S_, they may be expressed as linear functions 
of r constant, mutually orthogonal unit vectors, e,, e,, -+-,e., in S,, the 
coefficients being functions of u,, ---,u,. The derivatives of the f,, of any 
order, with respect to the variables u,, u,, ---, u,, if they do not vanish, are 
again linear functions of the unit vectors, €,,@,,°::,e,. We have therefore 
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THeoreM VII. Jf the space R, whose arc element is determined by 


n n 2 

ds? = 233 E,, du; du; = (Xft) 
i, j= = 

lies in an Euclidean space S, of r dimensions, then the derivatives of the 

symbolic function f, of all orders, with respect to any of the variables u,, +++, U,, 

may be interpreted as vectors of the space S.. 

Since symbolic differential parameters involving derivatives of the /,, to any 
order are expressible in terms of derivatives of the symbolic functions, it 
follows that all such differential parameters may be interpreted as vectors or as 
combinations of vectors of the space S). 

19. Second covariantive derivatives of the symbolic functions. The second 
covariantive derivatives of the symbolic functions are given linearly in terms of 
the ordinary second derivatives and of the first derivatives by the formula 


Aes A 1 é 
ee = tna = (n—1)! Diy (Ps vs; nae ha ( tn=553;): 


It follows that f“ may be interpreted as a vector. But we have always 
Jit = 9F which shows that each /“ is orthogonal to all the vectors f,,). 
Hence 

THreoreEM VIII. Jf the f,) are interpreted as vectors in S, tangent to R, 
along the parameter curves, then the second covariantive derivatives f™ may 
be interpreted as normals to Rin S.. 


* MASCHKE, A symbolic treatment, ete., loc. cit., p. 457, equation (75). 
{ MASCHKE, loc. cit., p. 459, equation (84). 





SURFACES WITH ISOTHERMAL REPRESENTATION OF THEIR 
LINES OF CURVATURE AND THEIR TRANSFORMATIONS. * 


(SECOND MEMOIR) 
BY 


LUTHER PFAHLER EISENHART 


Introduction. 


In a former memoir with the same title + we established a transformation of 
surfaces with isothermal spherical representation of their lines of curvature into 
surfaces of the same kind, the transformation being such that lines of curvature 
on a surface and on a transform correspond, and the two surfaces constitute the 
envelope of a two-parameter family of spheres. This transformation was estab- 
lished by means of a theorem of MouTarD, concerning partial differential equa- 
tions of the LAPLACE type with equal invariants, { and with the aid of a trans- 
formation of minimal surfaces discovered by THyBauT.§ In our discussion we 
did not take the equations of the transformation in the form given by THyBAUT, 
but in the form used by Brancut,|| in which case the parametric curves on the 
minimal surfaces are the asymptotic lines. Such a minimal surface and its 
THYBAUT transform are the focal sheets of a W-congruence, that is, a congruence 
upon whose focal sheets the asymptotic lines correspond. 

The present paper deals with the same transformations obtained by a very 
different method as a result of which the analysis is much simpler. In § 1 it is 
shown that when the lines of a W-congruence are subjected to the Lr line-sphere 
transformation, the congruence of spheres envelope two surfaces upon which the 
lines of curvature correspond. If S and S, denote these two surfaces, and = 
and =, the two focal sheets of the original W-congruence, the transformation 
from = to &, carries with it a transformation from S to S, without quadrature. 
In § 1 is determined the characteristic property which = must have in order that 
the lines of curvature on S may have isothermal spherical representation, and the 
equations of the surfaces are given in simple form. In § 2 the determination of 





* Presented to the Society, February 26, 1910. 
+ Transactions of the American Mathematical Society, vol. 9 (1908), pp. 149-177. 
tBIANCHI, Lezioni, vol. 2, p. 69. 
2 Sur la déformation du paraboloide, etc.; Annales de 1’Ecole Normale (3), vol. 14 (1897), 
pp. 65-69. 
|| Lezioni, vol. 2, pp. 334-338. 
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surfaces 2, and S, of the same kind as = and S respectively and standing in 
the above mentioned relation to them is carried through, and the problem is 
shown to be reducible to the integration of an ordinary differential equation of 
the first order and to quadratures. 

When S is a minimal surface (cf. §3), the transformation is that of Tuyaur 
and the equations take the very form which occurs in his memoir.* 

In § 4 it is shown that the transformation of § 2 is identical with that estab- 
lished in the first memoir, and in §5 we prove the existence of a ‘theorem of 
permutability ” which shows that the knowledge of two transforms S, and S, of 
S carries with it the determination of a surface S’ of the same kind, which is a 
transform of both S, and S,; and, moreover, S’ may be obtained without 
quadrature. 


§1. A Surface = and its Lie transform S. 


The coordinates, &, 7, ¢, of a surface 2, referred to its asymptotic lines, 
may be given by the Lelieuvre formulas + 


Dinh, Vee 
o€ O€ 
(1) Ou | OM OP a Oy seem Mean 
Ou Ou Ov Ov 


and similar equations for 7 and ¢, obtained by permuting the quantities v,, v,, 
v,, which are solutions of an equation of the form 


0 


(2) ara == 110; 


where in general M is a function of.w and v. Moreover, v,, v, and v, are pro- 
portional to the direction-cosines of the normal to >. 

If ~, y, z denote the coordinates and X, Y, Z the direction-cosines of the 
normal to the surface S which is obtained from = by the line-sphere transfor- 
mation of Lie, these quantities are given by { 





v,E+v,n mle 2v,& 
Q =— = A +1 =—-, 
Ou Dates Pee a v,+ v,& 
“ Vv — vn : Qv 
3 e— Y= ee 9 iXve Y= ones 5 
(3) y v, + V,& ‘ Vv, + VE 
vb + v7 v6 —v 
es se 2 ; Thee z 
v, + v,€ Vy + VE 
From these equations we determine the following values for the fundamental 
<i BY 


TEISENHART, Differential Geometry, p. 193. 
~DARBOUX, Legons, vol. 1, p. 249. 
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quantities of S: 


(Sri 08t) 














4 ci Gee mee’ 
@ ec a o£ 
o._ (a7 fant) 
y ates 
ac On  o€ 
yo Ou TREN he 2 Ou D=0, 
6 Ou (v, + v,£) 
) at o£ 
peers ov ~ #574 ” dy 


Ov (Ws YS): ; 


dé 
(6) ._ jhe) f= 0, 


=4(55) 


(% + 5)” 





G= 





where &, ¥, G are the coefficients of the linear element of the spherical repre- 
sentation of S. From these results we have incidentally the well-known fact 
that the lines of curvature on S are parametric. 

However, we are concerned entirely with surfaces whose lines of curvature 
admit an isothermal spherical representation. From (6) it is seen that a neces- 
sary and sufficient condition for this is that * 


ate ks 





(7) air i ae 0, 
or by means of (1), 

Cae Uae as 
(8) ay log 3 +iz log em 0. 


It has been assumed that the parameters are isometric, which assumption does 
not affect the generality of our solution. 
If we put 


(9) utiwv=a, u—w=B8, 


equation (8) gives the result 
(10) Vix VoA, 


where A denotes an arbitrary function of a. Since v, and v, satisfy (2), which 


* The case where (7) is replaced by 0£/0u + i- 0£/0v==0 leads to similar results. 
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by the transformation (9) becomes 


Osha ‘ 


we must have 


,Ov, ” 
DTA Gq + ea = 0, 


where the accents indicate differentiation with respect to the argument. From 
this equation we find oe 

VB 
where B denotes an arbitrary function of 8, and where the accent denotes dif- 
ferentiation with respect to 8. In consequence of (10), we have 











/ FP! ‘Ba Bo 
(12) eae ee Us ra ha aE 
VA’ NVA. VA 
where in general o is a function of a and £, being a solution of 
1 Onis Oo: O[ B. é¢ 
) mlz 6 |— 5 A’ a | 


which is obtained by expressing the fact that the functions (12) are solutions of 
equation (11). 
§2. The Determination of =, and of S,. 


If @, is a particular solution of equation (11), the functions v,, defined by * 





. Oy x | 0, y, 
= = | 
(14) sta Neda 00, Ov, 2 Fy ee acl 06, Ov, ’ 
eB OB Oa Ca 





determine a surface =,, upon which the curves w= const., v = const., where w 
and v are given by (9), are the asymptotic lines; and = and &, are the focal 
surfaces of a W-congruence, formed by the lines joining corresponding points. 
Moreover, the coordinates, &,, 7,, ¢, of 2, are given by 


CLD Greats V,V3— Vs Ny — 9 = YzY, — My V5, a c= V, Vy — V,V;- 
In order that =, may be a surface of the same kind as = of §1, we must have 


(16) D Bee ete v= User 
as VA, 


1 ; 7 
VA, 
where A, and £, are functions of a and 8 alone to be determined and where, in 
general, o, is a function of both a and 8. 








* KISENHART, Differential Geometry, pp. 417-419. 
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When the values for 7, and 7, are substituted in (14), we obtain four equa- 
tions which are equivalent to 


_ 








1 COW c(h aay A’ 
6, Oa Ae LaAen a! 





























(17) 

100, (VB) VB, VAS; 

@, o /B’ VB A e 
and 

108) p/h Gee 

8, a = 7B) tHe: 
(18) ne. SK 

106 (VB) VB Vas, 

OO was Y Dey he ae 


The necessary and sufficient condition that these two values of 06,/da be 
equal is readily found to be 


(19) V A'A' =«,(A—A,), 
where «, denotes a constant. 


In like manner the condition that the two values of 06, /Of8 be equivalent is 
reducible to 














(20) V BB =«,(B—-B,). 
In consequence of these results, equations (17) and (18) may be written 
06, A. 7) of 
(21) i Ces us he ac Cae (VB he ues 
oiyae yan Tee met 
and 
1-20) (VA'Y YA ; 06, (V Bry VB’ 
a = a a5 = — =. 
6, Oa raz k AK Pigslel VB VB. 


When the expression (16) for 7, is substituted in (14), the resulting equations 
are reducible by means of (21) and (22) to 


V A’ Oo, VB Oc {i 
(23) Wagar SS SIN pr oe ae 

VB, oo, VA, gO 

eB St 7 ae 


As these equations are linear, the determination of o, requires quadratures only. 
Hence the problem of the determination of the surfaces =,, when = is given in 
terms of its asymptotic lines, requires the solution of the ordinary differential 
equation (19) and quadratures. 
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When these funtions o,, &,,7,, §, have been obtained from (23) and (15), we 
find the codrdinates of a surface S, by means of equations analogous to (3). If 
©, Y,5 %, denote the coordinates of S, and X,, Y,, Z, denote the direction 
cosines of the normal to S,, we find that 


x, + iy, —(x+iy)= RX, +i¥,-(X+iF)], 
(24) n, — iy, —(«—ty) = R[X,-i¥,—(X—-i¥)], 
PR YEA 7. 


where 
(25) yal es —A {Oo cet (A—A,)n+o,-¢ 


A,—A 





Hence S and S, are the envelope of a two-parameter family of spheres whose 
radii are defined by (25). The coordinates, ~,, y,, z,, of the centers of these 
spheres are given by 


Oo,—aOo 
a+ iy met Wo RX 
ot iy y ( ) ‘AA 

(26) 0 — iy =o —iy— R(X iF) = SS", 


A,o— <= GF, 
ty =2(2— BZ) = PS +t Ge zb 





We shall refer to the above relation between S and S, as a transformation 
[.,, thus indicating the constant x, which appears in the formulas. 
§3. Transformation of Minimal Surfaces. 


Minimal surfaces are the only surfaces of negative curvature for which the 
following conditions are satisfied simultaneously 


Fai, 6 ext, 


In consequence of (4) and (6), these conditions are equivalent to the following 
upon 2: 
o&\? o&\? 
(ac) + (a5) = 9 
CUS MEP By a aN 
(-ettrs) +(2 854 nz) <0. 


If we replace the first of these equations by (7), we must replace the second by 


a o£ 


(27) ~ 44 168 


if the functions D and D”, at by (5), are to differ in sign. 
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By means of (1) and (12) equation (27) is reducible to 


1 LP AB 0a 
(28) Fs heme base <7 AN ee 


If this equation be differentiated with respect to a and the result equated to the 
value of 07/Ca obtainable from (1) and (12), the resulting equation is reducible 


by means of (13) to 
0 , B 6c BA 
OB PNA’ OB Jim Tea ARs 
From this we get, by integration, 


B oc 
HW ag a=J(2)(1+48), 





where the function f remains to be determined. Hence, integrating again with 
respect to 8, we find 


(29) c= Ap ft" ap +4(a). 





When this value is substituted in (13), we obtain 
eae! | [i (Afy BdB 
60) f4-(4) =| ($+ ee el tee 
Differentiating with respect to 8, we have 
A'fy y' A 
bo | 22h Uli gl eae 
Hence the two terms of this equation must be zero, from which we get 


(31) Af=c, 














where c denotes a constant. When this value of f is substituted in (30), 
we obtain 


2 
(32) mel 4 {4 - {4 | ri Lathe 


where c, and c, denote constants. 

From (18) it is seen that if o is a solution of this equation, so also is 
_o+c,A+c, where c, and c, are arbitrary constants. Hence for the present 
we shall put c,=c,=0 and furthermore assumec=1. We shall see presently 
that this choice of the constants does not restrict the generality of our solution. 
When these values are substituted in (29), we obtain 


(33) ieee 8 a0 4 4[a- [4 
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When this value and (12) are substituted in (1), we find 


E= B, 
(34) al nL ae afl a fae 


da Ada Bdp B’ dB 
p= — [G2 far 8 fet J ee 
It is readily found that these values satisfy equations (27) and (28). 
From (8) we obtain by means of (12) and (84) 


ack 2 — 2, 

5a 1 ae naa), 
i pees Leia, 

(85) y=—3( [—y—a- f yaa), 


= (SF pm Fe 
4 ET ya } 























and 
i ake mel , t(A—B) AB—1 
6) X—TaR 9? = 14a 
From (85) we find that the linear element of S is 
, (1+ABP 
(37) ds? = = adpB, 


and from (36) that the linear element of the spherical representation is 





2 4A’'B 
(38) ds mig ABY dadp. 

The minimal surface S adjoint to S is given by equations of the form 
Ox .Ox Ox Ou 
ag = 0a) Rae 

Hence 
A? — 2s 
C= 3( {3 doa. 2 dB), 
ay el Aare Beh 
(39) 7=5( “Godt [ = ae), 
et Ada BdB 
R= | aca eae 





* Since the equations of any minimal surface can be given this form, the particular choice of 
the constants in equation (32) did not limit the generality of the discussion. 
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If we substitute the value (33) for o and also 


14+ A,B A,d Ada 
(40) Zi || erm | reat wee 
in equations (23), we find that these equations are identically satisfied in con- 
sequence of the relations (19) and (20). Hence the minimal surface S, defined 
by (85), and the minimal surface S,, defined by equations of the same form as 
(85) but with A and B replaced by A, and B, respectively, constitute the 
envelope of a two-parameter family of spheres. 


From (25) we find that the radius of the sphere is 


_ (1+ 48)(1+ 4,4,) 
oY A By ATR 








(41) 


The coordinates of the center of the sphere are readily found by means of (26). 
If S, denotes the adjoint of S, it is defined by equations analogous to (39). 
From these equations we find that 





Rey pane BB 1 
ened ton a Bo)? 
Nghe PAPA eet Wada. 4-41 

ie I~ t= Fe ( eo) ea ) 


Wee ee eo 
Tere ae BR. 


If X,, Y,, Z, denote the direction-cosines of the parallel normals to S, and S,, 
they are given by equations similar to (86). From these values and (42) we find 


See Oe, (ow) 0. 





ro] 


Hence S and S, are the focal sheets of the congruence formed by the joins of 
corresponding points. Moreover, the curves 


a+ 6 = const., a — 8 = const. 


on Sand S, are the asymptotic lines. Hence this congruence is a W-congruence, 
and the transformation from S to S, is the transformation discovered by Thybaut.* 


$4. Identification of the Transformation of §2 with a Former 
Transformation. 


In this section we shall show that the transformation of § 2 is identical with 
one formerly established in a different manner. 

* Cf. Introduction. 

t Surfaces with isothermal representation, etc., these Transactions, vol. 9 (1908), pp. 149-177. 


A reference to an equation (a) on page b of this memoir will be indicated by [(a) p. 0]. 
Trans. Am, Math. Soc, 32 
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Comparing (38) with [(2) p. 151], we have 


(1+ AB) 
am eed. 


26 








When an equation for S, analogous to (38) is compared with [(27) p. 156], we 


find that 
i, g (14+ ABV (144, BP 
(43) ay Oy 16.4’A’ BB 





This identification is permissible in view of the results of §3 and $1 of the 
present and former memoirs respectively. 

If we compare (87) with [(1), p. 151], we see that the coordinates of the 
minimal surface in § 8 are twice as large as in the former memoir. Moreover, 
the radius of the sphere, as given by [(80’), p. 157], is $/@, and consequently 
one half of R as given by (41) and (48). Furthermore, in § 5 of the former 
memoir it was shown that the case of minimal surfaces in § 1 of that memoir is 
a particular case of the general transformation of §4 of the same memoir- 
Hence, in order to identify the two transformations, it is necessary and sufficient 
to show that # as given by (25) is equivalent to [cf. (48), p. 161] 


Ri: == [ mo, i, (Br SE) — Wing — 09], 





Ou Ou Ov Ov 


where m is a constant and W, W, measure the distances from the origin to the 
tangent planes of a surface S and its transform S,. 
From (8) and similar equations for S, we have 





pads Be m + A,S, 
W= 7% 484 | ee 
By means of (1), (9) and (12) we find 
OW A’'( Bn —6) OW AB (n+ AC) cB 








ja (1+ ABY’ | Of @ plete tee 
From [(25), p. 156] and [(6), p. 151], we get (using the notation of the 


present memoir), 


ee elm aR aye) 


OX e%d¢ ae ae 


which by means of (86) gives 
Op ia Aad ss eacre'e ea asa versie 2) 
Oa 2A’(1 + A,B,) 
OP ital mp| b(A,B,-1)+ B,- — 4,8") 
op ie 2B'(1 + A, B,) 
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When these values are substituted in (44), we get (25), provided that 


2 


m= kK. 


Hence the two transformations are identical. 


$5. Theorem of Permutability. 


In this section we establish the following theorem of permutability : 

If a surface S with isothermal representation of its lines of curvature be 
transformed into two surfaces S, and S, of the same kind by transformations 
T, and T,, respectively, there exists a surface S’ which is the transform of S, 
and of S, by transformations T/,, and T’, respectively ; and this surface S’ 
can be obtained without quadratures.* 

In order that there may be such a transform S’, there must exist functions 
A” and 5 satisfying the following equations analogous to (19) and (20), 


(45) VA, AY = 0) (A,— A), VB BOY = 0) (B,— BO), 
VA AG (A= AM), VB BY 2 i (B,— Bo), 


where for the present the constants «| and «, are undetermined. Also there 
must exist a function o satisfying equations analogous to (28), which by means 
of the latter can be given the form 


A’ 80’ /B “A.C 
Ue SNe (cum a) tae | (oe 9,) |=, 


V 4ay Oa V Bo’ V A’ Oa 
se Ae 

HBOS. V Aw VB oc ; 

VE OB a Ge Ca haar, | (ea) — VB 8 | = 0, 


and similar equations obtained by changing the subscripts 1 into 2. 
Eliminating 0o’/0a and 00’ /68 from these four equations, we obtain 


(«) VBi — «, VB) )o’ — («| VB o, — «VB o,) 
tea a | 
ahs are [x, VBi(o —¢,) — «,VBi(o =r o,)]= 0, 
(47) are ie ie a: 
(4NAl— NA) of —( 0) Vio, — «, VA e,) 


VB 
vs vB [«, VA, (o —0,)—«, VAj(o—o,)]=0. 





* Cf. former memoir, l. c., p. 166. 
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By means of (19) and (20) equations (45) are reducible to 








(48) ePioneetliay pre let 

KK, Ky VAG ok VA} 
and the same equation in the B’s. When these values are substituted in (47), 
it is found that the two equations are consistent if and only if 


(49) pases Kies ere 
or 
(50) Kg ater ete 


where the same sign must be used in every case. 
When the values (49) are used we get 


VAY 2 = VA’, =o, 
so that the case (49) is to fs excluded. 
For the values (50) equation (48) is reducible to 
xi A,( A — A,) — «3 A,(A —A,) 
Ki(A—A,)—Kj(A—A,) ’ 





(51) AM = 


and the two expressions (47) may be given the form 


i _&(B— B,)— «(8 — £,) A,— A, - 
Ki ( A A 5 Hey. 





(52) 
au Ki — K} o,(A—A,)(B— B,)—¢( 4-4 eee 
Bi. «(A — 4,)—«,(A — A,) 





Hence the theorem is established if these values satisfy (46), as they can be 
shown to do. 


PRINCETON, 
March 30, 1910. 





ON THE BASE OF A RELATIVE NUMBER-FIELD, WITH AN 
APPLICATION TO THE COMPOSITION OF FIELDS* 


BY 
G. E. WAHLIN 


It is a well known fact that in an algebraic number-field of degree n there 
exist n integers a,,---, a, such that every integer of the field can be expressed 
in the form 

O= 2,4, a Ly Ay + cee ft A ve Sis 
where 2,, #,, %,, +++, #, are rational integers. 

If we now consider a field relative to a given subfield of this field, from the 
nature of the proof of the above fact it is evident that, if the subfield in ques- 
tion is such that the number of classes of ideals in this field is one, and 7 the 
degree of the larger field relative to its subfield, then there exist r integers 
B,,8,,+-+, 8, such that every integer in the larger field can be expressed in 
the form 

2 WB, as YR, ane ae y,B, 
where now ¥,, 7,, -+*, y, are integers in the subfield. 

When, however, the number of classes of the subfield is greater than one, this 
is not the case. Sommer +} has shown that in this case for a field which is of 
the second degree relative to a subfield of the second degree the four numbers 
composing the base may be taken to be o,, o,, 8, O, 8,Q, where ,, w, is the 
base of the subfield and 8,, 8, the base of an ideal in the subfield and 0 a num- 
ber of the larger field, not necessarily an integer, but such that 6,Q and 8,0 
are integers in this field. 

In the first part of this paper I establish a similar form for the base of any 
algebraic number-field relative to any subfield, and in the last part I apply this 
to the study of the discriminant of the field. 


The Base of a Relative Field. 


Let A be an algebraic number-field of degree V which contains the subfield 
k of degree n. We then know that r = V/n is the degree of X relative to k, 
and if be any integer which determines the field A, then J is the root of an 
* Presented to the Society (Chicago), December 31, 1909. 
{SomMER, Vorlesungen tiber Zahlentheorie, p. 299. 
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equation 
(1) a +a, +a 0? +4+---+a=—0, 


where a, %,, +++, %, are integers in i. We therefore know that every number 
of K can be expressed in the form 


(2) © =p, t+ P.O + py + --- + por, 


where p,, p,, -++, p, are numbers of the subfield &. Then, in the same manner 
as when we consider a field relative to the domain of rational integers, we can 
show that every integer in A can be expressed in the form 


A, + A,o+ Awe 4. pA 
3 o=- eae 3 r 4 
DAD) 





where A,, A,, ---, A, are integers in k and D,(/#) is the relative discriminant 
of &% with respect to k.* 

Let us now consider all integers of A for which A,,,= A,,,.=---=A,=0, 
where 7 is one of the integers 1, 2,3, ---,7. These integers we can indicate 
as follows 

O® + OO + OOP 4+... + OOD 
(4) o® — 1 es 27 3T : 74, 
‘ D4) 





(i=1, 2, 3,---). 


It is evident that any integer of the type (4) when multiplied by an integer of 
k gives another integer of the same type, and the sum of any number of such 
integers is also an integer of this type. But this means that the product of any 
one of the coefficients O) by an integer of & gives another of these integers 
and, moreover, the sum of any number of them is also another integer of the 
same set. Hence, since all the integers O) belong to k, they form an ideal in 
this field, which ideal is the highest common ideal factor of all these coefficients. 
This ideal we shall designate by O,. 

Thus, for 7=1, 2, 8, ---, r we get 7 ideals O,, O,, O,, «2250s 
But since of) = O)/D, (0) is a number of & and, moreover, from our assump- 
tion an integer, and since evidently all integers of & are thus represented, & 
being a subfield of A’, and r being the lowest degree of the equation which ? 
satisfies in &, we conclude that Ol) ({=1, 2, 3, ---) represent all multiples 
D,(?) in & and therefore the ideal O, is the principal ideal [ D,(@)]. 
Moreover, since ?-o), evidently is an integer of A of the typé (4), we con- 
clude that all the integers of O,_, also belong to O,, and hence that O,_, is 
divisible by O,. Therefore, in the sequence O,, O,, O,, ---, O, each ideal 
is a factor of all that precede it in the sequence, and hence all of them are 
factors of D,(%). Therefore, the integer D,(@) belongs to each one of these 
ideals. But we know that if we choose arbitrarily from an ideal any integer 


* HILBERT, Jahresbericht der deutschen Mathematiker-Vereinigung, vol. 4 
(1894-95), p. 180. 
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there exists another integer such that the given ideal is the greatest common 
divisor of these two integers. Hence each of the above ideals must contain an 
integer such that the ideal in question is the greatest common divisor of this 
integer and D,(%). If we then let this integer in O, be the coefficient O 
we can write 


0, = [O%, Ly Me (r=1, 2, 3,---, 7). 


Let us now put D,(0)/O,=T7,. Evidently Z, is relatively prime to OY and, 
hence, there exists in / an integer @ such that 


OD.6m1  (L): 


Hence, if we indicate by o, the numerator in the expression for o, we have the 
following congruence 


3,-B= (0+ O29 4OOF +... + 009).6=5, (L), 
where 


Pha Na I Uy So es 27 be eee a ie 


We observe that in ©, the coefficient of #1 is unity. But since o& = @, / D,(3) 
is an integer, it follows that @, is divisible by D,(%) and hence by J,. From 
the last congruence it follows that also ©, is divisible by Z,. 

The quotient 0, =0,/D,(#) is not necessarily an integer in A, but 
D(A)-Q, and OW O, are evidently both integers in K. 

Let 

Biri Ase ot, 

os DO) 





be any integer in A. From what we have seen above £§_ belongs to the idea] 
O, = [O®, D,(#)] and, hence, there exist in & two integers », and p, 


such that 
(6) rn, O? + #,D, (0) = B,.- 
But then 
Sade ==! XN. OPO -+ b, Das 0. 


which is evidently an integer in A and, moreover, this integer when expressed 
in the form (4) has the same coefficient of J’—' as w in (5). Hence o— 8 0, 
is an integer of the type . 
Bi + 69 + B10 + .-- BO 
18) ( y ) 





In the same manner as above we can determine A,_, and w_, such that 
(6°) Ba =A OP 1 + wD, (4)s 


and 8’ _, is then an integer of A of the type (4) when 7 =r —1 and the 
coefficient of 3’ is B)_,. 
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Hence we have 
Bi 8 vi es eee 
o — B,0O,—Bf,_, 2, = D,(#) ; 





which is again an integer. 
By continuing in this manner we evidently shall at last have 


1) ‘m= BQ, = Boo, a icine 0 me 0, 
whence 
(7) 0 = BPO, + BD, + ++ + 8,0, 


where, for all values of s from 1 to r, 8’—* is an integer belonging to the ideal 
O,. Now o is any integer of A and, hence, every integer of A can be repre- 
sented in the form (7). Moreover, since Of)?Q, and D,() Q, are both integers 
in A, from (6) and (6%) and the similar expressions for the remaining 8’—*) we 
ean conclude that when 8’ belongs to the ideal O, all numbers represented by 
(7) are integers of the field A. 

If we now let (7,,, %,,, -++s %,,) be the base of the ideal O,, then evidently 
the WV integers i,,0,(~=1,2,3.---n; 7=1,2,3.---7) form a base of all 
the integers in the field A. By replacing in this base ©, 0,, O,, ---, 0, by 
their relative conjugates with respect to the field & we get the basis of the respect- 
ive relative conjugate fields. 


The Relative Discriminant of K. 


Let us now apply this result to the relative discriminant of the field A with 
respect to k. The relative discriminant is defined as the greatest common factor 
of the squares of all the determinants formed from the matrix of the base of A’ 
and its relative conjugates. It is easily seen that each of the determinants can 
be written 


0,7, S055 eee 
CTR KGL: Q® 
8 5 . .0) b) Maeno Fs ; 
( ) OR re bee ae UN tp Ae hs ’ 


p11) (te=¥) =U) 

Ot) Ones ee 
where the upper index is used to designate the relative conjugates. When two 
of the subscripts 7 are alike the expression (8) vanishes. Where no two are 


alike the determinant factor in (8) is, aside from sign, the same for all deter- 
minants of the matrix, and hence the determinant 


ja 
must be a common factor of all the determinants of the matrix. Moreover, all 
the numbers of the ideal product O,-O,-O,---O, can be represented linearly 


by means of the products 


EE Yon ; ty ore ios v Lt, 
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and hence the greatest common factor of the products 77 must be a factor of the 
product O,-O,---O.. But each 7 is divisible by O,- O,---O., there being in 
m one number from each of these ideals, and hence their highest common factor 
must be divisible by O,-O,---O,. Thus O,- O,- O,--+O, is itself the highest 
common factor of the products 7, and hence the relative discriminant of A is 
D, = 03. 03-03 ++ 02, 09}, 

which is an ideal in the subfield k. Since Q = 0°/D,(#) we can write 

_ 03.03... 0 

ki D,( a Wate 





ay 





remembering that O, is the principal ideal [D,(%)]. Again since 


QO > As + Ajo + ee a + jor), 








we have 
CEO 0? 
DD, = 2H D,(#). 
k oe ( a: eo Ik ( ) 
If as before we put D,(0)/O, = I, we have 
D,(?) 
os gO AED CS 


It is easily seen from the previous deduction that the ideals J,, J,, ---, Z, are 
those factors of the relative discriminant of & for which as moduli & is the root 
of a congruence of lower degree than 7 in k. 


The Discriminant of a Field Formed by the Composition of Two Fields. 


We shall next make an application of the relative discriminant of a field in 
the form found above to determine the nature of the discriminant of a field 
formed by the composition of two fields, in the case where the degree of the 
compounded field is equal to the product of the degrees of the two fields from 
which it is formed, divided by the degree of their greatest common subfield. 

The problem of the composition of fields has been studied by HENSEL,* but his 
results are of a different nature from those obtained by the method here used. 

I shall suppose that the field A of degree VV is formed by composition from 
the two fields k, and k,, of degrees n, and n, respectively. Moreover, let 
x be the greatest common subfield to 4, and &, and let the degree of « be v. If 
we let P, and P, be the degrees of k, and 4, relative tox, and r, and r, the 
degrees of / relative to k, and k,, respectively, we have 


ieee Dk n= VE Nixes 





* HENSEL: Journal fiir die reine und angewandte Mathematik, vol. 105 (1889), p. 329; vol. 
120 (1899), p. 99. 


G. E. WAHLIN: ON THE BASE [October 


But by hypothesis V= n,-n,/v = P,n,. From this and V=1,n, we con- 
clude that 7, = P,, and in the same way r,== P,. Therefore V=1,-r,-v. 

I shall indicate by D, d,, d,, 6 respectively the discriminants of A, k,, h,, «, 
and the relative discriminant by using as subscript the symbol of the field rela- 
tive to which it is taken. I shall, moreover, indicate by V,( ), V,( ), VC ) 
the norms taken respectively in the fields h,, k,, « and by WV,,, WV,,, WV, the 
relative norms. 

From what we have seen above we know that r,-r, is the relative degree of K | 
with respect to x. 

If now a, is a number which determines /,, then a, will determine relative 
to k,, and we can therefore write 

ON Oe 


2 
©) Dn > DiC et oa 


02. 02... O02. 
ao) t= Bayer PAA) 








where d,, is the relative discriminant of £, with respect tox. But since P,=7, 
we have 


D,(%) = Dj, %)s 


because the equation in £,, which a, satisfies, is then the same as the equation in 
x, the subfield of k,. Now O,, is an ideal in &, and O, is an ideal in «, and 
since « is a subfield of &, from the definition of O,, and O,, it follows that O, is 
contained in O,, and, hence, O,, is a factor of O,. Hence D,(a,)/O, = J, is 
a factor of D,.(a,)/O,,=1,,. If we therefore put 


DBE bt 50 


iniaren 
WAG OREM) 





we see that 7’ contains all the ideal factors of D,(a,) in h, for which a, will 
satisfy a congruence of degree less than 7, in k, but not in the «. 
Hence from (9) and (10) 
ieee) Hh 8). 


Taking the norm in k,, we get 
NV, (do) = Ny (L")N (Dix), 
or since d,, is an ideal in x, 
(dit) = N,( 2"). W,( Dy). 
But then from the known relation 
(11) d,= NV (078) ™ 


* BACHMANN, Allgemeine Arithmetik der Zahlenkérper, p. 452. 
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we have 
(12) at 


6"1"2 


= N,(2")-N, (Di,)- 


Similar to (11) we have (Bachmann, loe. cit.) 


Dist N Ce) 
and from this we finally have 
(13) ne d” : ad" 


B07 NC 2") 


From (12) we see that every prime factor of V,(7”) must be a factor of d,, 
and if in the previous work we interchange a, and a,, and k, and k, we should 
get another ideal 7” and V,(7Z'’”) would be such that every prime factor of this 
would be a factor of d,. But as in either case the final result (13) would have 
to be the same, we see that 


N(T?)=N, (Ty, 





and this therefore contains only such prime factors as are common to d, and d,. 
URBANA, ILL. 





THE STRAIN OF A NON-GRAVITATING SPHERE OF VARIABLE 
DENSITY * 


BY 
L. M. HOSKINS 


$1. Introductory. 


The mathematical problem of the strain of an elastic sphere is of special 
physical interest because of its relation to the question of the elastic yielding of 
the earth to disturbing forces. The cases of the problem which have been 
solved, however, involve assumptions which depart from what is known or 
thought probable in the case of the earth. The solutions of Lamé and KELVIN 
apply to a homogeneous body acted upon by bodily forces which are known 
functions of the codrdinates. This case disagrees with the facts as regards the 
earth in two particulars: (1) The earth is certainly far from homogeneous in 
density and is very likely far from homogeneous in elastic properties. (2) The 
important bodily forces of self-gravitation cannot be expressed as functions of 
the coordinates in advance of the solution, since the changes in these forces 
caused by the strain are of the same order of importance as the external dis- 
turbing forces; it is only by assuming incompressibility that it becomes possible 
to express the gravitational forces without the use of unknown functions. 

In a previous paper} was given a solution of the problem for a compressible 
sphere initially of uniform density, taking account of the changes in the gravi- 
tational forces caused by the strain. 

In the present paper will be found a solution for the case of a non-gravitating 
sphere of which the density is a given function of the distance from the center, 
the elastic moduli being assumed to be uniform in value throughout the body. 

By combining these two cases, and introducing the additional assumption that 
the elastic moduli are functions of the distance from the center, we should have 
perhaps the nearest possible approximation to a completely general statement of 
the problem presented by the actual earth. While there is no difficulty in 
forming the differential equations for this general problem in a manner analog- 
ous to that employed in the two cases which have been solved, a solution of 
these general equations has not thus far been obtained. 

* Presented to the Society, San Francisco Section, February 26, 1910. 


{ Transactions of the American Mathematical Society, vol. 11 (1910), p. 203. 
494 


L. M. HOSKINS: THE STRAIN OF A SPHERE 495 


The case treated in this paper appears, however, to possess some interest and 
importance, being a generalization in one important particular of the problem 
which formed the basis of the original estimates of the rigidity of the earth. 


§ 2. Statement of Problem. 


The problem here treated is the following : 

To determine the strain of an elastic sphere of which the density is a given 
function of the distance from the center, under the action of bodily forces hav- 
ing a potential, but free from stress on the bounding surface. The potential 
may be any function which, when expressed in polar coordinates, is developable 
as to 0 and ¢ in a series of spherical surface harmonics. 


§ 3. Equations of Equilibrium of Volume-Hlement. 


Using polar codrdinates rv, 0, ¢, let w,, ws, wu, be the elastic displacements, 
W,, @,, @,, the rotation-components, A the cubical dilatation, /, /,, 7, the 
components of bodily force per unit mass, X + 34, m the bulk-modulus and 
rigidity-modulus, p the density. 

The three equations of equilibrium for an element of volume are the following: 














OA YAN! 
(1) (A + 2p) ap — seal gp(me sin #)—“ xy [+ oF, = 9, 
1 i 2 eOwW 0 : 
(2) (A 42n)+ — sata | Gal opr sin 8) | + eR, =, 
Lee 2h Ow 
@) +2 gae BB Lae ("Me — ce" [+ OF =O: 
in which 
1 O ; 3) ; eh 
(4) A= sava| (em sin 6) + aq (rte sin 0) + ab (rug) |, 
1 2) : 0 
(5) 2a, = 59 apr sin 8) — S5 (rm) | 
i Cte) TO : 
(6) 20, = an sane | “ee ab — 3, (ru, sin a) |, 


a} 
(7) oo, = aE Mra, at 
Let W denote the potential of the bodily forces, and assume that 
(8) W==R,S,, 
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in which S, denotes a spherical surface harmonic of order 7, and £; a function 
of r. Then 











5 dh, 
dhe = oe 
Fey Neuer 
(9) By = 2 9's 
Ons. 
Hy = > Fein 8 Op © 


A solution of equations (1), (2) and (8) may be formed by putting together 
solutions corresponding to the separate terms in the value of W. We there- 
fore confine the following discussion to the solution corresponding to a single 
term fi, S,. 


We now assume 


Os, v OS. 
(10) Te i wie : 


We= Sp “e= sin 8 OG’ 


in which w and v are functions of r only. Substituting these values in equa- 
tions (4), ---, (7), and making use of the differential equation 


ere iS, ioe ON, 
sin? @ od? 1a 9 39 (sin Osa! 00 ) + i(i+1)S,=0 





(11) 
which is satisfied by any spherical surface harmonic of order i, we find 


(12) a= [9 i+ 2], 











r 
(13) 20 10% 
1 ad(rv)i| alex: 
ee 2am, =| w— dr ea Op’ 
1 d(rv)]08, 
(15) 2a, =—7|u- aa le 


If the foregoing values of #’, /,, #,,A, @,, @, and w, be substituted in 
(1), (2) and (3), these are freed from 6 and ¢. Equations (2) and (8) in fact 
become identical, and there remain to be satisfied two ordinary differential equa- 
tions for determining u, v as functions of 7. Writing & for £&,, these 
equations are the following: 


(0424) 2 pane i(¢+1)?) 


G+ (ge -«) 4 pik af 


7 dr 





(16) 
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an 4%)(S ies ne) sng. (Ou) +R ao 


It is now convenient to replace r by « = r/a as independent variable, and to 
introduce y and z, defined by the equations 





A PRCA Wee Om v 

(18) ei dinars teagan Js 
20, d(7rv) 

@*) ~ OS, /00 (> —u), 


thus reducing the differential equations to the following : 


dR 
(20) (n+ 2u) 2 +i(é+1)p- cle Payee Us 
d (22) 
(21) (A+ 2h )y + ua + pli =0. 


$4. Surface Conditions. 


We now have to express the condition that the bounding surface is free from 
stress, that is, 


(22) rr = 0, 70 = 0, rp = 0 Cay 


Using (10) in the general formulas for these stresses, we find 


a Ou du 
a Giusn Uz dew: de 8 i w\as, 
ae r= a ( ee Se aul -5 ts) 20’ 


a Tosdu. Ou, “u, Ci emi eNwe La CS, 
eo etd rey, Od ia ec )=u( Gets) ao op 


so that equations (22) reduce to the two 








du 
(26) Ay + wa = 0, 
(27) Pent prin tot 


errs LP 
to be satisfied when a7 = 1. 
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$5. Solution of Differential Hquations. 


By eliminating successively 2 and y between equations (20) and (21) we obtain 
the two equations 


a d dp 

G®) (wt 5 + Doz —i(¢+1)) (4 + 24)y + eR) — z(2 RE) =0, 
d’z bey a) Bae d 

(29) w( ao 4 205= —i(i+ Le) +oR = = 0 


The solutions of these equations are the following: 


; d -/ [ap 
(20+1)[(A + 2u)y + ph] aot fate sp (wn) de 


ot fata (RZ ) de, 
25 +1) pe a (aR ®) de +a [oi (aRr 2) 
(81) (20+ ) pe — a fo (« 7g) de +e fe wle a) de, 


in which, for the general solutions, each integral must be understood to involve 


(30) 


an arbitrary constant. These constants are here omitted, since they are 
accounted for in the complementary solutions to be obtained presently. Modi- 
fying by integration by parts, we find 


(82) (A+ 2p)y = — oF a i + 1)z' fox. “- (3) Hee ea ae 


1 ad {kh 1 d ( Pai? 
(33) He = FF | 2 [exe (Ge )e—za fp i av |. 


These values of y and z may now be substituted in (18) and (19), giving two 
simultaneous linear differential equations for determining w and v. The solu- 
tions of these equations may conveniently be expressed as follows : 

From (18) and (19) we readily obtain the equations 











(84) _ Pea yer ] (ee a 


d ; (Mead be ; 
(85) fre ea: 1)v+wj]——— [(@+1)o+ uj=a[(i+1)z4+y], 
of which the solutions are 


(36) w—-u= aa | ( iz— y)e? da, 
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oe 


(37) (64 1)o tum antt (CF OETY ay, 


These are easily solved for w and v. 

The forms of the complementary solutions are easily seen by considering the 
constants of integration in (82), (83), (86) and (87). The values of the con- 
stants must be determined so as to satisfy (18), (19), (20) and (21). The com- 
plementary solutions are thus found to be the following: 


Boe C9 Cet, 


—i- 


ie) arate, Deve, 


—i- 


(88) = A,ot + A ot A ol A_,e3, 


—t—L 


v 
a i =s1 Ge) —i-3, 
a Bx + B_,_,& oD. 7} eee: 


in which the twelve constants must satisfy the eight equations 


(A+ 2n)C,4+(i+1)4D,=0, 
(1+38)A,—i(¢+1)B,—C,=0, 

My a0 2) Ft = Oe 
Gey Gr apd, 0: 
(t—2)A_.,+7(¢+1)B_,,+C_,_,=9, 
eer hy ot) = 0% 

A, ,—iB,_,=9, 


v 


wl smh (eu 1)B__.= 0. 


(39) 


The complete solutions will thus involve four arbitrary constants ; by as- 
signing values to these we may satisfy four equations of condition at the 
boundary. 

This solution covers the case of a spherical shell with bounding surfaces free 
from stress, or with arbitrary surface stress of a restricted type (corresponding 
to the restriction imposed on the potential of the bodily forces), or with arbitrary 
surface displacements of a similarly restricted type. 

For the case of the complete sphere, negative powers of x must be rejected, 
so that the only non-vanishing coefficients in (88) are A, ,, d,;, B,_,, B,, C;,, 
D,; these being connected by four relations included among (89). There remain 
two arbitrary constants for satisfying the surface conditions (26) and (27). 

Trans. Am. Math. Soc. 33 
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$6. Case in which the Potential is a Harmonic Function. 


If W is a harmonic function, each term 2, S, in its development must satisfy 
Laplace’s equation, so that 


R= Ar + Br“. 


Rejecting the negative power, we assume 2, or & to have the form Ar’. 
Equations (32) and (83) then reduce to 








i d( Bx***) 
(40) (A+ 2h)y= GT Traeke By ps dx, 

1 d( hat) 
(41) m= — eae | P 1 ae. 


The further discussion will be restricted to the case in which 7 = 2. 


$7. Sphere Strained by Centrifugal Force. 


If the bodily forces are the centrifugal forces due to uniform rotation about a 
fixed axis, we have 


(42) W=-32PP,, 


in which c denotes the ratio of equatorial centrifugal force to gravity, and P, is 
the zonal harmonic 3 cos? — 34. We now take 


= — + = = cos ’ 

43 ) S, 4 Pes i 0. 
cgr’ cga 

(44) Jee. =e Fe = iy. on. 


In accordance with the notation of a former paper,* let e denote the ellipticity 
of a surface originally spherical and of radius 7, and a the angular displacement 
of a radius vector for which @ = 45°. With the above value of S,, we have 


(45) ca) ace 


In writing the complete solutions of the differential equations for this case, 
we take A, and A, as arbitrary constants, expressing B,, B,, C,, D, in terms 
of them by means of (39). We thus obtain the equations 


Tp cga ? 
46 a ae ee 4. 
Gs y Nene: aed eines. 


*Transactions American Mathematical Society, vol. 11 (1910), p. 206. 
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) (ei eit’ 3 
(47) Z= ( = H) A,ot — 584, [ pat dec, 
cqa 5(38A 4+ by 
Ae spare oa) oo ‘i a 
48 
( ) 9A + 4) (” 6 9 4 
= aa ff pa de —2(8 + Bu) f prude |. 
0 0 
GA 
a=A, aa P A,x? 
(49) 








cae A ae ee f if 
— Trees il pe dat cee pw dex—(3rX+ 8p) pod F 


Substituting these values in (26) and 27), we obtain the following equations for 
determining A, and A,: 


cga : ; 
24,— A, + 30u(A + 2) |- A a 101) [ pane 
(50) 





1 1 
+T2(A4H) [ pode —4(82+ 8a) [ prdie| =0, 


8X + Tu cga oi 
Ay” Ae + pacer ae)| 8(8% + 2H) pada 
(51) : : 
—24(. 4m) [ po'da — 2(8r+ Bu) [i prude | =0- 
Solving, we find j 
cga 


a 30m (A + 2u) (19 + 14) 





1 
| 25 (27% + 56rAm + 28ut) [ put da 
(52) i 
—504(0 +n) [ pwede + 2(38r’+ Bu)(19% + 14) [ prde |, 





ae ake oa — [pot 
(53) Ear c0n (4 2n)( 1D) + 14,) soon a)( px dx WES dx }. 


Of especial interest are the surface values of e and a: 


cga 


i 1 
(54) = sp ig (+ TH) f potde — 2100+ a) pode |, 


1 1 
(55) = so. 4 ta] potde + 1400+) pode |. 
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If p is constant it is easy to show that the foregoing equations give the 
following well-known results : 


Cc 


Cay ¢=3(9n 4 14a) |” 





a 
(4X + 384) — (8dr + 2y) x? | ae 


C 


eee (1 OX ian) | 





a 
(57) 2(40 + Bu) —(5d+ 4u)at] SE. 


§ 8. Laplace's Law of Density. 


To illustrate the application of the above formulas to a case of variable density, 
assume Laplace’s law, expressed by the formula 


sin Kx p,, sin Kx 


(58) lee Sas ~ 8(sine« —Kcosxk) xx ’ 








in which p,, is the mean density and p, the value of p at the center. We then 
find 














xz Pant 
(59) it pudie = 5 (in moe Cee Kx), 
a0 1 p,,& 6 — Kx? 6 —K x , 
(60) af pact Oo rnin eee mig? COS K® — — 3-3 Sin Kx |, 
vie pk 120 — 60k? x" Fon oe 
ae. 6 oe m 
(81) x i pee 3 (sin K — kK Cos K) | Ko? are 





120 — 20K7a7 eae | 
a, COs Kx 


K* at 


If the ratio of mean density to surface density is assumed to be 2, we find 
«x = 2.461, and 


1 1 
(62) if px’ da = 1168p, if peda = 108oe 
0 <0) 


These values substituted in (54) and (55) give 


é 


(63) : hae 4.45r + 3.61 Pin IO 


2(19.414n)° 





a 2.35’ + 1.51 Pn Gt 
~ 4(19V4 14y) mu 





(64) 


Comparing with the surface values of e and « for a sphere of uniform density 
Prt 
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; Ge oA + 4y p,, Ga 
RP?) c 2(19%4+ 14) p ’ 
a, 3dr + 2u PG 


(66) 





¢ 4(19%4144)° p ’ 


it appears that the assumption of variable density decreases e, by about 11 per 
cent and a, by about 22 per cent. 

We may also compare the values at the center, which with Laplace’s law of 
density are found to be 


67 2a, & A,  124.4d? + 349.1Au + 191.8u? p, ga 
(Bi) ie eee ee OUCA  OGLOK ity, pk” 





while the corresponding values for uniform density p,, are 


Qa e 


(68) e 4r + 3u Png 1207 + 880Apu + 180? Png 
c 


19.4144 pw ~ 80(X 4+ 2u)(1914 144) 


0 





The central values of ¢ and a are thus slightly increased by the assumption of 
variable density. 


§ 9. Gravitating Sphere. 


The results of the above solution cannot be applied directly to a gravitating 
body of size and mass comparable with those of the earth, since the changes in 
the gravitational forces caused by the strain will be of the same order of impor- 
tance as the disturbing forces. There is no difficulty in expressing the gravita- 
tional forces in terms of the strain and the density and thus forming the differ- 
ential equations which must replace (16) and (17) above given, but the solution 
of these equations appears to involve serious analytical difficulties.* 


*In expressing the equations of interior equilibrium in terms of the strain, for the case of a 
gravitating body, it is necessary to assume that the changes of stress and strain from their initial 
values are related in the same way as if the initial condition were one of zero stress and strain. 
This assumption is the basis of the solution given for the case of a compressible sphere in the 
paper cited above, the reasoning being in this respect substantially identical with that previously 
applied to the case of incompressibility. (See A. E. H. Lovn, A Treatise on the Mathematical 
Theory of Elasticity, 2d ed., p. 249.) It has sometimes been assumed that this reasoning is valid 
only in the case of incompressibility. Thus LOVE states that if the sphere is homogeneous and 
incompressible, the initial stress may be taken to be of the nature of a hydrostatic pressure, its 
value being then easily determined, and the terms which correspond to this initial stress in the 
equations of equilibrium being found to cancel with those representing the initial body-force. 
It seems clear, however, first that even in an incompressible body the initial condition may 
involve tangential stress, and secondly that the assumption of no initial tangential stress is not 
essential to the argument. Whatever values the initial stress-components may have, the terms 
representing them in the equations of equilibrium will cancel the terms representing the initial 
body-forces. 
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If the body is.assumed incompressible and of uniform density, the effect of 
gravitation can be taken account of synthetically by a method employed by 
Kelvin.* This method consists in combining the results for the two cases of a 
gravitating fluid and a non-gravitating elastic solid. It does not appear that 
similar reasoning can be applied if either of the assumptions of incompressibility 
and uniform density is dropped, since the distribution of the forces of gravita- 
tion cannot be assumed to be the same for the strained elastic solid as for the 
fluid. 





The method of applying this principle in the solutions cited above, both for the case of incom- 
pressibility and for that of compressibility, consists in comparing the forces acting upon a 
volume-element in the strained condition with those initially acting upon the same volume-ele- 
ment. Ié would perhaps be more reasonable to deal with an individual element of matter, using 
the increments of the stress-components acting on that element in expressing the stress-strain 
relations by the usual formulas. The increment of stress for an individual element would be in 
equilibrium with the increment of body-force acting upon ¢hat element, which would consist in 
part of the change in the gravitational force due to the displacement of the attracted element. 
This would introduce additional terms into the equations of equilibrium, but would add no 
difficulty to their solution. 

* THOMSON and Tait’s Natural Philosophy, § 840, Ed. of 1890. 
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